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PREFACE TO THE FIRST EDITION. 


In the following exposition of the Calculus of Finite Dif- 
ferences, particular attention hasbeen paid to the connexion 
of its methods with those of the Differential Calculus—a 
connexion which in some instances involves far more than 
a-merely formal analogy. 

Indeed the work is in some measure designed as a sequel 


to my Treatise on Differential Equations. And it has been 


composed on the same plan. 


Mr Stirling, of Trinity College, Cambridge, has rendered 
me much valuable assistance in the revision of the proof- 
sheets. In offering him my best thanks for his kind aid, I 
am led to express a hope that the work will be found to be 
free from important errors. 

GEORGE BOOLE. 


QuEEN’s CotuecE, Corx, 
April 18, 1860. 


PREFACE TO THE SECOND EDITION. 


WueEN I commenced to prepare for the press a Second 
Edition of the late Dr Boole’s Treatise on Finite Differ- 
ences, my intention was to leave the work unchanged save 
by the insertion of sundry additions in the shape of para- 
graphs marked off from the rest of the text. But I soon 
found that adherence to such a principle would greatly 
lessen the value of the book as a Text-book, since it would 
be impossible to avoid confused arrangement and even much 
repetition. I have therefore allowed myself considerable 
freedom as regards the form and arrangement of those © 
parts where the additions are considerable, but I have strictly | 
adhered to the principle of inserting all that was contained 
in the First Edition. 

As such Treatises as the present are in close connexion 
with the course of Mathematical Study at the University 
of Cambridge, there is considerable difficulty in deciding 
the question how far they should aim at being exhaustive. 
I have held it best not to insert investigations that involve 
complicated analysis unless they possess great suggestiveness | 
or are the bases of important developments of the subject. 
Under the present system the premium on wide superficial | 
reading is so great that such investigations, if inserted, | 
would seldom be read. But though this is at present the case, 
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there is every reason to hope that it will not continue to be 


_so; and in view of a time when students wil aim at an 


exhaustive study of a few subjects in preference to a super- 
ficial acquaintance with the whole range of Mathematical 
research, I have added brief notes referring to most of the 
papers on the subjects of this Treatise that have appeared 


in the Mathematical Serials, and to other original sources. 
In virtue of such references, and the brief indication of the 


subject of the paper that accompanies each, it is hoped that 


| this work may serve as a handbook to students who wish 


to read the subject more thoroughly than they could do 
by confining themselves to an Educational Text-book. 

The latter part of the book has been left untouched, 
Much of it I hold to be unsuited to a work like the present, 
partly for reasons similar to those given above, and partly 
because it treats in a brief and necessarily imperfect manner 
subjects that had better be left to separate treatises. It 
is impossible within the limits of the present work to treat 
adequately the Calculus of Operations and the Calculus of 
Functions, and I should have preferred leaving them wholly 
to such treatises as those of Lagrange, Babbage, Carmichael, 
De Morgan, &c. I have therefore abstained from making 
any additions to these portions of the book, and have made 
it my chief aim to: render more evident the remarkable 
analogy between the Calculus of Finite Differences and the 


Differential Calculus. With this view I have suffered myself 


to digress into the subject of the Singular Solutions of Differ- 
ential Equations, to a much greater extent than Dr Boole 
had done. But I trust that the advantage of rendering the 
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investigation a complete one will be held to justify the 
irrelevance of much of it to that which is nominally the 
subject of the book. It is partly from similar considerations 
that I have adopted a nomenclature slightly differing from 
that commonly used (e.g. Partial Difference-Equations for 
Equations of Partial Differences). 

I am greatly indebted to Mr R. T. Wright of Christ's 
College for his kind assistance. He has revised the proofs 
for me, and throughout the work has given me valuable 


suggestions of which I have made free use. 


JOHN F. MOULTON. 


Cugist’s CoLLEGE, 
Oct, 1872, 
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FINITE DIFFERENCES. 


CHAPTER LI. 


NATURE OF THE CALCULUS OF FINITE DIFFERENCES. 


1. THE Calculus of Finite Differences may be strictly 
defined as the science which is occupied about the ratios of 
the simultaneous increments of quantities mutually depen- 
dent. The Differential Calculus is occupied about the limits 
to which such ratios approach as the increments are indefi- 
nitely diminished. 

In the latter branch of analysis if we represent the inde- 
pendent variable by x, any dependent variable considered as 
a function of # is represented primarily indeed by ¢ (2), but, 
when the rules of differentiation founded on its functional 
character are established, by a single letter, as wu. In the 


~ notation of the Calculus of Finite Differences these modes of 


expression seem to be in some measure blended. The de- 
pendent function of « is represented by u,, the suffix taking 
the place of the symbol which in the former mode of notation 
is enclosed in brackets. Thus, if u, = ¢ (x), then 

Uz, =P (x +h), 

Usin x = p (sin 2), 
and so on. But this mode of expression rests only on a con- 
vention, and as it was adopted for convenience, so when con- 
venience demands it is laid aside. 

The step of transition from a function of « to its increment, 
and still further to the ratio which that increment_bears to 
the increment of x, may be contemplated apart from its sub- 
ject, and it is often important that it should be so contem- 
plated, as an operation governed by laws. Let then A, pre- 


fixed to the expression of any function of a, denote the 
operation of taking the increment of that function correspond- 
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ing to a given constant increment Aa of the variable x. 
Then, represénting as above the proposed function of a by w,, 
we have 

Au, = Uz Az — Ux, 


and Au, = Uns Ax a Uy 
Az Az 


Here then we might say that as fe is the fundamental ope- 


ration of the Differential Calculus, so é is the fundamental 


operation of the Calculus of Finite Differences. 
But there is a difference between the two cases which 


4 ; du . 
ought to be noted. In the Differential Calculus = is not a 
true fraction, nor have du and dx any distinct meaning as 
symbols of quantity. The fractional form is adopted to 
express the limit to which a true fraction approaches. Hence 


Fey and not d, there represents a real operation. But in the 


Calculus of Finite Differences a 


is a true fraction. Its nu- ~ 


merator Aw, stands for an actual magnitude. Hence A might 
itself be taken as the fundamental operation of this Calculus, 
always supposing the actual value of Az to be given ; and the 
Calculus of Finite Differences might, in its symbolical charac- 
ter, be defined either as the science of the laws of the operation 
A, the value of Az being supposed given, or as the science of 


the laws of the operation Ne Tn consequence of the funda- 


mental difference above noted between the Differential] Caleu- 
lus and the Calculus of Finite Differences, the term Finite 
ceases to be necessary as a mark of distinction. The former 
is a calculus of limits, not of differences. 


2. Though Ax admits of any constant value, the value 
usually given to it is unity. There are two reasons for this. 


First. The Calculus of Finite Differences has for its chief 
subject of application the terms of series. Now the law of a 
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series, however expressed, has for its ultimate object the deter- 
mination of the values of the successive terms as dependent 
upon their numerical order and position. Explicitly or im- 
plicitly, each term is a function of the integer which ex- 
presses its position in the series. And thus, to revert to 
language familiar in the Differential Calculus, the inde- 
pendent variable admits only of integral values whose com- 
mon difference is unity. For instance, in the series of terms 


Laat Se, 
the general or a term is 2. It is an explicit function of a, 


but the values of a are the series of natural numbers, and 
(Ne 


Secondly. When the general term of a series is a function 
of an independent variable ¢ whose successive differences are 
constant but not equal to unity, it is always possible to 
replace that independent variable by another, ~, whose com- 
mon difference shall be unity. Let ¢ (t) be the general term 
of the series, and let At=/; then assuming t = ha we have 
At=hAz, whence Ax = 1. 


Thus it suffices to establish the rules of the Calculus on the 
assumption that the finite difference of the independent 
variable is unity. At the same time it will be noted that this 


i A 
assumption reduces to equivalence the symbols ne and A, 
We shall therefore in the following chapters develope the 
theory of the operation denoted by A and defined by the 
equation 
Au=w, u 


EEG) ae Sao 


But we shall, where convenience suggests, consider the more 
general operation | 
Auw,, Uy, — Ue 


Az h 4 


where Az =/h. 


(are) 


CHAPTER II. 
DIRECT THEOREMS OF FINITE DIFFERENCES. 


1. THE operation denoted by A is capable of repetition. 
For the difference of a function of x, being itself a function of 
x, is subject to operations of the same kind. 


In accordance with the algebraic notation of indices, the 
difference of the difference of a function of a, usually called 
the second difference, is expressed by attaching the index 2 to 
the symbol A. Thus 

AAu, = A*u,. 
In like manner 


and generally 


the last member being termed the n™ difference of the function — 


u,. If we suppose vu,= x*, the successive values of wu, with 
their successive differences of the first, second, and third orders 
will be represented in the following scheme: 


Values of x I 2 3 4 5 Gass 
Uy di 8 27 64 E25 210 cee 
Nie eT ae 37 61 oi 
Mu 12 18 24 BU. 
AN) 6 Os. 


It may be observed that each set of differences may either 
be formed from the preceding set by successive subtractions 
in accordance with the definition of the symbol A, or calcu- 


lated from the general expressions for Aw, A*u, &c. by assign-— 
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ing to x the successive values 1, 2, 3, &. Since u, = 2, we 
shall have 


Au, = (2 +1)? — 2° = 8274+ 8x41, 
A’u, = A (327 + 8a +1) = 6a 4 6, 
tee 6: 


It may also be noted that the third differences are here 
constant. And generally ¢f u, be a rational and integral 


| pencnen ue x uh the n degree, its n™ differences will be 
constant. For le 


u, = ax" + bx" 4+ &e., 


| Au, =a(x@+1)"+b(a@+1)"' 4 &e. 
— ax” — ba" — &e., 
= ana" + ba"? + ba"? + &e., 


—b,, 6,, &e., being constant coefficients. Hence Au, is a 
rational and integral function of x of the degree n—1. 
_ Repeating the process, we have 


A’u,, = an (n—1) a”? +.¢,2"° + ¢,0"* + &e, 
a rational and integral function of the degree n—2; and so on. 
Finally we shall have 
Au, = an (n—1) (n—2)...1, 
a constant quantity. 


Hence also we have 


INTE 2A OF Si bee et ee (2). 


2. While the operation or series of operations denoted 
by A, A’, ... A” are always possible when the subject-function 
u, 18 given, there are certain elementary cases in which the 
forms of the results are deserving of particular attention, and 
these we shall next consider. 
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Differences of Elementary Functions. 

Ist. Let u,=x («—1) (@—2)...(a@—-m+1). 

Then by definition, 
Au, =(#+1)x(*—1)...(e—m+2)—x(e—1) (a—2)...(c—m+1) 

= ma (a —1) (#— 2)... (a@—m+ 2). 

When the factors of a continued product increase or de- 
crease by a constant difference, or when they are similar 
functions of a variable which, in passing from one to the 


other, increases or decreases by a constant difference, as in 
the expression 


sin x sin (w +h) sin (v+ 2h)... sin {x +(m —1) h}, 
the factors are usually called factorials, and the term in which 
they are involved is called a factorial term. For the particular 


kind of factorials illustrated in the above example it is com- 
mon to employ the notation 


& (2-1) .00. (a —m +1) = al iocd..oseleee (1), 

doing which, we have 
Aa ema 
Hence, a” being also a factorial term, 


A*x™ = m (m—1) 2”, 


and generally 
Ara™ =m (m—1) ... (m—n$1) 2 eee (3). 
1 
2ndly. Let u,= 
eects x(a+1)...(@+m—1)° 
Then by definition, 
A 1 a 


Ye (o +1) (e@+2)...(e@+m) x (e+ 1)... (w@ +m —1) 


=(s57-3) 
atm 2x/ (%+1) (7+2)...(e+m—1) 
—m 
~ @(@+1)...(@+m) COP eee re eeoenewmereeesecerdesessscencs (4). 
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Hence, adopting the notation 


1 


eee Gane 1) 


au) 


e have 


Hence by successive repetitions of the operation A, 
Ae™ = —m(—m—1)... (-m—n41) 2°" 
= (—1)"m (m+1)...(m+n—-1)2°"”..... 


and this may be regarded as an extension of (3). 


PN DIR a | at YS (5). 


_ 3rdly. Employing the most general form of factorials, 


‘we find 
AU ey, o> Un _anzy = (Urey, — Upimay) X Ugly, ove U 


1 Uz =e Us sm 


A 


ee A: 
Uz, Uz, eee Wes m—y Up Urs eee Ugim 


and in particular if u,=az + 6, 


NU re tL a HS ATU vs Ug mugn shne2 ost eoe 
il —am 
Jo epllees  a 
TN Bac 8) 10 em i Je a ae 


In like manner we have 


A log u, = log u 


Uns 
24 log u, = log : 


a 


To this result we may give the form 


A log Uy = log (1 + ats) pdevecwhote nieces 


So also 
A log (Uzty_y +++ Ug_my) = log ys peri 
Uz_msi 
Athly. To find the successive differences of a*. 
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We have 


Hence 


and generally, 


Aa" = (a1 ate ees (14) 
Hence also, since a”* = (a”)”, we have 
Ana = (a 1a teen ee eee (15). 


5thly. To deduce the successive differences of sin (ax + 0) 
and cos (ax + 0). 


A sin (ax + b) = sin (az +b + a) —sin (ax +b) 


: a 
= 2sin ~ cos (ax+0+$) 


2 
=2sin $ sin (ax +495"). 


By inspection of the form of this result we see that 
A? sin (az +8) = (2 an 5) sin (ax-+b+a+7)......(16). 


And generally, 


A" sin (az + 6) = (2 sin $) sin {a+ b+ “eral an. 


In the same way it will be found that 


A" cos (ax + b) = (2 sin 5) 0s {ax +b+ aera} ...(18). 


These results might also be deduced by substituting for the 
sines and cosines their exponential values and applying (15). 


3. The above are the most important forms. The follow- 
ing are added merely for the sake of exercise. 
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To find the differences of tan uw, and of tan™u,. 
A tan u, = tan u,,, — tan u, 


sin u 
Cos u 


SiN Uy 
COS u, 


CH 


X41 


_ Sin (¥,,, — Ue) 

COS U,,, COS Uy 
sin Au, 

SL aS (1). 


C68 Un, aN eee 


Next, 


-—1 _ _- 
A tan™ u, =tan™ u,,,—tan™ u, 


Urn,,—U 


1-+u,,,u 


eel “Ye 


Au 
ee at a 5 
tan racer ano (2), 


x 


=tan 


From the above, or independently, it is easily shewn that 


er ee ee re, met 
eee COS ax cos a (x + 1) (3), 


Avie “ape hs ear 
tan™ az = tan Temata (4) 


Additional examples will be found in the exercises at the 
end of this chapter. 


4. When the increment of z is indeterminate, the opera- 
tion denoted by a merges, on supposing Aw to become 


infinitesimal but the subject-function to remain unchanged, 


‘into the operation denoted by &. The following are illus- 


trations of the mode in which some of the general theorems 
of the Calculus of Finite Differences thus merge into theorems 
of the Differential Calculus. 


10 =‘ DIRECT THEOREMS OF FINITE DIFFERENCES. [CH. II. 
Ex. We have 


Asing _ sin («+Az)—sina 
Acean Ag 


2 sin 4 Az sin (w+ 5 


ee —_—_—_— | 


Az 


And, repeating the operation n times, 


att) 


2 : Az + =) 
fk a 
ae (2 sin 4 Az)"sin (2+n 5 


(Az)" = Di CO... evesees (Ly. 


It is easy to see that the limiting form of this equation is 


Ce a (2+) jaca (2), 


a known theorem of the Differential Calculus. 


Again, we have 
Ag” qttAr_ a” 
Az Az 


“a 7) e 
= (Gea 


And hence, generally, | 


pares ane = ENS 
(Ax)” = (“S) Dredceseccaceseaecter (3). 


Supposing Ax to become infinitesimal, this gives by the 
ordinary rule for vanishing fractions 


qd" a” 3 
Tea Oe Caer eatic te ee (4). 


But it is not from examples like these to be inferred that 
the Differential Calculus is merely a particular case of the | 
Calculus of Finite Differences, The true nature of their con- 
nexion will be developed in a future chapter. 
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Expansion by factorials. 


5. Attention has been directed to the formal analogy 
etween the differences of factorials and the differential 
coefficients of powers. This analogy is further ercoped in 
he following proposition. 


To develope ¢ (x), a given rational aan al function 
of x of the m' degree, in a series of factorials. 


Assume 
f (x) =a + bat ca + da”... + hx ...cccee. (1). 


__ The legitimacy of this assumption is evident, for the new 
form represents a rational and integral function of x of the m™ 
\degree, containing a number of arbitrary coefficients equal to 
the number of coefficients in ¢ (x). And the actual values 
of the former might be determined by expressing both mem- 
bers of the equation in ascending powers of a, equating coeffi- 
cients, and solving the linear equations which result. Instead 
of doing this, let us take the successive differences of (1). 

‘We find by (2), Art. 2, 


: Ad (a) =b + 2cx + 3dx"...4+ mha”™™ ...... (2), 
A’ (x) = 2c+3.2dax...+m(m—1) hao”™...(3), 


AOD ot 1) > Lhe... 20e- sos Peweecens 


And now making «= 0 in phe series of equations fe .(4), 
and representing by Ad (0), A’p (0), &c. what Ad (x), A (2), 
&c. become when 2 = 0, we ms 


$(0)=a, Ad(0)=b, A%$S (0) =2e, 


A" (0) =1.2... mh. 


Whence determining a, b, c,... h, we have 
4” . P 
(0) = 60) + AG (2 ASO a4 SE 2 4 be. (5) 


If with greater generality we assume 
(a) =a+ ba + cx (x —h) + da (x —h) (x — 2h) + &e., 
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we shall find by proceeding as before, (except in the employ- 


ing of a for A, where Az = h,) 


$ (2) ={6(@)} + wou ea eae, sas 


A*d (x)) x (a — h) (a — 2h) , 
i att 1.2.3 + &e. ...(6), 
where the brackets {} denote that in the enclosed function, 
after reduction, « is to be made equal to 0. 

Maclaurin’s theorem is the limiting form to which the 
above theorem approaches when the increment Az is inde- 
finitely diminished. 


— 


General theorems expressing relations between the successive 
values, successive differences, and successive differential coef- 
Jicients of functions. 


6. In the equation of definition 


Au, = u,,, —U; 
we have the fundamental relation connecting the first differ- 
ence of a function with two successive values of that function. © 


Taylor’s theorem gives us, if h be put equal to unity, 
du, ,ldtu, 1 d°u, 

dx 9 da t 3. 3 dx ee 

which is the fundamental relation connecting the first differ- 
ence of a function with its successive differential coefficients. 
From these fundamental relations spring many general theo- 
rems expressing derived relations between the differences of 
the higher orders, the successive values, and the differential 
coefficients of functions, 


As concerns the history of such theorems it may be ob- 
served that they appear to have been first suggested by par- 
ticular instances, and then established, either by that kind of 
proof which consists in shewing that if a theorem is true for 
any particular integer value of an index n, it is true for the 
next greater value, and therefore for all succeeding values; 
or else by a peculiar method, hereafter to be explained, 
called the method of Generating Functions. But having 


Up, — Uz = 


‘ART, 7.] DIRECT THEOREMS OF FINITE DIFFERENCES, 13 


een once established, the very forms of the theorems led to 
a deeper conception of their real nature, and it came to be 
understood that they were consequences of the formal laws 
of combination of those operations by which from a given 
function its succeeding values, its differences, and its differ- 
jential coefficients are derived. 


| 7. These progressive methods will be illustrated in the 
following example. 


Ex. Required to express u,,, in terms of wu, and its suc- 


cessive differences. 


We have 


. Cn 
| 
. 
Un, = Uz + Au, 5 

=u, + Au, +A (u, + Au,) 


Sis oes 


=u, + 2Au, + A’u,. 


Hence proceeding as before we find 
Uz, = Uz + BAu, + 3A°u, + A®u,. 


_ These special results suggest, by the agreement of their 
coefficients with those of the successive powers of a binomial, 
the general theorem 


== if 6 
Urn = u, +ndu,+ Bae A Uz, 
(UES WAL at ae (1) 


1. 3 


Suppose then this theorem true for a particular value of n, 
then for the next greater value we have 


n(u—I1) ny 
Uneney = Ue + ndu, + i hs ee A*u, 
— —2 
+ Au, + nA*u,+ ipso 1) A®u, + &e. 


1.2 
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1 —1 
=u,+(n+1) Au, + eA, ay ase. A*u, + &e. 


the form of which shews that the theorem remains true for 
the next greater value of m, therefore for the value of n still 
succeeding, and so on ad infinitum. But it is true for n= i 
and therefore for all positive integer values of n whatever. 


8. We proceed to demonstrate the same theorem by the 
method of generating functions. 


Definition. If $(t) is capable of being developed in a 
series of powers of ¢, the general term of the expansion being 
represented by w,t", then ¢ (#) is said to be the generating 
function of w,. And this relation is expressed in the form 


¢ (t) = Gu,. 
Thus we have 
1 
i 
NG 1.2,..0° 
: iene , : 
since is the coefficient of ¢ in the development of ¢é. 
ye Be. 
In like manner 
e 1 
‘dee Ci Sareea 


. il} : : . 
since Ey is the coefficient of ¢@ in the development 


Le 
of the first member. 


And generally, if Gu, = ¢ (#), then 


Hence therefore 
1 
Gu,,,— Gu, = G = 1) ¢ (2). 


But the first member is obviously equal to GAw,, therefore 


GAu, = ( ee 1) Gite ttt eo (3). 
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And generally 
1 n 
GA", = ( om 1) pr(Busiex ated. at ves (4). 


_ To apply these theorems to the problem under considera- 
tion we have, supposing still Gu, = ¢ (¢), 


Cte (2) $ (0) 


E {1 Ee (; zt 1) (1) 


=$()+n(7-1)$ +2059 (7-1) oy 486 


t 


n(n— 


= Gu,+nGAu,+ Bees GA*u, + &e. 


=@ {u, +nAu, + AD A*u, + &e} : 
Hence 


Unin = Uz, + NAU, + Z A’u, + &e. 


L4-N 


(n —1) 
2 


which agrees with (1). 


Although on account of the extensive use which has been 
_-made of the method of generating functions, especially by 
the older analysts, we have thought it right to illustrate its 
general principles, it is proper to notice that there exists an 
objection in point of scientific order to the employment of 
the method for the demonstration of the direct theorems of 
the Calculus of Finite Differences ; viz. that G@ is, from its very 
nature, a symbol of inversion (Diff. Equations, p. 375, 1st Ed.), 
In applying it, we do not perform a direct and definite ope- 
ration, but seek the answer to a question, viz. What is that 
function which, on performing the direct operation of deve- 
lopment, produces terms possessing coefficients of a certain 
form? and this is a question which admits of an infinite 
variety of answers according to the extent of the development 
and the kind of indices supposed admissible. Hence the 
distributive property of the symbol G, as virtually employed 
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in the above example, supposes limitations which are not 
implied in the mere definition of the symbol. It must be 
supposed to have reference to the same system of indices in 
the one member as in the other; and though, such conven- 
tions being supplied, it becomes a strict method of proof, its 
indirect character still remains*. 

9. We proceed to the last of the methods referred to in 
Art. 6, viz. that which is founded upon the study of the ulti- 
mate laws of the operations involved. In addition to the 
symbol A, we shall introduce a symbol £' to denote the ope- 
ration of giving to a in a proposed subject function the incre- 
ment unity ;—its definition being 


Lig Uy tase tds ce (1) 
Laws and Relations of the symbols E, A and i : 
Ist. The symbol A is distributive in its operation. Thus 
A (u, +0, -+ &e.) = Auger Ay - kc, ee (2). 


For 
A (ug 0, + &C.) = tgs + Upyyees — (Ug + Dine) 
Sees t C a ue eee 
= Au, + Av,... 
In like manner we have 
Bi Un = Vat &e..+) = Atiypo Ay ces Me nee (3). 


2ndly. The symbol A is commutative with respect to any — 
constant coefficients in the terms of the subject to which it is | 
apphed. Thus a being constant, | 


And from this law in combination with the preceding one, 
we have, a, 0,... being constants, 


A (au, + bu, + &e...) = aAu, + bAV, + &0.00.000066..... (5). 


* The student can find instances of the use of Generating F i i 
: stu unct 
Lacroix, Dif’. and Int. Cal. Il. 322, Examples of a fourth method, at ok 
elegant bece powerful, due originally to Abel, are given in Grunert’s Archiv 
XVIII, 381. ; 
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3rdly. The symbol A obeys the index law expressed by 
he equation 
DNC) CSIRO perce tin SSE oe (6), 


and 7 being positive indices. For, by the implied definition 
of the index m, 


A” A"u, = (AA...m times) (AA...n times) u, 

= {AA... (m+n) times} u, 

= A™** Wine 
These are the primary laws of combination of the symbol 
‘A. It will be seen from these that A combines with A and 
with constant quantities, as symbols of quantity combine with 
each other. Thus, (A+a)u denoting Au-+au, we should 
‘have, in virtue of the first two of the above laws, 


(A +a) (A+ b) w= {A’+ (4+ 6) A+ab}u 
= Mut (a+b) Aut abu ......ccccceeeeeee (7), 


the developed result of the combination (A + a) (A+ 6) being 
in form the same as if A were a symbol of quantity. 


The index law (6) is virtually an expression of the formal — 
consequences of the truth that A denotes an operation which, 
performed upon any function of x, converts it into another 
| function of « upon which the same operation may be repeated. 
Perhaps it might with propriety be termed the law of repe- 
‘tition ;—as such it is common to all symbols of operation, 
except such, if such there be, as so alter the nature of the 
subject to which they are applied, as to be incapable of 
-repetition*. It was however necessary that it should be dis- 
_tinctly noticed, because it constitutes a part of the formal 
ground of the general theorems of the calculus. 

| The laws which have been established for the symbol A 
are even more obviously true for the symbol #. ‘The two 
symbols are connected by the equation 


H=1+4A, 


* For instance, if @ denote an operation which, when performed on two 
quantities x, y, gives a single function X, it is an operation incapable of repe- 
tion in the sense of the text, since ¢?(z, y) = $(X) is unmeaning. But if it 
be taken to represent an operation which when performed on 2, y, gives the 
two functions X, Y, it is capable of repetition since ¢? (a, y) = ¢(X, Y), which 
has a definite meaning. In this case it obeys the index law. 


18 § DIRECT THEOREMS OF FINITE DIFFERENCES. [CH. IL. 


since 


Eu, = Ut, + Aus= (1 FA) u, ...ccccccnens (8), 


a oe : 
and they are connected with om by the relation 


founded on the symbolical form of Taylor's theorem. For 


du, 1d*u, Lda: 


fi. ten Me te tS ah 
de Fie ae 
= | &e. 
(+e teee te che 
« 
=a €* 2 


It thus appears that E, A, and _ , are connected by the 


two equations 


and from the fact that Z and A are thus both expressible by 
means of fe we might have inferred that the symbols EF, A, 


d 2 Eupt : ete 
and = * combine each with itself, with constant quantities, 


and with each other, as if they were individually symbols of 
quantity. (Differential Equations, Chapter XVI.) 


10. In the following section these principles will be 
applied to the demonstration of what may be termed the 
direct general theorems of the Calculus of Differences. The 
conditions of their inversion, i.e. of their extension to cases in 
which symbols of operation occur under negative indices, will 


d 
* In place of dz We Shall often use the symbol D. The equations will 


then be H=1+A=e?, a form which has the advantage of not oie 
the independent variable has been denoted by x. . a a ager 
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be considered, so far as may be necessary, in subsequent 
| chapters, 


p Ex. 1. To develope w,,, in a series consisting of wu, and 
‘Its successive differences (Ex. of Art. 7, resumed) 


By definition 


Ugy, = Hu,, Up, =E"u,, &e 
Therefore 
Mra re WN Ur arse cnc es caicectssesesen sect tee (1), 
| aa m(n—1) ,,, n(a—1) (n—2) 
| ea ro Sieur go Suet es 


=u,+nAu,+ — A?u,, + ee ae &c.. (2). 


Ex. 2. To express Au, in terms of u, and its successive 
values. 


Since Au, = U,,, —U, = Eu,—u,, we have 
Au, = (HE —1)u,, 


-and as, the operations being performed, each side remains a 
‘function of a, 


A*u, = (H—-1)" u, 


eens I) 
= {z" — n+ AeA EE"? — te Ung» 
hs 
| Hence, interpreting the successive terms, 
n—1 . 
| foe er int Pata) 5 a ves (1) ce eee (3). 


Of particular applications of this theorem those are the 
most important which result from supposing w, = x”. 

We have 
sm, n(n—l) 
A*a” = (2+ n)"—n(e+n—1)"+ ( 


_2)"— &e... (4). 
Tey enn ln tte l) 
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Now let the notation A"0™ be adopted to express what the 
first member of the above equation becomes when 2=0; then 


A’0™ = n™—n(n—1)™ 


n(n—1) (n—2)"__n(n—1) (n—2) (n—3)™ 
N ha eer 


+ &...... (5). 


The systems of numbers expressed by A*0” are of frequent 
occurrence in the theory of series*. 


From (2) Art. 1, we have 
AO = Les, 


and, equating this with the corresponding value given by (5), 
we have 


1.2...n=n"*—n (ae ate (n — 2)" — &e....(6)F. 


Ex. 3. To obtain developed expressions for the n™ differ- 
ence of the product of two functions w, and v,. 


Since 


AU,Uz = Uns,» Vey, — UVa 


= Hu,. Ev, —u,2,; 
where £ applies to uw, alone, and £’ to v, alone, we have 


Au,v, = (HE' —1) u,2,, 
and generally 
A"u,u, = (EE — 1)" uy, ...ccccccescees (7). 


It now only remains to transform, if needful, and to de- 
velope the operative function in the second member according 
to the nature of the expansion required. 


Thus if it be required to express A’w,v, in ascending differ- 


* A very simple method of calculating their val i i i 
Tees g their values will be given in Ex. 8 
+ This formula is of use in demonstrating Wilson's Theorem, that 1 | 
. ar ea + a 
is divisible by n when n is a prime number, : = 
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ences of v,, we must change E’ into A’+1 
operating only on v,. We then have 


A*u,v, = {H (1+ A’) —1}"u,v, 
— (A -+ EA'\"u,, 


- \a" + nd@ EA’ 4 MAN) awe penny fe Uggs 


, regarding A’ as 


te 


Remembering then that A and E operate only on u, and A’ 
only on v,, and that the accent on the latter symbol may be 
dropped when that symbol only precedes v,, we have 


| A’u,v, = A"u,.v, + nA" u,,,. Av, 
| : 
| 


n (n — 1) 
Le 


| “- 


Ay ie Ay core (8), 
the expansion required. 


As a particular illustration, suppose u, = a”. Then, since 
A*™ Tu — Regt as NPE ye : 


cor 
=a"™ (a — 1)", by (14), Art. 2, 
we have 


TANT eaten {(a - 1)"v,, +n (a = 1)"*adv, 


e Besa (a—1)"*a'A"», + &e}......(9). 


Again, if the expansion is to be ordered according to suc- 
‘cessive values of v,, it is necessary to expand the untrans- 
formed operative function in the second member of (7) in 
_ascending powers of H’ and develope the result. We find 


/ —1 
| A*u,v, = (— 1)" {u.%, Mess Vas sees, Urea, — Sea aL) 
: Lastly, if the expansion is to involve only the differences 
of u, and ¥,, then, changing H into 1+ A, and Z’ into 1+A’, 
we have 
BAL Rees ANA Ptr 02) cae sasssvlesee tees (11), 


and the symbolic trinomial in the second member is now to 
be developed and the result interpreted. 
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Ex. 4. To express Av, in terms of the differential co- 
efficients of w,. 


By (10), Art. 9, A=«*—1. Hence 


A*u, me (OP Lissa cdennthereectar: (12) 
Now ¢ being a symbol of quantity, we have 
f ad i 
*—])"= — +> ~ |uaseaatoas 13), 
(¢-Ut=(t4 Petey the 3) 
= +Arr+ As? + &e., 


on expansion, A,, 4,, being numerical coefficients. Hence 


z : d n d nt1 d nt2 
-w=(g) +4(Z) +4(G) +8 


and therefore 


da n d nti d nt2 
Anti, = (z) es (=) u, +A, (=) tty + &e....(14). 


The coefficients A,, A,,...&c. may be determined in 
various ways, the simplest in principle being perhaps to de- 
velope the right-hand member of (13) by the polynomial | 
theorem, and then seek the aggregate coefficients of the suc- 
cessive powers of t. But the expansion may also be effected 
with complete determination of the constants by a remarkable — 
secondary form of Maclaurin’s theorem, which we shall pro- 
ceed to demonstrate. 


Secondary form of Maclaurin’s Theorem. 
Prop. The development of $(t) in positive and integral 


powers of t, when such development is possible, may be expressed 
an the form 


$10 = 60) +6(5)0-t4+46(S) or 


d.\e anes 
+(4p) 0 ‘Toag t & 


d 
where $ (55) 0” denotes what ¢ (=) a” becomes when x = 0. 
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First, we shall shew that if $ (x) and (x) are any two 


functions of «x admitting of development in the form 
at+be+cu*? + &e., 


then . (¥) Pyigae (=) Ey eRe as): 


provided that # be made equal to 0, after the implied opera- 
tions are performed. 


For, developing all the functions, each member of the 
above equation is resolved into a series of terms of the form 


A (5) x", while in corresponding terms of the two members 
| x 


| the order of the indices m and n will be reversed. 


Now (+) x" is equal to 0 if m is greater than n, to 
IC 


1.2...n if mis equal to n, and again to 0 if m is less than n 
and at the same time a equal to 0; for in this case x" is a 
factor. Hence if = 0, 


Areata 

be Si \da ! 

| and therefore under the same condition the equation (15) is 
_ true, or, adopting the notation above explained, 


d d 

$ (=) shy S35 (=) Fig, Berm (16). 

Now by Maclaurin’s theorem in its known form 
d d* t 

d (t) = $ (0) +39 $ (0) t+ FO 0). 7G + Ke LOOD00C (17). 
| Hence, applying the above theorem of reciprocity, 
I d Neat 
$() =4(0) +¢ ()0-t+4 (5) ° 7g t he.... (18), 
the secondary form in question. The two forms of Mac- 


laurin’s theorem (17), (18) may with propriety be termed 
conjugate. 
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A simpler proof of the above theorem (which may be more 
shortly written (¢) = ¢ (D)°:‘) is obtained by regarding it 
as a particular case of Herschel’s theorem, viz. 

ae 
$(¢)= 9 (1) +$(E)0.t4 9 (E) 0+, + ke ... (19), 
or, symbolically written, ¢ (ec) = ¢ (Z) e ** The truth of the 
last theorem is at once rendered evident by assuming 4,e™ to 
be any term in the expansion of ¢ (e) in powers of & Then 
since A,e“= A,H"e** the identity of the two series is 
evident. 
But $ (t) = ¢$ (loge!) = o (log E) e** 
(by Herschel’s theorem) 
= $(D) 


which is the secondary form of Maclaurin’s theorem. 


As a particular illustration suppose ¢ (f) = (e' — 1)", then 
by means of either of the above theorems we easily deduce 
(¢-1" =A0.¢4+A702 4 a. —! 4 & 
= = : =D . 1s = . 1.2.3 5 Cc. 
But A"0™ is equal to 0 if m is less than n and to 1.2.3...n 
if m is equal to n, (Art. 1). Hence 


A=! A 
t n__yn nti oo < 
ait “TS...(at ye 2 tee —_ Co 


@ 
Hence therefore since A"w = (e* — 1)"« we have 
d"u A*02*! dy A*0*2 ad™y P 
/aXex — ————e = =. . ee ta 
, da *1.2...(n+1) ; det] 2. (n +9) agra t Ke. 2m 
the theorem sought. 


The reasoning employed in the above investigation pro- 
ceeds upon the assumption that x is a positive integer. The 


* Since both A and D performed on a constant produce as result it i 

2 s t 
obvious that ¢ (D) C=¢ (0) C=¢ (A) C, and ¢ (£) a @fi)c. It ia of coaelil 
assumed throughout that the coefficients in ¢ are constants. 
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very important case in which n=—1 will be considered in 
‘another chapter of this work. 


f au . i ee 
Ex. 5. To express dgn % terms of the successive differences 
of wu. 
d 


Since e“=1+A, we have 


d 


du A*u Abu Atu 5 
Faken + eae sri QoCs rely (23). 


_ 11. It would be easy, but it is needless, to multiply these 
‘general theorems, some of those above given being valuable 
‘rather as an illustration of principles than for their intrinsic 
importance. We shall, however, subjoin two general theo- 
jrems, of which (21) and (23) are particular cases, as they 
‘serve to shew how striking is the analogy between the 
parts played by factorials in the Calculus of Differences and 
‘powers in the Differential Calculus. 
By Differential Calculus we have 
Hut Oley OP 
: ag We Ell AO) 
Perform #(A) on both sides (A having reference to ¢ 
alone), and subsequently put t=0. This gives 


§ (A) u, =u. 6 (0) +4 (A) 0. Se 4 POO me 4 Bo. (28) 


of which (21) is a particular case, 


+ &e. 
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By (2) we have 
t? 


Un t= Un +t. Au, +15 A®u,, + &e. 


Perform (2) on each side, and subsequently put t= 0; 


2 #(5,) Uy, = Uz» &(0) +$()0-Au 


GN ya AX, 95 
+¢ a 0% AE +&e....(25), 


of which (23) is a particular case. 


12. We have seen in Art. 9 that the symbols A, # and 
f or D have, with certain restrictions, the same laws of com- 
bination as constants. It is easy to see that, in general, 
these laws will hold good when they combine with other 
symbols of operation provided that these latter also obey 
the above-mentioned laws. By these means the Calculus of 
Finite Differences may be made to render considerable assist- 
ance to the Infinitesimal Calculus, especially in the evaluation 
of Definite Integrals. We subjoin two examples of this; 
further applications of this method may be seen in a Mémoire 
by Cauchy (Journal Polytechnique, Vol. XvIt.). 


Ex. 6. To shew that B(m +1, n)=(- Dae where m 
is a positive integer, 
We have te eo Gas 
n 0 


5 An > = an | 
n 


tt) 


=} (ee (e* — ie dz 


e“dz= | A™e "dx 
0 


1 
= i 2"* (z—1)"dz (assuming z = €”) 
0 


=(-1)"B(m+1, n). 
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get 


Ex. 7. Evaluate u= [- A" za 7a m being a positive 
integer greater thana; A phe i n alone. 


Let 2« be the even integer next greater than a +1, then 
tt Lege ork hs nr nk 
ere Sad ae + rapt eeesneon (26) 
Now the first member of the right-hand side of (26) is a 
rational integral function of n of an order lower than m. It 


‘therefore vanishes when the operation A” is performed on it. 
We have RCT ior) 


2 


™m a—-2k+1 m n a-2K+1 
0 ae + n* 0 2 + n? ( 7) 


1 ma a a i = 
=A n [ a dy (assuming 2° = n'y) 
—_—_ Amn? 
sin (5 —K+ 1) T 
(Tod. Int. Cal. Art. 255, 3rd Ed.) 


A™n* 


of ATT 
Sil sa= 


2 
This example illustrates strikingly the nature and limits 


‘of the commutability of order of the operations | and A. 


_Had we changed the order (as in (27)) without previously 
‘preparing the quantity under the sign of integration, we 
(should have had 


A™n*, | y* 
att 
which is infinite if a be positive. 
The explanation of this singularity is as follows :— 
| If we write for A” its equivalent (H—1)” and expand 


the latter, we see that | A”d¢ (a, n) dx expresses the integral 
“90 
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of a quantity of m+ 1 terms of the form A, ¢ (a, n +p), while 
pte | ¢ (a, n) dx expresses the sum of m-+1 separate inte- 


erals, each having under the integral‘sign one of the terms of 
the above quantity. Where each term separately integrated 
gives a finite result, it is of course indifferent which form is 
used, but where, as in the case before us, two or more would 
give infinity as result the second form cannot be used. 


13. Ex. 8. To shew that 
@ (2) O° = LG (2) 0 een me eee (28). 


Let 4,z"0" and HrA,E"* 0" be corresponding terms 
of the two expansions in (28). Then, since each of them 
equals A,r”, the identity of the two series is manifest. 


Since H=1+A the theorem may also be written 
(A) 0" = Eg (A) 0", 


and under this form it affords the simplest mode of calcu- 
lating the successive values of A”0". Putting ¢(A) = A”, 
we have 


A”™0” = Woe mA™ 072 =m (A"?05;% aE TOES), 


and the differences of 0” can be at once calculated from those 
Of. 0%-. 


Other theorems about the properties of the remarkable 
set of numbers of the form A”0" will be found in the accom- 
panying exercises. Those desirous of further information on 
the subject may consult the papers of Mr J. Blissard and— 


M. Worontzof in the Quarterly Journal of Mathematics, | 
Vols. Vit. and Ix. 


EXERCISES. 


1. Find the first differences of the following functions : 


yee 
2 SID 53) tan 53, cot (27a), 


} 
| 
| 
: 


| factorials. Ex. a 
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2. Shew that 


Ate v,Au, — u,Av, 
Vy VV : 


Exel 


3. Prove the following theorems: 


Arr = EF) Ange 


A L? P 
A0* — 5-0°+ & = 0 («> 1) 


n(n—1),,, ee, 
‘Len re 


| nN [NEES (ze 
"  |a-m mt+l1 


 (E") 0" = n® $ (E) 0%. 


A”™0" + nA”0"7 + 


4, Shew that, if m be less than r, 
{1+log E}" 0" =r (r7—1)...... (r—m-+1). 


5. Express the differential coefficient of a factorial in 


(77) 


6. Shew that 
aN Catia Vee ae 


| form a recurring series, and find its scale of relation, 


ve. iNew So: shew that 
nee LL 


P= obec Ps: 
8. Shew that 


a’ Aru, 


1, 2 


2 
Ua 


4 


Uy t+ uje+ + &. = {u, + xAu,+ 4 fe 
What class of series would the above theorem enable us 
to convert from a slow to a rapid convergence ¢ 
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9. Shew that 
ie 
e= € {i + (e40) t+ (e40°) 1.2 + se} ? 
and hence calculate the first four terms of the expression. 


ul 1 1 
10. If La ih +... abate shew that 


(P,A? — P,A® + &.) 0"=0 if m>2. 


Prove that 
{log £}* 0™ = 0, 


unless m=n when it is equal to |n. 
11. Prove that 


Paap Tt (1—n) a? + (1-n) (2—n) a+ &e. 


12. If x=€, prove that 
(%) =" d , A%0" : a A’0” a 


— — ————— ya A 
db) 1" de" 1.3" a 1s gg 


13. If Aus, y= uz+1,y+1 — Uz,y and if A*u;,y be expanded 
in a series of differential coefficients of Uz,y, Shew that the 
general term will be 


A*or? ae 
A?0? x A%08 * “dax?dy? * 


14, Express A*z™ in a series of terms proceeding by 
powers of « by means of the differences of the powers of 0. 


By means of the same differences, find a finite expression 
for the infinite series 


3 5 
Les. aoe mie ™ zc 
x—8 ist} ja 
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where m is a positive integer, and reduce the result when 


m=A4, 
15. Prove that 


F (£)a*$a=a'F (aL) $2, 
(xA)™u, = (x@+n—1)™Au,, 
f (@A) (@BY"u,= (wE)" f (eA + m)u,, 
and find the analogous theorems in the Infinitesimal 
Calculus. 
16. Find wu, from the equations 
1—-J/1-—4¢ 
fi) ie 
2) Gu,=f(e). 


17. Find a symbolical expression for the ' difference 
of the product of any number of functions in terms of the 
differences of the separate functions, and deduce Leibnitz’s 
theorem therefrom. 


18. If P, be the number of ways in which a polygon 
of n sides can be divided into triangles by its diagonals, and 
(h(t) = GP,, shew that 


Rey oe. 
*19. Shew that 


| e (6? —1)"a"! da =Ta An’, 
0 
n and a being positive quantities. 


#20. Shew that 
iP sin 2na sin™x ea aA” (2n —m)* 


ett a =fs ™m 


2 2”"* Ta + 1) cos 


vos 


2 


if 2n>m>a all being positive. 
* In Questions 19 and 20 A acts on » alone. 
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leo} 


. sin”a@ : 
Hence, shew that | sin 2nae . ey dee 1s constant for 
0 


all values of n between > and 0. , 


21. Shew that if p be a positive integer 
UP a ice oo 2p 
K (Ke +4) 00.00. (x? + 4%) * 
(Bertrand, Cal. Int. p. 185.) 


lo a) 
| e*”’, sin”x.dx = 
0 


22. Shew that 


An 9p _ At yeu fe Nie 1? 
n+1 
23. Demonstrate the formula 
AM? = (7 Ly AS ea hn A bes 


and apply it to construct a table of the differences of the 
powers of unity up to the fifth power. 


( 33 ) 


CHAPTER III. 
ON INTERPOLATION, AND MECHANICAL QUADRATURE. 


1. THE word interpolate has been adopted in analysis to 
denote primarily the interposing of missing terms in a series 
of quantities supposed subject to a determinate law of mag- 
nitude, but secondarily and more generally to denote the 
calculating, under some hypothesis of law or continuity, of 
any term of a series from the values of any other terms sup- 
posed given. 


As no series of particular values can determine a law, the 
problem of interpolation is an indeterminate one. To find 
an analytical expression of a function from a limited number 
of its numerical values corresponding to given values of its 
independent variable z is, in Analysis, what in Geometry it 
would be to draw a continuous curve through a number of 
given points. And as in the latter case the number of pos- 
sible curves, so in the former the number of analytical ex- 
pressions satisfying the given conditions, is infinite. Thus 
the form of the function—the species of the curve-—must be 
assumed a@ priori. It niay be that the evident character of 
succession in the values observed indicates what kind of 
assumption is best. If for instance these values are of a 
periodical character, circular functions ought to be employed. 
But where no such indications exist it is customary to assume 
for the general expression of the values under consideration 
a rational and integral function of #, and to determine the 
coefficients by the given conditions. 


This assumption rests upon the supposition (a supposition 
however actually verified in the case of all tabulated func- 
tions) that the successive orders of differences rapidly dimi- 
nish. In the case of a rational and integral function of « of 
the n" degree it has been seen that differences of the +1" 
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and of all succeeding orders vanish. Hence if in any other 
function such differences become very small, that function 
may, quite irrespectively of its form, be approximately repre- 
sented by a function which is rational and integral. Of 
course it is supposed that the value of 2 for which that of 
the function is required is not very remote from those, or 
from some of those, values for which the values of the fune- 
tion are given. The same assumption as to the form of the 
unknown function and the same condition of limitation as to 
the use of that form flow in an equally obvious manner from 
the expansion in Taylor’s theorem. 

2. The problem of interpolation assumes different forms, 
according as the values given are equidistant, i.e. corre- 
spondent to equidifferent values of the independent variable, 
or not. But the solution of all its cases rests upon the same 
principle. The most obviows mode in which that principle 
can be applied is the following. If for n values a, by... of 
an independent variable a the corresponding value w,, u,,... of 
an unknown function of x represented by u,, are given, then, 
assuming as the approximate general expression of u,, 

u,= A+ Be+ Cz*...4+ Ex™...... Seascmaen (1), 
a form which is rational and integral and involves n arbitrary | 
coefficients, the data in suecession give 
wu, = A+ Ba+t Ca’... + Ea™, 
u, = 4 + Bb + Cb... + El™, 


a system of x linear equations which determine A, BSE. 
To avoid the solving of these equations other but equivalent 
modes of procedure are employed, all such being in effect 
reducible to the two following, viz. either to an application 
of that property of the rational and integral function in the 
second member of (1) which is expressed by th> equation 
A*u, = 0, or to the substitution of a different but equivalent 
form for the rational and integral function. These methods 
will be respectively illustrated in Prop. 1 and its deductions, 
and in Prop. 2, of the following sections. 


Prop. 1. Given nx consecutive equidistant values ¥, Se 


w,_, of a function w,, to find its approximate general expres- 
sion. , 
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By Chap. 1. Art. 10, 


Usym = Uz +mAu, + ONG + &e. 


Hence, substituting 0 for 2, and x for m, we have 
x (x —1) 
LF 


_ But on the assumption that the proposed expression is 
rational and integral and of the degree n—1, we have Anh = (0; 
sand therefore A’u,=0. Hence 


Uz =u, + edu, + A*’u, + &e. 


| tig = 14 + edu, + 22—D ary, 
| x (%—1)...(x«—n+ 2) beg 
aia 54) (peli aaleak toed ae (2), 


‘the expression required. It will be observed that the second 
member is really a rational and integral function of « of the 
degree n —1, while the coefficients are made determinate by 
‘the data. 


| In applying this theorem the value of x may be con- 
‘ceived to express the distance of the term sought from the 
first term in the series, the common distance of the terms 
given being taken as unity. 

_ Ex. Given log 314 =-4969296, log 3-15 =-4983106, log 
(316 = 4996871, log 3:17 = 5010593; required an approxi- 
mate value of log 314159. 


| Here, omitting the decimal point, we have the following 
‘table of numbers and differences: 


| u, Uy U, Us 
| 4969296 4933106 4996871 5010593 
A 13810 13765 13722 

jak — 45 — 43 

A* 2 


The first column gives the values of w, and its differences 
up to A®u,. Now the common difference of 3:14, 3°15, &e. 
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being taken as unity, the value of « which corresponds to 
3:14159 will be *159. Hence we have 


(159) (159 —1) 
up ey 
(159) (159 —1) (159 — 2) 
thy Pan: 
Effecting the calculations we find w, = °4971495, which is 
true to the last place of decimals. Had the first difference 
only been employed, which is equivalent to the ordinary rule 


of proportional parts, there would have been an error of 3 in 
the last decimal. 


U, = 4969296 +°159 x 13810 + x (— 45) 


de ee 


3. When the values given and that sought constitute a 
series of equidistant terms, whatever may be the position of 
the value sought in that series, it is better to proceed as 
follows. 


Let tg) ty Uys +++ Un be the series. Then since, according to 
the principle of the method, A"w,=0, we have by Chap. 1. 
Art. 10, 

n(n—1 
arte Site ana 1)" Us" OS. (3), 


an equation from which any one of the quantities 


U 


emul 


peas 
may be found in terms of the others, 


Thus, to interpolate a term midway between two others 
we have 


Uu,—2u,+4,=0; us Qo ttteesseeess (4). 
Here the middle term is only the arithmetical mean. 
To supply the middle term in a series of five, we have 
u, — 4u, + 6u, — 4u,+u,=0; 
= 4 (uw, +u,) — (u, + u,) 
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Ex. Representing as is usual i €°@" "dO by I'(n), it is 
required to complete the following table by finding approxi- 
mately loo T (5) : 


n log I (n), n log T' (n), 

4 7s556, 18452, 
4 55938, Ss 18165, 
< 49796, 3 08828, 
a 32788, 505261 


Let the series of values of log I (n) be represented by 
U,, U,,--.u,, the value sought being that of u,. Then pro- 
‘ceeding as before, we find 


| Or, 
U, + u,—8 (u, + u,) + 28 (u,+u,) — 56 (u,+u,) + 70u, = 0; 
whence 


56 (u, + u,) — 28 (u, +u,)+ 8 (u,+ U,) — (u, + U,) 6 
U; — 70 eeeoes ( ). 


Substituting for u,, u,, &c., their values from the table, 
_we find : 
| log P (5) = 24853, 


the true value being °24858. 


To shew the gradual closing of the approximation as the 
number of the values given is increased, the following results 
are added: 
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Data. Calculated value of u5. 
Fn PE 25610. 
9 
Ug, Uy Ugy Uz neve rerereenees 24820, 
Uys Ugr Ug Ugy Uyy Ug seeeeeedeeneees 24865, 
Q435 
Uq) Uy, Ugs Uy  Ugy Uz, Ugy Ugeereerereees 24853. 


4, By an extension of the same method, we may treat 
any case in which the terms given and sought are terms, but 
not consecutive terms, of a series. Thus, if w,, u,, vu, were 
given and u, sought, the equations A®u,=0, A’u,=0 would 
give 

u, — 3u, + 38u, — u, = 9, 
u, — 3u,+ 3u,—u,=9, 
from which, eliminating u,, we have 
Bu, — Bu, + Guy — Uy =O crereeeeeeeeeeeeres (7), 


and hence u, can be found. But it is better to apply at once 
the general method of the following Proposition. 


Prop. 2. Given n values of a function which are not 
consecutive and equidistant, to find any other value whose 
place is given. 


Let uw, Uy, U,, »-- Ux be the given values, corresponding tc 
a, b,c...k respectively as values of #, and let it be required 
to determine an approximate general expression for u,. 


We shall assume this expression rational and integral 


Art. 1. 


Now there being » conditions to be satisfied, viz. that fot 
z=a, «=b...x=k, it shall assume the respective value: 
Uz) U, ++» Uz, the expression must contain n constants, whos¢ 
values those conditions determine. 


We might therefore assume 
th, A 4 at Cor edt des cea, ana ane sees (8), 


and determine A, B, C by the linear system of equation 
formed by making x = a, b... k, in succession. 


The substitution of another but equivalent form for (8 
enables us to dispense with the solution of the linear system 
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Let u,= A (x—b) (w—c)... (@—hk) 
+ B(x —a) (w—c)...(a@—h) 
+C (x—a) (a—b)...(x—k) 
SPAS oo APRS. PERRI RE SA a eorbe aere (9) 
to n terms, each of the m terms in the right-hand member 
wanting one of the factors «—a,a—b,...«2—k, and each 
being affected with an arbitrary constant. The assumption 
is legitimate, for the expression thus formed is, like that 
in (8), rational and integral, and it contains’n undetermined 
coefficients. 
Making x=a, we have 


u,=A(a—0v) (a—c)... (a—k); 
‘therefore 
U. 


Learn a ticles (a—k)~ 


In like manner making 2 = b, we have 


B= 


Us, 

(6—a) (b—c)... (b6—k)’ 
and soon. Hence, finally, 
ny @r Bd @— 9) W@W ,  @=@) @—9).. @—M 
(Me= Ma (gb) (a—c)... @—k) °(6—a) (b-0)... b—K) 
(a — a) (x — 6) (w— Cc) «+ 
(k—a) (k—6) (k—c)... 
the expression required. This is Lagrange’s * 
interpolation. 

If we assume that the values are consecutive and equi- 
‘distant, ie. that w,, u,-.. U,_, are given, the formula be- 
comes 


| 
| 
| 
| 
| 


+ &. ... + U, 


theorem for 


) a{a—1)...(e—n+ 2) a (x—1)...(e—n+1) 
[pee “a1 72.38... (n=) eee ia ie) 
+ &e, 


* Journal del’ Ecole Polytechnique, 11. 277. The real credit of the discovery 

| must, however, be assigned to Euler; who, in a tract entitled De eximio Usit 

methodi interpolationwm in serierum doctrina, had, long before this, obtained a 
closely analogous expression. 


| 
| 
| 
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=7 oR Un » Ate Y Un_o 


n—1 e-nt1 ‘wns J 


in —1 
where a [-In—1—r . 

This formula may be considered as conjugate to (2), and 
possesses the advantage of being at once written down from 
the observed values of w, without our having t» compute the 
successive differences. But this is more than compensated for 
in practice, especially when the number of available obser- 
vations is large, by the fact that in forming the coefficients in (2) 
we are constantly made aware of the degree of closeness of 
the approximation by the smallness of the value of A”u,, 
and can thus judge when we may with safety stop. 


As the problem of interpolation, under the assumption that _ 


the function to be determined is rational and integral and of 
a degree not higher than the (n—1)", is a determinate one, 
the different methods of solution above exemplified lead to 


consistent results. All these methods are implicitly contained — 


in that of Lagrange. 


The following are particular applications of Lagrange’s | 


theorem. 


5. Given any number of values of a magnitude as ob- 


served at given times ; to determine approximately the values — 
of the successive differential coefficients of that magnitude at — 


another given time. 


Let a, b,...k be the times of observation, w,, u,,...u, the — 


observed values, « the time for which the value is required, 
and w, that value. Then the value of w, is given by (10), 
and the differential coefticients can thence be deduced in the 
usual way. But it is most convenient to assume the time 
represented above by a as the epoch, and to regard a, b, ... k 
as measured from that epoch, being negative if measured 


du, du, : 
backwards. The values of oy “i &e. will then be the 


coefficients of a, a, &c. in the development of the second 
member of (10) multiplied by 1, 1.2, 1.2.3, &c. successively. 


Their general expressions may thus at once be found. Thus | 


. 
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in particular we shall have 


hone he (ae 3 
rao, Sapetlls Cae ie : 
ribs a (a — 6) (a— Cc) ca (a—k) Oy, ae Cow see cise (12), 
iL i if 
du, be eee k (5 Rey Ae) -- &e.) 


¥ &e....(13). 


Spi + 1 9 = 
daz * Gab) G@aone= ban 

Laplace’s computation of the orbit of a comet is founded 
upon this proposition (Mécanique Céleste). 


6. The values of a quantity, e.g. the altitude of a star at 
given times, are found by observation. Required at what 
intermediate time the quantity had another given value. 


Though it is usual to consider the time as the independent 
variable, in the above problem it is most convenient to con- 
sider the observed magnitude as such, and the time as a 
function of that magnitude. Let then a, },¢,... be the values 
given by observation, U,, Uy, Wer ++ the corresponding times, 
x the value for which the time is sought, and wu, that time. 
Then the value of u, is given at once by Lagrange’s theorem 

(10). 


The problem may however be solved by regarding the time 
as the independent variable. Representing then, as in the 
last example, the given times by a, 6,... k, the time sought 
_ by 2, and the corresponding values of the observed magnitude 
by w,, Up, +.» Uz, and u,, we must by the solution of the same 
equation (10) determine 2. 


| 
| 
| 
| 
| 
| 


The above forms of solution being derived from different 
_ hypotheses, will of course ditfer. We say derived from dif- 
ferent hypotheses, because whichsoever element is regarded 
as dependent is treated not simply as a function, but as a 
rational and integral function of the other element ; and shus 
: the choice affects the nature of the connexion. Except for 
the avoidance of difficulties of solution, the hypothesis which 
assumes the time as the independent variable is to be pre- 


ferred. 
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Ex. Three observations of a quantity near its time of 
maximum or minimum being taken, to find its time of maxi- 
mum or minimum. 

Let a, b, c, represent the times of observation, and wu, the 
magnitude of the quantity at any time a Then u,, wv, and 
u, are given, and, by Lagrange’s formula, 

(a —b) (x—c) (x —c) (x—a) (a —a) (x—b) 
Ua Wa (a—}) (a—c) oa (b—c) (b—a) et (c—a) (c— 8)’ 
and this function of a is to be a maximum or minimum. 
Hence equating to 0 its differential coefficient with respect 
to x, we find 


(F—e)u,+(C— a) u,+ (e— 5) u, 
2 {(6 —e) “at (c—a) Uy + (a — b) w,} 
This formula enables us to approximate to the meridian 


altitude of the sun or of a star when a true meridian observa- 
tion cannot be taken *. 


4 


7. As was stated in Art. 4, Lagrange’s formula is usually 
the most convenient for calculating an approximate value of 
u,, from given observed values of the same when these are ~ 
not equidistant. But in cases where we have reason to 
believe that the function is periodic, we may with advantage 
substitute for it some expression, involving the right number 
of undetermined coefficients, in which x appears only in the 
arguments of periodic terms. Thus, if we have 2n+ 1 obser- 
vations, we may assume 


u,= A,+ A, cosx+ A, cos2a+...4+ A, cos nx 
+B, sinzx + B, sin 2e+... + B,sin nx... (15), 


and determine the coefficients by solving the resulting linear 
equations. 


Gauss} has proved that the formula 


sin 5 (@—2) sin 5 (#0) ...sin 5 @—R) 


= - : ut + &c....(16), 
sin 5 (a— 6) sin 5 (a—c)... sin 5 (a —k) 


* A special investigation of this problem will be found in Grunert, xxv. 237, 
+ Werke, Vol. 111. p. 281, 
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is equivalent to (15), u,, %, --. uw being assumed to be the 
2n+1 given values of u,. It is evident that we obtain 
U, =U, When for « we substitute a in it, and also that when 
expanded it will only contain sines and cosines of integral 
multiples of a not greater than nx; and as the coefficients 
of (15) are fully determinable from the data, it follows that. 
the two expressions are identically equal. 


8. Cauchy* has shewn that if m+n values of a function 
are known, we may find a fraction whose numerator is of 
the n‘*, and denominator of the (m—1)™ degree, which will 
have the same m-+ 7 values for the same values of the 


variable. He gives the general formula for the above frac- 
tion, which is somewhat complicated, though obviously satis- 


fying the conditions. We subjoin it for the case when 
m=2, n=1, 

u,u, (b —c) (w—a) + &e. 
Uy (6 — ¢) (w@ — a) + &e. 

When m=1 it reduces of course to Lagrange’s formula. 


LP aed 


Application to Statistics. 


9. When the results of statistical observations are pre- 
sented in a tabular form it is sometimes required to narrow 
the intervals to which they correspond, or to fill up some 
particular hiatus by the interpolation of intermediate values. 


In applying to this purpose the methods of the foregoing 


sections, it is not to be forgotten that the assumptions which 
they involve render our conclusions the less trustworthy in 


| proportion as the matter of inquiry is less under the dominion 


of any known laws, 


and that this is still more the case in 


_ proportion as the field of observation is 100 narrow to exhibit 
fairly the operation: of the unknown laws which do exist. 
The anomalies, for instance, which we meet with in the at- 


tempt to estimate the law of human mortality seem rather to 


* Analyse Algébraique, p. 528, but it is better to read a paper by Brassine 
(Liouville, x1. 177), in which it is considered more fully and as a case of a more 
general theorem. This must not be confounded with Cauchy’s Method of 
Interpolation, which is of a wholly different character and does not need notice 
here. He gives it in Liouville, 11. 193, and a consideration of the advantages 
it possesses will be found in a paper by Bienaymé, Comptes Rendus, XXXVI. or 


Liouville, xv1I. 299. 
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be due to the imperfection of our data than to want of conti- 
nuity in the law itself. The following is an example of the | 
anomalies in question. 


Ex. The expectation of life at a particular age being 
defined as the average duration of life after that age, it is 
required from the following data, derived from the Carlisle 
tables of mortality, to estimate the probable expectation of 
life at 50 years, and in particular to shew how that estimate 
is affected by the number of the data taken into account. 


Age. Expectation. Age. Expectation. 

10 48°82 =u, 60 14:34 = u, 
20 41-46 =u, 70 918 =u, 
30 3434 =u, 80 ool =u, 
40 2761 =u, 90 3°28 =u, 


The expectation of life at 50 would, according to the above 
scheme, be represented by u,. Now if we take as our only 
data the expectation of life at 40 and 60, we find by the 
method of Art. 3, 


tees 

Use oar VAIS TE i, Se ames (a). 
If we add to our data the expectation at 30 and 70, we 
find 

2 1 
Us=5 (u,+u,) — B (u, -u,) = 20°71 sande (0). 
If we add the further data for 20 and 80, we find 
3 3 iL E 

Us=7 (u,+ U,) — i0 (u,+ u,) + 50 (u, + us) = 20°75...(c). 


And if we add in the extreme data for the ages of 10 and 
90, we have 
8 4 
on 10 (u,+ Us) mar (u, + U,) 


8 1 
Fig (te + Ms) — 7H (+) = 20376 aetine (d). 


We notice that the second of the above results is consider- 
ably lower than the first, but that the second, third, and 


fourth exhibit a gradual approximation toward some value 
not very remote from 20°8, 


1 
| 
| 
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__ Nevertheless the actual expectation at 50 as given in the 
Carlisle tables is 21:11, which is greater than even the first 
result or the average between the expectations at 40 and 60. 
We may almost certainly conclude from this that the Carlisle 
table errs in excess for the age of 50. 


_ And a comparison with some recent tables shews that this 
‘isso. From the tables of the Registrar-General, Mr Neison* 
‘deduced the following results. 


Age. Expectation. Age. Expectation. 
| 10 47-7564 60 145854 
| 20 4.0°6910 70 92176 
| 30 34-0990 80 52160 
4.0 27-4760 90 28930 
50 20'8463 


} 
t 


Here the calculated values of the expectation at 50, corre- 
sponding to those given in (a), (0), (c), (@), will be found 
to be 

21-0307, 20°8215, 208464, 20:8454. 


| We see here that the actual expectation at 50 is less than 
the mean between those at 40 and 60. We see also that the 
‘second result gives a close, and the third a very close, approxi- 
mation to its value. The deviation in the fourth result, which 
takes account of the extreme ages of 10 and 90, seems due to 
the attempt to comprehend under the same law the mortality 
of childhood and of extreme old age. 


When in an extended table of numerical results the differ- 
ences tend first to diminish and afterwards to increase, and 
some such disposition has been observed in tables of mor- 
tality, it may be concluded that the extreme portions of the 
tables are subject to different laws. And even should those 
‘laws admit, as perhaps they always do, of comprehension 
| under some higher and more general, it may be inferred 
| that that law 1s incapable of approximate expression 1n the 
| particular form (Art. 2) which our methods of interpolation 
| presuppose. 


* Contributions to Vital Statistics, p. 8. 
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Areas of Curves. 


10. Formule of interpolation may be applied to the ap- 
proximate evaluation of integrals between given limits, and 
therefore to the determination of the areas of curves, the con- 
tents of solids, &c. The application is convenient, as it does 
not require the form of the function under the sign of in- 
tegration to be known. The process is usually known by the 
name of Mechanical Quadrature. 


Prop. The area of a curve being divided into m portions 
bounded by n+1 equidistant ordinates w,, u,,... Un, Whose 
values, together with their common distance, are given, an 
approximate expression for the area is required. 


The general expression for an ordinate being u,, we have, 
if the common distance of the ordinates be assumed as the 


n 
unit of measure, to seek an approximate value of | U,de. 
0 


Now, by (2), 


Hence 
n d n n Atu . 
u,dc=u,| da+Au,| xdx+ Tal a (e—1) dx 
° 0 ; ioe 
Aru 2 
iy a a (e — 1) (x—2)dx+ &e, 


and effecting the integrations 


ee 2 3 2 2 pind 
| ugdie = ny +'5 Au, + 5 a) a a — n+ nt) =a 


i 2 oe TP eoeng, {os 

nv 83n* 117° P A‘u, 

se He -3n') 

es (G— 2 B ni — De sets ‘) aha veers 
6 4 3 "1.283, 4.5 
ne, Ble 225n4 W742 AS 

+(7- ——t Tn ater es tiiksekar 
bik a Ugeis is cue emanaee 60x’) 5" 


SOLER eT In coat (18). 
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It will be observed that the data permit us to calculate 
the successive differences of «, up to A"u,. Hence, on the 
assumption that all succeeding differences may be neglected, 
the above theorem gives an approximate value of the integral 
sought. The following are particular deductions. 


Ist. Let n=2. Then, rejecting all terms after the one 
involving A’u,, we have 


| 2 
| u,dc = 2u, + 2Au, + $A7u,. 
0 

But Au,=u,—u,, A’u,=u,—2u,+4u,; whence, substi- 


‘tuting and reducing, 

| u,+4u,+u 

| ula = ——_—_4 2 , 
. 3 


| If the common distance of the ordinates be represented by 
_h, the theorem obviously becomes 


2h 
[edn esse (19), 


0 
‘and is the foundation of a well-known rule in treatises on 
Mensuration. 


Qndly. If there are four ordinates whose common distance 
is unity, we find in like manner 


if 3 (u, + 3u, + 3u, + u,) (20) 


an ae 5 
8rdly. If five equidistant ordinates are given, we have in 
ie. y q g 
_ like manner 
| * 3 
| | sehr 14 (u, + u,) + 64 (u, +u,)+24u, (21). 
= 45 
| 4thly. The supposition that the area is divided into siX 
| eke bounded by 7 equidistant ordinates leads to a re- 


markable result, first given by the late Mr Weddle (Math. 
| Journal, Vol. 1X. p. 79), and deserves to be considered in 
| detail. 
Supposing the common distance of the ordinates to be 

unity, we find, on making n= 6 in (18) and calculating the 
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coefficients, 
3 AG Cw ERS 
( ujdlir = Guy-+ 18Au, + 27A%U, + 240°u, + so Ate, 
0 
38 ae RG ras 


; Al... 42 3 
Now the last coefficient 40 differs from 140 or U0 by the 


: i ; 
small fraction 140° and as from the nature of the approxima- 
tion we must suppose sixth differences small, since all suc- 
ceeding differences are to be neglected, we shall commit but 
a slight error if we change the last term into 10 Avu,. Doing 
this, and then replacing Au, by u,—, and so on, we find, on 
reduction, 


6 3 . 
| ude = 75 {u, + Uy + U + Uz +5 (u, + U;) + 6u,}, 
0 


which, supposing the common distance of the ordinates to be 
h, gives 


6h Sh i, 
i! ude = i0 {uy + Uy + Use + Ug +5 (uy + Uy) + 6uy,}...(23), 
0 


the formula required. 


It is remarkable that, were the series in the second member 
of (22) continued, the coefficient of A’w, would be found to 
vanish. ‘Thus while the above formula gives the exact area 
when fifth differences are constant, it errs in excess by only 

1 : 
140 A’u, when seventh differences are constant. 

The practical rule hence derived, and which ought to find 
a place in elementary treatises on mensuration, is the fol- 
lowing: 


The proposed area being divided into six portions by seven 
equidistant ordinates, add into one sum the even ordinates 
5 times the odd ordinates and the middle ordinate, and mul- 
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tiply the result by 2 of the common distance of the ordi- 
‘nates. 


| Ex. 1. The two radii which form a diameter of a circle are 
bisected, and perpendicular ordinates are raised at the points 
of bisection. Required the area of that portion of the circle 
which is included between the two ordinates, the diameter, 
and the curve, the radius being supposed equal to unity. 


The values of the seven equidistant ordinates are 


| WB f8 35 , ¥85 8 8 


ie BE tet 'G 6 ea Swe? 


; Z Baal 
and the common distance of the ordinates is 2. The area 


6 
hence computed to five places of decimals is ‘95661, which, on 


comparison with the known value ao e , will be found to 
be correct to the last figure. 


The rule for equidistant ordinates commonly employed 
would give ‘95658. 


In all these applications it is desirable to avoid extreme 


differences among the ordinates. Applied to the quadrant 
of a circle Mr Weddle’s rule, though much more accurate 
than the ordinary one, leads to a result which is correct only 
to two places of decimals. 


Should the function to be integrated become infinite at or 
within the limits, an appropriate transformation will be 


needed. ; 


oly 


9 


Ex. 2. Required an approximate value of | log sin 0d8. 
tt) 


The function log sin @ becomes infinite at the lower limit. 
We have, on integrating by parts, 


i log sin 6d = @ log sin 0 — ‘ 8 cot 0d8, 
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hence, the integrated term vanishing at both limits, 


i * log sin 6d0 = — | * 8 cot Od. 


The values of the function 0 cot @ being now calculated for 


2a 7 
the successive values 0=0, 0= 5 , d=— 


the theorem being applied, we find 


fe | 4 cot 6d = — 1:08873. 


The true value of the definite integral is known to be 
oa 
2 


11. Lagrange’s formula enables us to avoid the interme- 
diate employment of differences, and to calculate directly the 


log (5) , or — 1:08882. 


coefficient of w,, in the general expression for | u,dx. If we 


represent the equidistant ordinates, 22+1 in number, by 
U,, U,++-Us,, and change the origin of the integrations by 
assuming «—n=y, we find ultimately 


2n 
| u,da = Avu,+ A, (Laas ne Uns) 1 A, (Unyot Up.) ee + A, (Usa+U,), 
0 


where generally 
A se = 1) 
" 1.2... a+r)1.2... (n—r) 
* (O'=y') ay") ... (9) 
xf ao dyhiode (24). 


A similar formula may be established when the number of 
equidistant ordinates is even. 


12. The above method of finding an approximate value 
for the area of a curve between given limits is due to Newton 
and Cotes. It consists in expressing this area in terms of 
observed values of equidistant ordinates in the form 


Area = Au, + Au, + &e., 


| 


| 
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where A,, A, &c. are coefficients depending solely on the 
number of ordinates observed, and thus calculable beforehand 
and the same for all forms of u,. It is however by no 
means necessary that the ordinates should be equidistant; 
Lagrange’s formula enables us to express the area in terms of 
any n ordinates, and gives 


fe ude = A Ug + AyUy + KC. icccsscece (25), 
q 


P (x —b) (w@—Cc)... 
q (a@—6) (a—c)... 


| Now it is evident that the closeness of the approximation 
depends, first, on the number of ordinates observed, and 
secondly, on the nature of the function u,. If, for instance, 
w,, be a rational integral function of «x of a degree not higher 
a the (n—1)", the function is fully determined when n 


where A,= Ol Nee toate (26). 


rdinates are given, whether these be equidistant or not, and 
he above formula gives the area exactly. 


| If this be not the case, it is evident that different sets of 
observed ordinates will give different values for the area, the 
\difference between such values measuring the degree of the 
sapproximation. Some of these will be nearer to the actual 
‘value than others, but it would seem probable that a know- 
ledge of the form of uw, would be required to enable us to 
ichoose the best system. But Gauss* has demonstrated that 
‘we can, without any such knowledge, render our approxi- 
‘mation accurate when u, is of a degree not higher than the 
(2n—1)™ if we choose rightly the position of the n observed 
jordinates., 


This amounts to doubling the degree of the approximation, 
'so that we can find accurately the area of the curve y=u, 
‘between the ordinates to «=p, x=gq, by observing n properly 
,chosen ordinates, although w, be of the (2n — 1)" degree. 


The following proof of this most remarkable proposition 
is substantially the same as that given by Jacobi (Credle, 
Vol 1. 301). 


* Werke, Vol. 11. p. 203. 


52 ON INTERPOLATION, [CH. IIT, 


Tat | ” de be the integral whose value is required, where 


u, iS & rational and integral function of the (2n—1)™ degree. 
Let u,, u,-.. be the » observed ordinates, and f(x) the ex 
pression which they give for u, by substitution in Lagrange’: 
formula. Let 


A (a — a) (w—6) ...... = iM 
where A is a constant. 


Since u,—f(x) vanishes when z=a, b,... it must be 
equal to MN where N is rational, integral, and of the 
(n — 1)" degree, and the error in the approximation i: 


| * MNdz, which we shall now shew can be made to vanisl 
by properly choosing M, i.e. by properly choosing the ordi 
nates measured. 


Now 


[aL de = MN — | UN'dx 


= UN-M,N' + [M,N dx = &e. 


— M.N— MN’ + &.—(-1)" MN, 


denoting by V/, the result of integrating M « times, and b 
N the result of differentiating Vx times; and rememberin 
that N“™ is a constant. 


Taking the above integrals between the given limits, w 
see that the problem reduces to making Mf, vanish at eae 
limit for all values of r from r=1 to r=n. 


This is at once accomplished by taking 


pel Mies da” {(x— p) (x—9)}" 
dx* > 


for it is thus a rational and integral function of 2 of tl 
n° dezree, such that all its first n integrals can be take 
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to vanish at the given limits. That this is the case is 
seen at once when we consider that the parts independent 
of the arbitrary constants will contain some power of 
(x — p) (« — g) as a factor, and will thus vanish at both limits. 


The coefficients A,, A,... in I JF (x) dx will of course be 


functions of p and q of the form given in (26). In order 
to save the trouble of calculating them for all values of the 
limits, it is usual to transform the integral, previously to 
applying the above theorem, so as to make the limits 1 and 
—1. We then have 


: d* (a? — 1)" _|2n n?(n —1) 
== us 8 n-2 
| ‘af dx" | {x 2n(2n — 1) 7% 

| n? (n— 1)? (n —2)(n —3) a 

: + 7, 2n (2n—1) Bn —2) (2n—3)™ - &al, 
and a, b,c... are the roots of M=0, which are known to be 
~eal, since those of (2”—1)"=0 are all real. 


13. We shall now proceed to demonstrate a most im- 
Hortant formula for the mechanical quadrature of curves. 
t was first given by Laplace*, and will be seen to be closely 
allied to (18). 

Since 


fetta Ag! A 
1tA=¢, .d=D5-D{ 7 


Bidz ics 2 
| Integrate between limits 1 and 0, remembering that 


ai | 
[w.], =Aw,, 


Pie hen lan iela 
{+5 -754 + gp AP — Ge} wet. 


—* Mécanique Céleste, 1v. 207. : 
+ The coefficients of the powers of ¢ in lone pay be calculated either 
lireetly, or by the method in Ex. 18 at the end of this Chapter. 
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and we easily get, writing w, for Aw,, 


[ ude 1 + eek 
i} 2 


Mott o [5 Ao +954 pnt — &e. 


2 
Writing down similar expressions for i u,dx, &c., and 
1 


adding, we obtain 


te u Un 
[ u,da =a +U, + Ut wet 9 


1 
= 75 (Ata — Au) 
LAK 
8 o4 ( uu, — uy) 
—= CCivecahassteadaagesoecmesst eletanas (27), 


since 
A’u, + Au, + &e. =A™ (Au, + Au, + &e.) =A™ (u, — U)- 


This formula has the disadvantage of containing the dif- 
ferences of u,, which cannot be calculated from the values 
Uge Wess. Une We may remedy this in the following way: 


A 
AY ae Ler a a eee 
log (1 + A) ii (1- A iy log (— A)’ 
S lies 
Me Wea, 


1 ss 1 1 
= E es = E 1 hae Sis & 
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Removing the first two terms from each side since they 
are obviously equal, and writing wu, for Aw,, we get 


1 os 1 1 
[a Aut gy On — &e,=— 5 Aa — 5A A’u,_,— &e., 
and the formula becomes 
| u,da =" +u, +u, achice +3 
0 
1 
12 (Au, _, — Au,) 
uS 2 2 
a D4 (A Un_o edt Up) 
eres Mee Hats raraeradton tas (28). 


In the above investigation we have in reality twice per- 


formed the operation = on both sides of an equation. We 


shall see that Au,=Av, only enables us to say u, =v, + C 
and not wu,=v,; hence we should have added an arbitrary 
constant. But the slightest consideration is sufficient to 
shew that this constant will in each case be zero. 


14. The problems of Interpolation and Mechanical Quadrature are of the 
greatest practical importance, the formule deduced therefrom being used 
in all extended calculations in order to shorten the labour without affecting 
greatly the accuracy of the result. This they are well capable of doing; 
indeed Olivier maintains (Crelle, 11. 252) that calculations proceeding by 
Differences will probably give a closer approximation to the exact result 
than corresponding ones that proceed by Differential Coefficients. In con- 
sequence of this practical value many Interpolation-formule have been 
arrived at by mathematicians who have had to do with actual calculations, 
each being particularly suited to some particular calculation. All the most 
celebrated of these formule will be found in the accompanying examples. 
Examples of calculations based upon them can usually be found through 
the references; the papers by Grunert (Archiv, xiv. 225 and xx. 361), which 
contain a full inquiry into the subject, may also be consulted for this pur- 
pose, Numerical examples of the application of several Interpolation-for- 
mule may also be found in a paper by Hansen (Relationen zwischen Summen und 
Differenzen, Abhandlungen der Kin. Séchs Gesellschaft, 1865), in which also 
he gives a very detailed inquiry into the various methods in use, with numerical 
calculation of coefficients, &c. We must warn the reader against the notation, 
which is unscientific and whally in defiance of convention, e.g. Ayz,4 and 
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A’y,, are used to represent the Ay, and A%y,, of the ordinary notation. 
A good paper on the subject by Encke (Berlin. Astron, Jahrbuch, 1830), from 
which Ex. 7 is taken, labours under the same disadvantage ; and Stirling’s 
formula (Ex. 9) is seldom found stated in the correct notation. 


In speaking of the developments which the theory has received we must 
mention an important Memoire by Jacobi (Crelle, xxx. 127) on the Cauchy 
Interpolation-formula of Art. 8. Tn it the author points out the advantages 
that it possesses over others, and subjects it to a very full investigation, 
representing the numerator and denominator in various forms as determi- 
nants, and considering especially the case when two or more of the values 
of the independent variable approach equality. A paper by Rosenhain 
which follows immediately after it treats also of the above formula in repre- 
senting the condition that two equations ¢(x)=0 and f(x)=0 should have 


a common root, in terms of the values of the expression a for different 


values of x. 


But the most important researches in the theory of Interpolation have had 
reference to the Gauss-formula of Art. 12. Minding (Crelle, v1. 91) extends 
it to the approximate evaluation of double integrals between constant limits. 
Christoffel (Crelle, tv. 61) investigates the more general problem of deter- 
mining the ordinates we should choose for observation when certain ordinates 
are already given, so that the approximation may be as close as possible. 
Mehler (Crelle, ux111. 152) shews that a closely analogous method enables 
us to calculate integrals of the form 


(Fe —a)* (L+a)M f (2) dx 


with great accuracy, the position of the ordinates chosen being in this case 
determined by the roots of the equation of the n™ degree 
a” 
(1-2) (1 +2) {a—zyrrs (+ zee] =0, 
) and yp being each > —-1. 
Jacobi had previously examined the case in which A=~=-5; in other 
words, he had shewn that in 
Lief (ay 
ra Ji-2 


the positions of the co-ordinates to be chosen after the analogy of the G = 
formula are given by the roots of By e Gauss 


d® 
V1 - 0 om (1-2?)"-4=0, 


dx or ["s (cos 6) dé, 
fr) 


which is equivalent to cos(ncos-1x)=0. Hence x=cos ae td 


. ae ae i 
In this case the coefficients 42, As, ... (see (26), page 51) are all equal, 
each being =, and the formula becomes 


[ "see 6) dé == 17 (008 z) +f (cos3") bMeottaf- cos + ) t. 
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In most of the above papers the magnitude of the error caused by using 
the approximate formula instead of the exact value of the function is 
investigated. 
The special importance of the method becomes evident when we con- 
sider the close relation between it and the celebrated Laplace’s functions. 
This is seen by comparing the expression for the nt» Laplace’s coefficient 
'of one variable, 
| 


| ip 1 aq (x? - 1)* 


2" | n° dx® 


with the value of M in Art. 12; and the similarity of the corresponding 
expressions for two variables is equally great. In fact the Gauss-method may 
be represented as follows :— 

: Let u, be a rational integral function of the (2n —1)t» degree, and Y,, be the 
n* Laplace’s coefficient. Divide u, by Y,, and let N be the quotient and 
_f (2) the remainder which is of the (n—1) degree. Thus uz=f(x)+Y,,.N. 


Integrate between the limits 1 and —1, and since N is of a lower degree 
1 


; 1 . . : 

than Y,, Y,,Ndx=0, and we are left with | f(x)dx which is accurately 
a \ -] 

found by ihe Lagrange-formula from the n observed values of uy. 


In consequence of this close connexion the method is of great import- 
‘ance in the investigation of Laplace’s Functions and of the kindred subject 
of Hypergeometrical Series. Heine’s Handbuch der Kugelfunctionen will 
supply the reader with materials for discovering the exact relation in which 
_ they stand to one another, or he may compare a paper by Bauer on Laplace’s 
functions (Crelle, v1. 101) with that by Christoffel given above. For in- 
‘stances of numerical calculation he may consult Bertrand (Int. Cal. 339), 


where, however, the limits 1 and 0 are taken, 


EXERCISES. 


1. Required, an approximate value of log 212 from the 
following data: 
log 210 = 2:3222193, log 213 = 2'3283796, 
log 211 = 2:3242825, log 214 = 2'3304138. 


| 


2. Find a rational and integral function of # of as low a 
degree as possible that shall assume the values 3, ae Tes), 
and — 21, when z is equal to 3, 2, 1, and —1 respectively. 


3. Express v, and v, approximately, in terms of »,, %,, %; 
and ¥,, both by Lagrange’s formula and the method of (7), 


v 
Art. 4. 
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4, The logarithms in Tables of n decimal places differ 
from the true values by + —_ at most. Hence shew that 


the errors of logarithms of n places obtained from the Tables 
by interpolating to first and second differences cannot exceed 
4 io® +eand + wa x 2 + e’ respectively, e and e’ being the 
errors due exclusively to interpolation, (Smith’s Prize.) 


5. The values of a function of the time are d,, 4, A, %» 
at epochs separated by the common interval A; the first dit- 
ferences are d,, d',, d;, the second differences are d,, d’,, and 
the third difference d,. Hence obtain the following formule 
of interpolation to third differences: 


cra Lg tae Oo NOR aC panne am ts 
fd=a4 (4-3-9) gt 9 Bt ew 


a’ ay ome 


Sree qt 
or f)=a+ (t4+5'-% 


2 
2 ee er 
ht 2 W'°6 Be? 


t being reckoned in the first case from the epoch of a,, and in 
the second from that of a,. 


6. If PB, Q, B,S,... be the values of X, an unknown 
function of x, corresponding to «=p, q, 7, 8, .... shew that 


(under the same hypothesis as in the case of Lagrange’s 
formula), 


X= P+ (e—p){p, + (@—p) (@—-9) (pg 1} + &e., 
where generally 


a 'P Q 
{PGT} = (p— |) (p—r)... u (g—p) (q-7")... se 


7. Shew that, in the notation of the last question, i 
q-p=r—q=s-—r=&c=1, 
(ine gebiae ecelee 
ae 
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'and apply the theorem to demonstrate that 


(1) gga = ty + Atty + EET) Ara, 

| x(x—1)(x+1),, x (a —1) (~—2) 
Peete Se et 1 2.3.45) alae 

| (2) tage =, + hen, + EY Ary, 

| x (a—1) (@+1),5 x (a —1) (4+ 2) 

| oe oa Gee 

8. Shew that the function 
| 
| Met ee A Or ee, 


aah (a — b) (a—c) 


‘becomes unity when t=a, and zero when t=0,c, ..., and 
'deduce Ex. 6 therefrom. 


9. Demonstrate Stirling’s Interpolation-formula 


t Cae t(?—1 
| ya it EA (yu) typhi t gpg 5 Mt 
| f(f-1) x 
tT egnaea Uae 


(Smith’s Prize, 1860.) 


10. Deduce Newton’s formula for Interpolation from 
_Lagrange’s when the values are equidistant. 


11. If p radii vectores (u being an odd integer) be drawn 
from the pole dividing the four right angles into equal 
parts, shew that an approximate value of a radius vector (wg) 
“which makes an angle 0 with the initial line is 


sin 5 (9—a) 


Ua» 


| “i 5 (9—a) 


where a, }, ... are the angles that the pu radii vectores make 
with the initial line. 
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12. Assuming the formula for resolving 
f(z) 
(a — a) (x —b)...(x@ — k) 


into Partial Fractions, deduce Lagrange’s Interpolation- 
formula. 


13. If d(x) =0 be a rational algebraical equation in & 
of any order, and z,, 2,...2, be taken to represent ¢ (1), 
¢$ (2),... & (), find under what conditions 


r=k Lr 


Eye et pp? 
Bee pnt Sp (By ee ae Sues) 


may be taken as an approximate root of the equation. 


14. Demonstrate Simpson’s rule for finding an ap- 
proximate value for the area of a curve, when an odd number 
of equidistant ordinates are known, viz.: To four times the 
sum of the even ordinates add twice the sum of the odd 
ones; subtract the sum of the extreme ordinates and multiply 
the result by one-third the common distance. 


15*. Shew that Simpson’s rule is tantamount to consider- 
ing the curve between two consecutive odd ordinates as pa- 
rabolic. Also, if we assume that the curve between each 
ordinate is parabolic, and that it also passes through the 
extremity of the next ordinate (the axes of the parabola 
being in all cases parallel to the axis of y), the area will be 
given by 

rE % scare iho) 
Area =h EE 2357 {ts (Yo Yn) — 4 (+ Yur) + Ys +n | 


aa Given uw, and w,,,, and their even differences, shew 
that 


<1) 1. gleoe eens ae 
eae lt gat gM gigas Steel Fag 


* On the comparative merits of these and similar methods see Dupain 
(Nouvelles Annales, xvit. 288), 


+ The notation in this formula (due to Gauss) is that referred to on the 
top of page 56, 


shew that 
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17. Shew that 
x (a+ 2r—1) 
tha? 
pease are) (a + 3r— 2) 
HZ 3 
n(n+1) 
1.2 


In what cases would the above formule be especially 
useful ? 


Unys = Uy + TAU, + Anon 


A*tty_g + &e. 


Atu, = A"u,_, + nA” us zat A", ns + &C. 


18. Shew that the coefficient of A’u, in (27) is equal to 
1 g(t) 1 
o|T + 1 = 


and hence shew the exact relationship in which (27) and 
(18) stand to each other. 


19*. If from the values w,, u,... of a function corre- 


| sponding to values a, b,c... of the variable, we obtain an 
_ Interpolation-formula, 


| U, =U_ + B(x —a) +C(a—a)(a—b) + D(x —a) (x —b) (w—e) 


+ &e., 


Free Buses AB i SOG 
b—a c—a d—a 
where Ad (a,b, ..-) = $(b, 6 ---) -—P(@ Dies.) 
Deduce (2), page 35, from the above formula. 


* Newton’s Principia, Lemma v. Lib. 11. This is the first attempt at 
finding a general Interpolation-formula, and gives a complete solution of the 


problem, The result is of course identically that obtained by Lagrange’s 


formula, though in a very different form. 
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CHAPTER IV. 
FINITE INTEGRATION, AND THE SUMMATION OF SERIES. 


1. THE term integration is here used to denote the process 
by which, from a given proposed function of x, we determine 
some other function of which the given function expresses the 
difference. 


it may with perfect propriety be denoted by the inverse form 
A”. It is usual however to employ for this purpose a distinct 
symbol, %, the origin of which, as well as of the term inte-- 
gration by which its office is denoted, it will be proper to 
explain. 


One of the most important applications of the Calculus 
of Finite Differences is to the finite summation of series. 


Now let u,, u,, u,, &c. represent successive terms of a series 
whose general term is u,, and let 


Ve = Ug ayy Fb Wages st Ugg coeeees pohene acest (1). 


Then, a being constant so that u, remains the initial term, 
we have 
Ueig = the Th Vasa arch Ue alee ees suet eae -(2). 


Hence, subtracting (1) from (2), 


. et 
Av; = U,susnh pS ee 


| 
| 


| 
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ne same time the properties of the symbol 5, 
de of performing the operation which it denotes, 


and the mo 


| or, to speak with greater strictness, of answering that question 


of which it is virtually an expression, are best deduced, and 
are usually deduced, from its definition as the inverse of the 
symbol A. va 


Now if we consider Su, as defined by the equation 


it denotes a direct and always possible operation, but if we 
consider it as defined by the equation 


and as having for its object the discovery of some finite ex- 
pression v,, which satisfies the equation Av, = u,, it is inter- 
rogative rather than directive (Dif. Equat. p. 376, 1st ed.), 
it sets before us an object of enquiry but does not prescribe 
any mode of arriving at that object; nor does it give us the 
assurance that there is but one answer to the question it 
virtually propounds. A moment’s consideration, indeed, will 


assure us that the number of expressions that can claim to 
be denoted by A“u, is infinite, since it includes the quantity 


Ug + Uayy + eee + Uy 


whatever value a may be supposed to have, provided only 
that it is one of i es which # is sup- 
posed to take. e cannot therefore consider the definitions 
of Su, contained in (3) and (4) as identical, and shall there- 
fore proceed to investigate the relation between them and 
the restrictions as to the use of each. 


It is obvious that the Zu, of (3) is one of the functions 
represented by the A”'u, in (4), since it satisfies the equation 
Av,=u, But this is of no value to us unless we can recog- 
nize to which of the functions represented by A *u, in (4) it 
is equal, or obtain an expression for it in terms of any one 
of them. ‘This last we shall now proceed to do, 
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Let ¢ (x) be a function such that Ad(x) =1,. 
“ d(@+1)-d¢@=u, 
$ (at 2)—$@ +1) = Mays, 


(2) -—$ (@—-1) =4,,, 
web (2) — b (0) = Ua + Wag ereeee Uz = DU, in (3). 


Hence retaining for 2w, the definition of (4) we should 
write (3) thus: 


PL, — Dg Ug Ug es i Ud ee oes wa.(5y: 


Again suppose Xu, to be defined by (3) and be equal to 
¢ (x), and let the 2w, of (4) be given generally by ¢ (x) + w,, 


then u, =A {¢ (2) + 0,} = Ag (2) + Aw, = u, + Avy; 


.. Aw,=0, or w, does not change when z is increased by 
unity; hence it remains constant while a takes all the series 
of values which it is permitted to take in any problem in 
Finite Differences. Since then w, will remain unchanged, 
so far as we shall have to do with it, we shall denote it by 
C and regard it as a constant, and examine its true nature 
later on. (Art. 4, Ch. 11.) 


Hence regarding Lu, as defined by (3) we should write 
(4) thus: 
A Ug = Dlg + Cvcvass mak, ns em cs 2) (6). 


* Were it not that in so fundamental a theorem it is advisable to use only 
such methods as are beyond all suspicion as to their rigour, we might have 
arrived more easily at the same result symbolically, thus: 


Ua + Way t+ ... + Uz = {1 +H+ H?+ aa +E“, 


Er*-1 
=a es (Et) Aa, = (E**-1) Eu, from (4)...(7), 


which agrees with (5). But the method in the text is preferable, since the 

steps in (7) and (8) presuppose a rigorous examination into the nature of the 

symbols A~ and 2 before we can state the arithmetical equivalence of the 

re with which we are dealing, i.e. some such investigation as that in 
e text, 
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We shall not dwell farther on this point, since the differ- 
nce between the Sw, of (3) and that of (4) is precisely 


‘analogous to that between the definite integral | d(x) da, 


and the indefinite integral | ¢ (x) dx, and the precautions 


mecessary to be taken in using them are identical with those 
to which we are accustomed in the Integral Calculus. In 
‘fact we adopt a notation for definite Finite Integrals stri- 
‘kingly similar to that for Definite Integrals in the Infi- 


‘nitesimal Calculus, writing the Zu, of (8) im the form 
\ry=g-1 

1> u,. 

| oh 


| Integrable Forms. 

2. As in Integral Calculus, we shall be able to obtain 
finite expressions for the integrals of but few forms, and must 
be content to express the integrals of others in the form of 
infinite series. Of such integrable forms the following are 


‘the most important, as being of frequent recurrence and re- 
‘ducible under general laws. 


1st Form. Factorial expressions of the form 
| x(“—1)...(e—m+1) or «&™ 


| in the notation of Ch. 1. Art. 2. 


We have 
Aol? = (m + Ia” : 
(m+) 
: (op). 8 
) - 20 ne id 
| , ale—1)...(4«-—m 
(or Sa(e—-1)...a—mt+1)= ( Dee Re Ch rones (1). 


Taking this between mits w=” and x=m, (n>), 
we get 
1.2...m+2.3...(m+1) +...+(n—m)...(n— 2) (n—1) 
_n(n—1)...1—™) 
| ci m+ i 
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Or we may retain C and determine it subsequently, thus 
1,.2...m+2.3...(m+1)+...4(n—m)...(n—2) (n—1) 


_n(n—1)... (~—™m) 
gererereeg rT C. 


Put n=m-+1 and the series on the left-hand side reduces 
to its first term, and we obtain 
(m+1)m...1 


1.2). n= Fre Cie ot Cae OF 


Thus also if u,=axz+b, we have 


Zig Ugg 20+ Up andy HO cece teees (2). 


Ex. 1. Sum the series 


3.5.7+5.7.9+4 &. ton terms. 


Here a=2, b=5, m=3, and since we have to find the 
sum of n terms we must change 2 into n+1 in the last 
formula, and we obtain 


> (2n +7) (2n + 5) (2n + 8) 


_ (2n+ 7) (2n+ 5) (Qn + 3)(2n +1) 
“a 4x 2 


+0. 


But n=1 gives us 


9X 1X Opes : 105 
“yr eee “ C=——; 


- 3.5.7+5.7.9+&c. to n terms 


_ (2n +7) (2n +5) (2n +38) (2n+1) 105 
8 ae at 


BE 


2nd Form. Factorial expressions of the form 


1 


— eee eee —m) 
w(x+1)...(@+m—1) oD oe 
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We have by Ch. 11. Art. 2, 
Ag™) = (—m+1)2™; 
(-m+1) 
. (—m) a x 
Pe aarp owe! of cad daze 3 (3). 


So also if wu,=ar+6, we have 


A a Ea amma oi oC (4); 
ent??? We p-mM—L 1g Vara aed Uni 
1 t 
Cc ee : 
(Ep SOLIS AMUg Ug, ++ Unym4 


or, writing m—1 for m, 


| 
- Jd i 
eee 
UUme laggy (mm — 1) Ug Ug,, 0++ Uryne 


It will be observed that there must be at least two factors 
in the denominator of the expression to be integrated. No 


] . . . 
finite expression exists for 2———. 
| ax+b 


Ex. 2. Find the sum of n terms of the series 


| Les 1 
ee op EAD) 


| We have here a=3, b=—-2, m=3. 
.. Sum of (n—1) terms 
1 


) PPE er ine Une 
oL 


sas Gl ONS) (GEE) 
Put n=2 and we obtain 
1 1 1 


Pet ee sheen dc 


+ &e. 
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Hence (writing n for n —1 and therefore n+ 1 for n) 


1 7 
24° 6(8n+ D(Bn+4)’ 


Sum of n terms = 


As all that is known of the integration of rational functions 
is virtually contained in the two primary theorems of (2) ang 
(5), it is desirable to express these in the simplest form™. 
Supposing then u,=ax + 6, let 


(mm 
Ung Uiy_, 00 Um, = (@ + 5), 


1 


= byo™, 
Lb pies Gee Cian) 
then 
(m+1) 
S10 (mn), OR ee 6), 
5 (00 1) = © 


whether m be positive or negative. The analogy of this result 
with the theorem 


J (aa +b)"dx= (aa 


a(m-+1) rae 


is obvious. 


We shall now shew how to reduce other forms to one of 
the preceding. 


3rd Form. Rational and integral functions. 


* As most of the summations of series whose n‘ term is a rational 
function of n will have to bg effected by these methods, and as such sum- 
mations are of very frequent occurrence, it is still more important to have a 
readily applicable rule for effecting them. The following is perhaps the most 
convenient form for finding the sum of n terms of such series :— 

eee oe the n* term with its factors in ascending order of mag- 

: add one factor at the end ae 
ERE jiake away one factor at the sleet ee dere, the Dummies 


factors now remaining, and by the coefficient of x (in each factor), and 


add to 
eee et Scola 
It is scarcely necessary to add that the upper line in the brackets must be 
taken when the terms are of the form u,u,_ ... Uz-m41 and the lower when 


of the form E 
, ey Uz41 aa Uz m1 
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By Ch. 1. Art. 5 
(2) =$(0) + AG (0) e+ PO a 4-6. 
Let ¢ (x) = dv, and put C for ¢ (0), 
(2) 
20, = C+a.1 +s. Av, + &C. seeeeeees (7), 


and the number of terms will be finite if v, be rational and 
integral. 


_ The series in (6) comes from the equivalence of the opera- 
tions denoted by the symbols ZH” and (14+-A)* In like 
manzier we may obtain a cognate expression from the equi- 
valence of H~* and (1+A)*. This gives us, when we per- 
form them on ¢ (2), 


$(0) =$(2) — 2. Ag (a) +224) arg (@) deo 


Putting as before ¢(x)==v, and C for $(0), and transpos- 
ing, we get 


Sv, = C+ xv, - Lo AU, -i8EC sooo = (8)*. 


In applying the above to the summation of series we may 
avoid the use of an undetermined constant and render the 
demonstration more direct by proceeding as follows: 


UeN Ua i note Opie f1l+H+E*+ eee ee ata 


Pees SUPA Be 
iS ae A . 


* That the constants in (7) and (8) are the same appears evident when we 
consider that (8) may be obtained from (7) by mere algebraical transforma- 
tion. The series-portions are in fact the results of performing the equivalent 
(1+A)?-1 1—(1+A)~* 
oe and —————_ 


E* on vp. 
A ne 


direct operations 
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Here all the operations performed on », are direct, and the 
result is given in differences of the first term. 


Ex. 3. To find the sum of a terms of the series 1°+ 27+... 
Applying* (7) we have (since Av,=1, A’v, = 2) 


2 2 —1 —1 x — 2) 
Tee oh (wa 3) Seton Oe ae mo) 


Putting «=2 we see that C is zero, and adding a” to both 
sides we obtain 


_ = —2 
acta ccpate nt 2rd) , 2lo= 1e—2) 
2 3 
_ «@(x+1) (2a+1) 
= 5 : 


Ex. 4. Find the sum of n terms of the series whose n term 
is n°+ 7n. 


We shall here apply formula (9). 


The first terms are. 8 22 48 92" ea 
ean differences ,, 14 26 DL Es 
» second a + 12 1S 34 268 ae 
» third a - Che cic e ae ee ee 
*, sum of n terms = 8n+ 14 meek 
n(n—1) (n—2) n(n —1) (n—2)(n—8) 
SMO ra NG hey pre 
4th Form. Any rational fraction of the form 
(x) 


20:4, ne Sanam, 


* In practice it will be found better to resolve the nth term into factorials 
and apply the rule given in the note to page 68, 


| 2.] AND THE SUMMATION OF SERIES. 71 
-u, being of the form ax +d, and ¢ (x) a rational and integral 
function of # of a degree lower by at least two unities than 
the degree of the denominator. 


Expressing ¢ (x) in the form 
(x) =A + Betz + Otlgttgy toe + Begley, +++ Ueymos 


iM, 2... being constants to be determined by equating coeffi- 
cients, or by an obvious extension of the theorem of Chap. IL 
Art. 5, we find 


| 
| 
ve 1 1 
| Rw = = 76s a Rycne ee 
| Cea Rt A eed sen Us, Matias 
1 
Pe ys ee 
c4m— oan 


Again, supposing the numerator of a rational fraction to be 
of a degree less by at least two unities than the denominator, 
but intermediate factors alone to be wanting in the latter to 
give to it the factorial character above described, then, these 
factors being supplied to both numerator and denominator, 


the fraction may be integrated as in the last case. 
| 


| and each term can now be integrated by (5). 
| 
| 


Ex. 5. Thus u, still representing az +, we should have 


x ve Cue 


? 
Uglies UgUn Urry oars 


_ with the second member of which we must proceed as before. 


Ex. 6. Find the sum of n terms of the series 


2 3 
Ext orl in 


| Here the n™ term 


n+1 n+2n+1 
“n(n +2)(n+8) n(n +1) (w+2) (n+) 
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ee en GP 1) te 1 
~ n(n +1) (n +2) (n+3) (n+2) (n+3) 
1 1 


+ G+ +2 Wt3)  m@tl) @t2) +3)" 
The sum of n terms therefore, by the rule on page 68, 


1 1 1 
n+3  2(n+2)(n+3) 3 (+1) (n+ 2) (n+3) 
a 6n? + 2ZIn+ 17 

6 (n +1) (n+ 2) (n+ 3)’ 


Pi ie 


=C 


and C can easily be shewn to equal fu : 


We thus can find the sum of m terms of any series whose 
n-term is $(n), provided that ¢(n) be either (1) a rational 
integral function of n, or (2) a fraction whose denominator 
is the product of terms of an arithmeticai series that re- 
main a constant distance from the n™ term, and whose 
numerator is of a degree lower by at least two than its deno- 
minator*, 


5th Form. Functions of the form a* or a*d(x) where 
¢ (x) is rational and integral. 


* Since ¢ (n)e"*=$(D) e*” we may write 


$ (a) + $(a+1) +...G (@+m—1) =[p (D) {eH HE... LY, g 


s e(atr _ oe 

=[ eo) emi. bd ese 
and the series may therefore be summed by the methods of Differential Cal- 
culus or Differential Equations according as ¢(n) is an integral function of n 


or not. That the result thus obtained is identical with that in the text 
follows from the identity demonstrated in (16) page 23, viz. 


For this gives $(D) ¥ (0)=¥(D) $ (0). 


e(atn)o _ 0 e(atwD _ —aD Erm _ fe 
=5 {¢(a+n) - $(a)}=39 (atn)-Z4(a), 
which agrees with the previous expression. 
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x 


a 


aa For 


From (13) page 8, we obtain at once a*= 


the integration of a°¢ (a) we shall have recourse to sym- 
\bolical methods. 


Za*g (x) = Aad (2) 
= (?-1yte™"$ (2) 
= erPse (rte 1g (2)* 
| = a* (ae? —1)"$ (@) =a" {a (1+) -1)*6(@) 


| = 7 (1+ 25) #0 


= 18@)- gad) 


a-l 


| + Gap hoe) — be} oe (10), 


| 
to which of course an arbitrary constant must be added. 


| It will be found that the direct application of this theorem t 
is the simplest method of summing such series as have their 
x‘ term of the form a’. ¢ (2). 


* By means of the well-known formula f(D)e™” ola) =e™ f(D +m) (2). 
The proof of this formula is given in Boole’s Diff. Eq. (First Ed., p. 385), 
and in many other books. 
+ The demonstration of 
theorem, 
f (E) a" (x) =a"F (aE) ¢ (@). 
This may be deduced from the formula above quoted, but is more readily 
demonstrated independently, since if A, E” be one term of the expansion 


_of f (E) in powers of E we have 
A, BE” a*$(2) =A,a**" ¢ (c+n)=a". A,a” E* $(a) =a". A, (@E)" $(2), 


(10) can be still farther simplified by quoting the 


summing all such terms we get 

f(E) a% (x) =a%f (aE) ¢ (x), 

| and the demonstration of (10) runs thus, 

A“) a®@ (2) =(E -1)71 a9 (a) =a"(aE - 1)* $(@) 
=a {a (1+) — 1) $(x)=&e. 
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Ex. 7. Find the sum of the series 
122 oO Oot a ee es 
Sum to n terms 


= open 9” 

= =; ft 4 
Pesm cy 22 
=n*, "+ pen ke @- Galan he +C 
=a 2° (2n' ae 


The method just given may be generalized to apply to all 
functions of the form u,.¢(x), where (a) is rational and 
integral, and wu, is a function such that we know the value 
of A™“u, for all integral values of n. In this case we have 
(comp. Ex. 3, p. 20) 


Suz (0) = (EE’ — 1) u, 6 (w) = (AE’ + AY u,$(2) 


(Z’ and A’ being supposed to operate on ¢ and E and A on 
u, alone) 


1 AN NG 


= A°u,. 6 ( —1) — A*u,. Ad (2 — 2) 
+ A%u,. A’ (2 — 3) — &. ... (11), 
dropping the accents as no longer necessary. 
Ex. 8. A good example of the use of the above formula is 


got by taking u, = sin (az+6). From (17), page 8, we get 
easily 


sin {a +b - ern) 


A™ sin (ax + b) = ——$— — 
(2 sin 5) 
4 
Let us take then the series whose n™ term is 


(n — 7) sin (an +); 


| 
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the sum of n terms will be 


| (n—7) sin (an +b) + & (n —7) sin (an + 6) 


sin (an +3 —"57) 


we 
sin 5 


_ sin fan+b—(a+m7)} 10 


(2 sin 5) 


6th. Miscellaneous Forms. When a function proposed for 
integration cannot be referred to any of the preceding forms, 
it will be proper to divine if possible the form of its integral 
from general knowledge of the effect of the operation A, and 
to determine the constants by comparing the difference of the 


| = (n —7) sin (an + b) + (n— 8). 


conjectured integral with the function proposed. 


Thus since 


Aa’ (a) = a (2), 


| where (a) = ad (2 +1) —$ (2), it is evident that if ¢(x) be 


a rational fraction (a) will also be such. Hence if we had 
to integrate a function of the form a” (x), v(x) being a ra- 
tional fraction, it would be proper to try first the hypothesis 
that the integral was of the form a*¢ (x), > (x) being a ra- 
tional fraction the constitution of which would be suggested 
by that of » (x). 


Thus also, since Asin™ ¢ (a), A tan? ¢ (x), &e., are of the 


| respective forms sin? (a), tan (a), &e., (~) being an 


algebraic function when ¢ (a) is such, and, in the case of 
tan (a), rational if d(x) be so, it is usually not difficult to 
conjecture what must be the forms, if finite forms exist, of 


Ssinty (x), Ytan*y (x), &e., 
a (x) being still supposed algebraic. 


The above observations may be generalized. The opera- 
tion denoted by A does not change or anuul the functional 
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characteristics of the subject to which it is applied. It does 
not convert transcendental into algebraic functions, or one 
species of transcendental functions into another. And thus, 
in the inverse procedure of integration, the limits of conjec- 
ture are narrowed. In the above respect the operation A is 
unlike that of differentiation, which involves essentially a 
procedure to the limit, and in the limit new forms arise. 
Instances of the above will be given in the Examples at 


the end of the chapter, but we subjoin the following by way 
of illustration. 


Ex. 9. To sum, when possible, the series 
eee oe ee eg 
2.3 3.4 et Mga &e. to m terms, 
Dive tee 


The n™ term, re ted b , being ———_-— == 
represented by w,, being rl) oe 


we have 
2.7% 2,7 

Su, = NZX Ble x ‘ 

“la+]) @ +2) “Gtl@+2) 


Now remembering that the summation has reference to n, 
assume 


n°” _an+b, 
(n+1)(n+2) n+1”° 


Then, taking the difference, we have 


(n+1) (n+2) 


N+ 2 n+1 
= art (x —1) n?+ (2a +b) (w@—1)n+(a+ b)x—2 
(n+1) (n+2) r 
That these expressions may agree we must have 
a(a—1)=1, (2a+b)(e-1)=0, (a + b)x—2b=0. 
Whence we find 


a"n* Z | a(n+1)+b ad 


1 ye 
= 4 = — = — — 
ie Hee 3? b 5 


| 
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The proposed series is therefore integrable if «= 4*, and 
“we have 


2 py2 _ 
3 4? n oN pie 


| Giese ea 


_ Substituting, determining the constant, and reducing, there 
results 
| 1? 4 - Dayar i na” noe inc cee AL ae 

2.3 8.47" (wm+l)(n+2) 3 n+2 3° 


8 3 is of course, like A, H, and D, an operation capable 
| of repetition and therefore obeying the index-law; wu, being 
defined as & (Su,). Our symbolical methods will render it an 
easy matter to obtain expressions for 3” (or A) analogous 
to those already obtained for =, but we shall have to add, as 
in Integral Calculus, a function of the form 


Cit Caet..+ Cok a 


| (where C,, C,, &c. are arbitrary or undetermined constants) in- 
stead of the single arbitrary constant which we added in the 

previous instance. We shall merely give the formula for aay 
analogous to (10) and leave the others as an exercise for the 
“ingenuity of the student. It is 


(Bg @) = aap |b @) 8 ga 4h) 

n+1 OW Ts 

| 2+) (2) a9 @)- So} 
AO + Ott vent Opt veeeerrteertees (12). 


* The explanation of this peculiarity is very easy: 
nx" 4 1 
aS PO ee oe il pant eee ee 
“n= (n+) (n+2) Wea ass sd? 
and the summation of the above series would require a finite expression for 


=e if « had not such a value that the term fa which occurs in the 
n 


_ T Fy 
(r + 1) term exactly cancelled the term = that occurs in the 7*> term, 


i.e, unless x=4. 
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It will be found that the 1%, 3, and 5" forms can have 
their n Finite Integrals expressed in finite terms, but that 
the 2° and 4*" only permit of this if n be not too great. 


Conditions of extension of direct to inverse forms. Nature 
of the arbitrary constants. 


4. From the symbolical expression of } in the forms 
(e?—1”), and more generally of =” in the form (e?—1)”, 
flow certain theorems which may be regarded as extensions 
of some of the results of Chap. 1. To comprehend the trud 
nature of these extensions the peculiar interrogative character 


of the expression («¢*—1)-"u, must be borne in mind. Any 
legitimate transformation of this expression by the develop- 
ment of the symbolical factor must be considered, in so far 
as it consists of direct forms, to be an answer to the question 
which that expression proposes; in so far as it consists of 
inverse forms to be a replacing of that question by others. 
But the answers will not be of necessity sufficiently general, 
and the substituted questions if answered in a perfectly un-— 
restricted manner may lead to results which are too general. 
In the one case we must introduce arbitrary constants, in the 
other case we must determine the connecting relations among 
arbitrary constants; in both cases falling back upon our prior 
knowledge of what the character of the true solution must be, 
Two examples will suffice for illustration. 


Ex. 1. Let us endeavour to deduce symbolically the ex- 
pression for 2w,, given in (3), Art. 1. 
Now du, =(H—-1)"u, 
= ("+ EB? + &.) u, 
=U, ,+U,,+U,,.-. + &e. 
Now this is only a particular form of u, corresponding 
to a=—o in (8). To deduce the general form we must 


add an arbitrary constant, and if to that constant we assign 
the value 


— (Ug + Yag-> + &.), 
we obtain the result in question. 
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Ex. 2. Let it be required to develope 2wu,v, in a series 
| proceeding according to 2v,, 2’v,, &c. 


We have by (11), page 74, 
LU Vy = Ug Vz — Az, 2, + A*u_, vu, — &e. 


In applying this theorem, we are not permitted to introduce 

unconnected arbitrary constants into its successive terms. If 
we perform on both sides the operation A, we shall find that 
‘the equation will be identically satisfied provided A"u, in 
any term is equal to >""u, in the preceding term, and this 
imposes the condition that the constants in }"*u, be retained 
without change in S"u,. And as, if this be done, the equa- 
| tion will be satisfied, it follows that however many those 
constants may be, they will effectively be reduced to one. 
Hence then we may infer that if we express the theorem in 
_ the form 

| 

| Dlg, = OF Uy Bz — Ay, BU + WN fe Uneeee (1), 
} 
| 


we shall be permitted to neglect the constants of integration, 
| provided that we always deduce &"v, by direct integration 
from the value of 2"*v, in the preceding term. 


Tf u, be rational and integral, the series will be finite, and 
the constant C will be the one which is due to the last inte- 
gration effected. 

We have seen that C is a constant as far as A is con- 
cerned, ie. that AC=0. It is therefore a periodical con- 
stant going through all its values during the time that « 
| takes to increase by unity. The necessity of a periodical 

constant C to complete the value of Su, may also be esta- 
blished, and its analytical expression determined, by trans- 
forming the problem of summation into that of the solution 
of a differential equation. 

Let Su,=y, then y 38 solely conditioned by the equation 


tting «#—1 for A, by the linear differential 


Ay =z, Or, pu 
equation 


(1) y= Ue 
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Now, by the theory of linear differential equations, the 
complete value of y will be obtained by adding to any par- 
ticular value v, the complete value of what y would be, were 
u, equal to 0. Hence 


Duty = Ve + Ce + C62” + KC. oc ecee scene (2), 


C,, C,, &c. being arbitrary constants, and m,, m,, &c. the 
different roots of the equation 


e"—1=0. 
Now all these roots are included in the form 
m = + 2inV—1, 
t being 0 or a positive integer. When 7=0 we have m=0, 
and the corresponding term in (2) reduces to a constant. But 


when 7 is a positive integer, we have in the second member 
of (2) a pair of terms of the form 


Lina—1 + Blea 
Cea Gigs ese 


which, on making C+ C’=4,, (C— CO’) /—1=B,, is re- - 
ducible to A;cos2ir+B,sin 2i7. Hence, giving to 7 all 
possible integral values, 


Luly = 0, + C+A, cos Qara + A, cos 47ra + A, cos 6rra + &e. 
+ B, sin 27% + B, sin dra + B, sin Gra + &e. ...... (3). 


The portion of the right-hand member of this equation 
which follows », is the general analytical expression of a 
periodical constant as above defined, viz. as ever resuming 
the same value for values of aw, whether integral or fractional, 
which differ by unity. It must be observed that when we 
have to do, as indeed usually happens, with only a particular 
set of values of « progressing by unity, and not with all 
possible sets, the periodical constant merges into an ordinary, 
1.e€. into an absolute constant, Thus, if x be exclusively 
integral, (3) becomes 


Suz = Ve + C+A,+A,+A,+&e. 
= Uz t ¢, 
c being an absolute constant. 
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It is usual to express periodical constants of equations of 
differences in the form ¢ (cos 27a, sin27a). But this nota- 
tion is not only inaccurate, but very likely to mislead. It 
| seems better either to employ C, leaving the interpretation 
to the general knowledge of the student, or to adopt the 
correct form 


C+; (A; cos 2era + B; sin 2éra) ............ (4). 
| We shall usually do the former. 


5. The student will doubtless already have perceived how much the branch 
of mathematics that forms the subject of our present consideration suffers 
from its not possessing a clear and independent set of technical terms. It is 
true that by its borrowing terms from the Infinitesimal Calculus to supply 
this want, we are continually reminded of the strong analogies that exist 
between the two, but in scientific language accuracy is of more value than 
suggestiveness, and the closeness of the affinity of the analogous processes 
is by no means such that it is profitable to denote them by the same terms. 
The shortcomings of the nomenclature of the subject will be felt at once if 
one thinks of the phrases which describe the operations analogous to the 
three chief operations in the Infinitesimal Calculus, i.e. Differentiation, 
Integration, and Integration between limits. There is no reason why the 
present state of confusion should be permanent, so that we shall in future 
‘(in the notes at least) denote these by the unambiguous phrases, performing A, 
taking the Difference-Integral (or performing 2), and summing, and shall 
name the two divisions of the calculus, the Difference- and the Swm-Calculus 
respectively, and consider them as together forming the Finite Calculus. 
The preceding chapters have been oceupied with the Difference-Calculus 
exclusively—the present is the first in which we have approached problems 
analogous to those of the Integral Caleulus; for it must be borne in mind 
that such problems as those on Quadratures are merely instances of use 
being made of the results of the Difference-Calculus, and have nothing to do 
with the Sum-Calculus, except perhaps in the case of the formula on page 55. 
Enough has been said about the analogy of the various parts of our earlier 
chapters with corresponding portions of the Differential Caleulus, and we 
shall here speak only of the exact nature and relations of the Sum-Calculus. 


If the nt term of a series be known, and its sum be required, it is tanta- . 
mount to seeking the difference-integral, and our power of finding the 
difference-integral is coextensive with our power of finding the sum of any 
number of terms. Hence the summation of all series, whose sum to n terms 
can be obtained, is the work of the Sum-Caleulus. It is true that there are 
_ many series, that can be summed by an artifice, of which we have taken no 
notice, but that is not because they do not belong to our subject, but because 
they are too isolated to be important. But it must be remembered that the 
difference-integral is only obtainable when we can find the sum of any 
number of consecutive terms we may wish. 


But there are many cases in which we seek the sum of n terms of & 
series which is such that each term of the series involves n, €.g. We might 
desire the sum of the series 1. n+2.(n—1)438.(n—2)+&e. to terms. 


Now in a certain sense this is not a case of summation; we do not seek the 
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gum of any number of terms, but of a particular number of terms depending 
on the first term of the series itself. And, as might be expected, this opera- 
tion has not the close connexion that we previously found with that of © 
finding the difference-integral of any term ; for though the knowledge of the 
latter would enable us to sum the series, yet the knowledge of the sum of the 
series will not enable us to find the difference-integral of any term. These 
must be called definite difference-integrals, and hold exactly the same posi- 
tion that Definite Integrals occupy in the Infinitesimal Calculus. No one 
would think of excluding from the domain of Integral Calculus the treatment 


of such functions as the definite integral “a (a -—2)™ dx, because the know- 
ledge of its value does not give us any clue to that of the indefinite integral 

a! (a—2)™ da, and is obtained indirectly without its being made to depend 
on our first arriving at the knowledge of the latter. 


By similar considerations we shall arrive at a right view of the relation 
of infinite series to the Sum-Calculus. It is often supposed that it has 
nothing to do with such series—that the summation of finite series 1s its 
business, and that this is wholly distinct from the summation of infinite 
series. This is by no means correct. The true statement is that such series 
are definite difference-integrals, whose upper limit is ©, and so far they as 


much belong to our subject as ji e—-2* dx does to the Infinitesimal Calculus. 
0 

How is it then that the whole subject of series is not referred to this 
Calculus, but is separated into innumerable portions, and treated of in all 
imaginable connexions? It is that in the expression of such series as those ~ 
we are speaking of, reference being only made to finite quantities, there is 
nothing to distinguish them from ordinary algebraical expressions, except that 
the symmetry is so great that only a few terms need be written down. Hence 
when it is summed by an artifice, and not by direct use of the laws of the 
Sum-Calculus, there is nothing to distinguish the process from an ordinary 
algebraical transformation or demonstration of the identity of two different 
expressions. Now in Definite Integrals that are similarly evaluated by an 
artifice, there is perhaps just as little claim for the evaluation to be classed 
as a process belonging to the Infinitesimal Calculus, but the expression of the 
subject of that process involving the notation and fundamental ideas of the 
Calculus, it is naturally classed along with processes that really belong to 
the Calculus. Thus the Infinitesimal Calculus has a wide field to which no 
recognized branch of the Finite Calculus corresponds, not because it does 
not exist, but because it is not reserved for treatment here. No doubt this 
has its disadvantages. Series would be more systematically treated, and the 
processes of summation more fully generalized, if they were dealt with collec- 
tively ; yet on the other hand it is a great advantage in the Finite Calculus 
to have to do only with such processes as really depend on its laws, and not 
with processes that are really foreign to it, and are only connected therewith 
by the fact that their subject-matter in these particular instances is expressed 
in the form of a series, i.e. in the notation of the Calculus. 


It is not usual to speak of such identities as Definite Difference-Integrals, 
but a certain class of them are considered in this light in a paper by Libri 
(Crelle, x11. 240). 

_ Before leaving the subject of Definite Difference-Integrals we must men- 
tion a paper by Leslie Ellis (Liouville, 1x. 422), in which he demonstrates a 
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|;heorem analogous to the well-known one on the value of 


SL [ff ert) dx dy dz ..., 


where x+y+z+...b1. The method is a very beautiful one, but we must 
thot be supposed to endorse it as rigorous, since one part involves the 


5 <3) 
evaluation of D x”) cos az. 
| 0 


The fundamental operations of the Finite Calculus are taken as A with its 
orrelative >. In this view of the subject the sign of each term is supposed 
to be +, not that its algebraical value is supposed to be positive, but that its 
‘sion must be accounted for by its form. Thus if we take the series 
My — Uy, +Ug—&c., we must call the general term (-1)*u, To avoid this com- 
pplication in the treatment of series whose terms are alternately positive 
Hand negative, some have wished to have a second Calculus whose fundamental 
pperation is {[=1+F, the correlative of which, ¢~1, would of course denote 
he operation of summing such a series. A series of papers by Oettinger, the 
inventor of it, will be found in Crelle, Vols. x1.—xvi. In these he developes 
the new Calculus in a manner strictly analogous to that in which he subse- 
iquently treats the Difference-Calculus, connects them similarly with the 
Infinitesimal Calculus, demonstrates analogous formule, and applies them at 
Mirst to simple cases and then to more complex ones, especially to those 
eries whose terms are products of the more simple functions and those most 
snitable to such treatment. The work is unsymbolical, and therefore clumsy 
and tedious compared with more recent work, and we should not have 
meferred to the papers here (for we consider it highly unadvisable to invent a 
mew Calculus for a comparatively unimportant class of questions that can 
rvery easily be dealt with by our present methods) were it not that his results 
bare very copious and detailed. The student who desires practice in the 
Hsymbolical methods cannot do better than take one of these papers and 
employ himself in demonstrating by such methods the results there given. 
Should he desire however a statement of the nature and advantages of this 
more elaborate treatment of series, he will find it in a review by Oettinger. 


W(Grunert, Archiv. x11. 36.) 


This is not the only attempt to introduce a new Finite-Caleulus. A 
Kcertain class of series is treated in a paper by Werner (Grunert, Archiv. 
hxxi1. 264), by means of a calculus whose fundamental operation, A= EH —v,, 18 
halmost the most general form of linear fundamental operation that can be 


iimagined. 
EXERCISES. 


1. Sum to n terms the following series: 
1.3.5.74+3.5.7.9+... 


| 
| 
| 1 1 
13.5.713.5.7.9° 
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1:3.5.1043.5.7 12 Popo. La Pee 


10-12 14 
173cB 1 8.bcy ba Mee 


1.3.5.cos6+3.5.7.cos20+5.7.9.cos30+... 
1 + 2a cos 0 + 3a* cos 20 + 4a’ cos 30 + ... 


9. The successive orders of figurate numbers are defined 
by this;—that the a term of any order is equal to the 
sum of the first 2 terms of the order next preceding, while 
the terms of the first order are each equal to unity. Shew 
that the a term of the n™ order is 


pan Ly > tt, denote the sum of the first » terms of the 
SET1ES U,, Up, Uz, &C. shew that 


, 1 b tae Bang ah 
¥a=51%- 3 tighe & + &e.} (thon — Up)» 


and apply this to find the sum of the series 
1.3.545.7.949.11.13+4 &e. 
4, Expand =¢(«)cosma in a series of differences of 
$ (2). 


5. Find in what cases, when wu, is one of the five forms 
given as integrable in the present Chapter, we can find the 
sum of terms of the series 


Uy —U,+U,—Uu,+&e., 
and construct the suitable formule in each case. 


6. Sum the following series to m terms : 


Sn 0? sind ih AOL ae 
1 1 
cos 8. cos 20 u cos 26 . cos 307 vi 
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7. Shew that cot™(p+gqn+rn’) is integrable in finite 
erms whenever 
g-—r=4(pr—1). 
Obtain 
log tan 2"0 es 5 2"(n — 1) 


<4 x 
29 and > Qn , n(n+1)° 


tan Tana ne. 


8. It is always possible to assign such values to s, real or 
iimaginary, that the function 
(a+ Ba + ya"+ ... + ve")s® 


Uhbay, 2++ Uayms 


| 
shall be integrable in finite terms; a, 8...v being any con- 


tants and u,=ax+b. 
(Herschel’s Examples of Finite Differences, p. 47.) 


9, Shew that 


Au, 
iu, + u, cos 20+ wu, cos 40 + &e. =73- aan'd 
Au, Aru Au, 
+ od ad" Tey Deeg 39 sin 39 sind 812 86 — &e. 
10. If Au, =U.4,—U, and ia re shew that 


Up, + Au, +VA*u, + &e. + ee 
=a*{(at—1) Sa*u, + Ma *A™u,} « 
Find the sum of n terms of the series whose n terms are 
(at+n—1)"2"" and (a+n—1)™a™. 
11. Prove the theorem 


| 1 3 
DS u,0, = U,V, — NAuU, wT Y,4, + poe A’u,,>""?v,,, — &C 


12, If d(a)=v,+%,2+,2° + &., shew that 
| U0, + Uy,e + up, + &e. =u, (a) + xP’ (a) . Au, 


ce wt : 
Paine $"(a) . Pu, + ke. ; 
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and if o(@) =, +,0 + + &e., then 
UV + UyV,e + uve” + &e. = uh (w) + LAP (x). Av, 
(2) 
es is Ath (x). A’u, + &e. 
(Guderman, Crelle, vit. 306.) 


13. Sum to infinity the series 


r r &% r z(z—1) 7° 2(2—1) (#—2) 
Vl ee ee ae ee ee 


14. If d(2)=v,+2,2+ 0,0" + &., shew that 
OU," +P Op ynUpenD + Ansan Uy son lr gon &e. 
1 
=- {Sah (ax)]u,+ % [a p'(ax)] Au,.a2+ &e}, 
where a is an n™ root of unity. 
15. If 1°+2"+...4m"= S, and m(m+1) =p, shew that 


S,=p'f (p) or (2m+1)pf(p), according as n is odd or even. 
(Nouvelles Annales, X. 199.) 


(eS?) 


CHAPTER V. 
THE APPROXIMATE SUMMATION OF SERIES. 


1. Iv has been seen that the finite summation of series 


depends upon our ability to express in finite algebraical terms 


the result of the operation > performed upon the general term 
of the series. When such finite expression is beyond our 
powers, theorems of approximation must be employed. And 
the constitution of the symbol = as expressed by the equation 


2% =(e?—1)*... (1) 


renders the deduction and the application of such theorems 


| easy. 


Speaking generally these theorems are dependent upon the 


development of the symbol © in ascending powers of D. 


But another method, also of great use, is one in which we 
expand in terms of the successive differences of some im- 


portant factor of the general term, i.e. in ascending powers of 


A, where A is considered as operating on one factor alone of 


the general term, and is no longer the inverse of the > we are 
| trying to perform*, 


* Let us compare these methods of procedure with those adopted in the 
Integral Calculus. If je (x) dx cannot be obtained in finite terms it is usual 


either 
(1) To expand ¢ (z) in a series proceeding by powers of x and to integrate 
each term separately ; 


(2) To develope fe (x) de by Bernoulli's Theorem (i.e. by repeated inte- 


gration by parts) in a series proceeding by successive differential coefficients 
of some factor of the general term; or 
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As our results are no longer exact it becomes a matter of 
the greatest importance to determine how far they differ from 
the exact results, or, in other words, the degree of approxima- 
tion attained. But this is usually a difficult task, and in 
order to lessen the difficulty of the subject to the student, we 
shall separate such investigations from those which first give 
us the expansions. The order in which we shall treat the 
subject will therefore be as follows: 


I. We shall obtain symbolical expansions for =, >, &d 
(Chapters Vv. and VI.) 


II. We shall examine the general question of Convergency 
and Divergency of Series, to ascertain if we may assume the 
arithmetical equivalence of the results of performing on w, 
the operations that we have just found to be symbolically 
equivalent. (Ch. VII.) 


III. Finding that many of our results do not stand the test 
we shall proceed to find the exact theorems corresponding to 
them, i.e. to find expressions for the remainder after m terms, | 
and thus we shall reestablish the approximateness of these 
results. (Ch. VIIL) 


(3) To develope /o@ dx in a series proceeding by successive differences 


of ¢x by aid of Laplace’s formula for Mechanical Quadrature [(27) page 54], 
which may be written thus: 


je (a) da=C+=¢ (x) — Ag (a) + . A?d(x) — &e. ... (2). 


We should therefore expect to find in the Sum-Calculus the corresponding 
methods, viz.: 

(1) To expand u, in a series proceeding by factorials, and to sum each 
term separately ; 

(2) To develope Zu, in a series proceeding by successive differences of 
some factor of the general term; 

(3) To develope Zu, in a series proceeding by successive differential co- 
efficients-of u,. 

Of these (3) and (2) are those mentioned in the text; (1) is not of much 
use since the cases in which it can be applied are very few, and no theorems 
of great generality have been found to enable us to obtain the expansion 
necessary. Besides the resulting series will usually be highly divergent 
unless the factorials are inverse ones, i.e. have negative indices, so that the 
results will not be suitable for giving the approximate values we seek. We 
shall, however, give some account later on of the results that have been 
obtained by this method. 
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We shall now commence the first of these divisions. 


2. Prop. I. Yo develope Xu, in a series proceeding by 

the differential coefficients of u,. 
a a 

Since Su,=(«”—1)u,, we must expand (e¢*—1)7 in 
| : d ; : 
ascending powers of da’ and the form of the expansion will 
‘be determined by that of the function (e'—1)% For sim- 
plicity we will first deduce a few terms of the expansion and 
‘examine somewhat its general form, leaving fuller investiga- 
tions to the next Chapter. 


t 


| The function (e’ — 1)” is not at once suitable for expansion 
by Maclaurin’s Theorem, since it contains a negative power 


either by Maclaurin’s 


‘of t; we shall therefore expand Z i i 
‘Theorem or by actual division and divide the result by ¢, 


t t 


eé— t e 


| The term -% may be shewn to be the only term in the 


expansion involving an odd power of ¢. For 


t t_¢ éf+1 


eee oe 1” 


'which does not change when ¢ is changed into —#, and 
therefore can contain, on expansion, even powers of ¢ alone, 


From these results we may conclude that the development 
| of (e‘—1)~ will assume the form 


| (¢-1yt= 44 A, +Att+At +4,f + ke... (4). 
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It is however customary to express this development in the 
somewhat more arbitrary form 


died btecl es Be Pans o pip . 
t pay ae bee Wee ob Pe Sense HS 
(atl ae = 5 atig? ia’ 16 c (5) 
The quantities B,, B,, &c. are called Bernoulli’s numbers, 


and will form the subject of the major part of the next 
chapter. 


Hence we find 


B, du,  B, du, 
|2 dx | 4 dx® 


1 
Du,= C+ ude — 5 Uy + 


Or, actually calculating a few of the coefficients, 
1 tdzta ae 
12dx 720 da® 

tat Othe 
30240 da 


Lu,=CO+ ules — 5 Un + 


+ meee bleu 


The following table contains the values of the first ten of 
Bernoulli's numbers, 


’ 


1 1 1 a 
BSG P= 3g Bog» Bm ag Bom a 


for) 


* Attention has been directed (Differential Equations, p. 376) to the in- 
terrogative character of inverse forms such as 
a 


edz 1)“ly,, 
The object of a theorem of transformation like the above is, strictly speak- 
ing, to determine a function of x such that if we perform upon it the cor- 
d 


responding direct operation (in the above case this is «#*—1) the result will 

eu, To the inquiry what that function is, a legitimate transformation 
will necessarily give a correct but not necessarily the most general answer. 
Thus C in the second member of (6) is, from the mode of its introduction, 
the constant of ordinary integration; but for the most general expression 
of Zu, C ought to be a periodical quantity, subject only to the condition 
of resuming the same value for values of « differing by unity. In ithe 
applications to which we shall proceed the values of x invplved will be 
integral, so that it will suffice to regard C as a simple constant. Still it 


is important that the true relation of the two members of the equation (6) 
should be understood. 
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_ 691 a _ 3617 
1 9730’ B= B= 510? 
_ 43867 222277 
B= “798 ” B= 310 eo ceecovee (8). 


It will be noted that they are ultimately divergent. It 
will seldom however be necessary to carry the series for Zu, 
further than is done in (7), and it will be shewn that the 
employment of its convergent portian is sufficient. 


Applications. 


3." The general expression for Du, in (7), Art. 2, gives us 
at once the integral of any rational and entire function of a. 


Ex. 1. Thus making w,=«x*, we have 


“ 4 1 pled (a) 1 d(x") 
Sa'= C+ |atde—5 a + 13 dz 7 720 da 


i Lae 


OE = rea Oy 


More generally, making u,= x” we get 


| r ott 1 P nB, - n(n—1) (n—2) B, m5 
| 2a" = CO+ 73% alee [4 x 


|t— &e. 


_which at once enables us to connect Bernoulli's numbers 
|" with the coefficients of the powers of a in the expression for 


ee 2. nemeuctaisbus 


But the theorem is of chief importance when finite sum- 
mation is impossible. 


Ex. 2. Thus making u,= eo we have 
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1 1 an ara see S28 AN 
2 gltlerse SER & 30 ( ; " 


1 1 1 Lt 
ae hacen 


The value of 0 must be determined by the particular con- 
ditions of the problem. Thus suppose it required to determine 
an approximate value of the series 


Tre 1 
ptgetgt Goi 


Now by what precedes, 


Lrg LS 1th 1 lerals.inhesy <t 


bays LS) SLA Se mea 
pip tgyts@o wo 2a 6a * 30a* ~° 


2 
Let # = o, then the first member is equal to A by a known 


theorem, while the second member reduces to C. Hence 


lepine aed 2 ola 

iS a lye G6? a 2a Gas e302 : 
and if w be large a few terms of the series in the second 
member will suffice. 


4. When the sum of the series ad inf. is unknown, or is 
known to be infinite, we may approximately determine C by 
giving to a some value which will enable us to compare the 
expression for 2w,, in which the constant is involved, with the 


actual value of 2w, obtained from the given series by addition 
of its terms. 


Ex) Ss Let the given seri ote bn es 
2° 3 x 
Representing this series by u,, we have 


1 
es 
wx 07 
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1 i ee 
re ga? Se ere 12a 


nals th- gl 1 
= C+loge+ > — Toa + Ta0g1— © 


To determine C, assume x = 10, then 


et {ee FS 4 
IPtats- +79 = C'+ log.10-+ 55 — 7990 + Ta00000 ~ & 


| Hence, writing for log. 10 its value 2°302585, we have 
approximately C= ‘STT215. Therefore 
| ia i eae 1 
== » —_b Ss 
U,= 577215 + loge+ 5° — Jot oO gs &e. 


Ex. 4. Required an approximate value for 1.2.3... @ 
If u,=1.2.3...a, we-have 
| log u, = log 1+ log 2+log3 ... + log x 


=log «+ Dlog a. 


| 1 
‘But Sloga=C+ flogade— 5 log # 


1 POMMIB VSB. 
= 0+(#-5) loge 247 35— Re 


il 
. log t= C+ (245) log2—2 +795 de eee (o): 


| 
| 


To determine C, suppose a very large and tending to 
| become infinite, then 


| 1 
Jog (1.2.8...2) = 0+ (#45) lose -= 
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whence 
TORS vals Kar rote eccemtesedeeee 
1253.22. 2a =e at cesar eee 


But multiplying (10) by 2%, 


2 Av, Gi c a Daze De 6 eat h sas aaees oes eee 


Therefore, dividing (11) by (12), 
3.5.7... (20-1) = 2744 eg", 


S DA One 2p ee 
es 3 bees (la al me 


But by Wallis’s theorem, x being infinite, 


2.4.6... (20 — 2) s/(2a) 7) 
3.5.7 ...(22=1) -/(§): 


whence by division 


V(22) = 22, 


“. C=log (2m). 


[CH. V. 


And now, substituting this value in (9) and determining 


u,, we find 


ul 1 
Uz = (277) xX wtth x @* tian B09 tT 


Lad 
= J (27rar) a, * tie 36008 + 


Oe ere eesecrseee 


er 
Jon 7 3A013 Te « . 
If we develope the factor ¢2* 360a8T™* in descending powers 


of x, we find 


pte. 1 1 139 
V,203.4@ =n (On) area 1 ee 
See Ota; + saep mae es 


ey 4 THE Ch 
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Hence for very large values of 2 we may assume 


1.2.3...a = 4/(2m2) (2) ih eee (18), 


‘the ratio of the two members tending to unity as « tends to 

infinity. And speaking generally it is with the ratios, not 
‘the actual values of functions of large numbers, that we are 
concerned. 


Ex. 5. To find an approximate value of ['(w+1) when 
x is large. 

It will be seen that this reduces to the preceding example 
when # is integral; it has been chosen to illustrate our mode 
of determining C. 


Exactly as in the preceding case we obtain 
B B, Be 


1 


| 1 . 
Jog u,= C+ (e+5)loge—e+ 735-5 ast z Gs it 


2 Ole 


but we can draw no conclusion as to the value of C from 
the value it bore in (9), nor would any number of special 
determinations of its value enable us to draw any conclusions 
as to its general value. But it can be proved (Todhunter’s 
| Int. Cal. 8rd Ed. p. 254) that 


a loc loa l 1 1 : 
far ears cies aaee Det ad inf. 


=() when a is infinite. 
But from (16) we obtain, when @ is infinite, 


aan) = Po which is therefore zero when 
A 


gz is infinite. 


Now Cis a periodic quantity going through its course of 
271 


values as @ increases by unity—hence Te is equally pe- 
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riodic. 


for finite as well as infinite values of x; 
°. C=Axt B. 


But C remains unchanged when w is increased by unity ; 
therefore A =0, and Cis therefore an absolute constant, and 
therefore has the value found for it in Ex. 4 when z was an 


integer, 1.e. C= log V2. 


Ex. 6. To sum the series 


4. hy 1 1 


1+ oi + gm + ga toa 


Representing the series by uw, we have 


1 


S 
ua opt oe 


1 1 2Qn 
=C- a on™ 127 


(2n—1) « 
2 2n (2n + 1) (2n + 2) 
7202" G 


&e, 


For each particular value of n the constant 0 might be 
determined approximately as in Ex. 8, but its general ex- 
pression will be found in Art. 8, Ch. v1. 


w 


5. Prop. I. To develope &"u, in a series proceedi 
the differential coefficients of ug. proceeding by 


Since SS(P-14; . B= (2-1)7, 


and the problem reduces to that of expanding (e'—1)™ in 
ascending powers of ¢; or, in other words, to expanding 


(1 in positive integral powers of ¢, 


ART. 5.] THE APPROXIMATE SUMMATION OF SERIES. 97 


z 
Let a 
e oe LAO 
midiate tea — tele 
~ dt ~ (f= 1 (¢— 1)" 
= — NV, — MV ay 5 


d 
5 Doi SS (a +n) Uni 


Multiply both sides by|n—1 and let w,=|n— 1y,, and the 


| equation becomes 


w =— ($40) w=(5,+") Ttn—1)\w 
ae: dt oe Nat dt cae 
= &e. 


Ultimately we obtain (writing n—1 for n) 


meine? =) (548-3) (54-2) " 


By means of this formula we can obtain developed expres- 
sions for >’, =°, &c. with great readiness in terms of the co- 
efficients in the expansion of &, Le. in terms of Bernoulli’s 


numbers. 


Ex. To develope &* in terms of D. 


From (17); 
{2 {f-1}°= (5 + 2) (5 “ 1) f¢—1}7 


= (55 ey 8 oe 2) {i = st Att Ae +&e} suppose, 
Borsa 


_——$————— 


where A,,=0 for all values of rand As. = (—1)" Or +3 
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2 


bo 
~| OO 


iar ears (24,+34,—1) 
i El(r+ 2) (r +1) Ans 3 +1) Ana + 24,] € 
Hence : 
stu.= {fu de —§ Ju dx + fu,dx — wt — &e.... 


6. Prop. III. To develope ="u, in a series, proceeding by 
successive differential coefficients of u, ae 


on GUS ey Hi — 7 1 
2=g {=F gory = GS eae 


*. D> = E”* cosec GDV-1) x (5 Dw/- 1) 


= i! n 
ae = Ee GOsce. (52 v- 1) x (5 Dv-1) te ge (18). 
_ \= 


Suppose 
x" cosec*x=1— Ca’? + C,2*— &e, 
then 


Su, =D* (14 off es + 0(%) +4) tig ms (19). 


It must be mentioned that the Summation-formula of 
Art. 2 (which is due to Maclaurin+) is quite as applicable in 
the form 


3 
fuste—tua}n, Be BP te 0...(20, 


to the evaluation of integrals by reducing it to a summation, 
as it is, in its criginal form, to the summation of series 
by reducing it to an integration. It is thus a substitute for 
(27), page 54. 

* This remarkably symmetrical expression for =" is due to Spitzer 


(Grunert, Archiv. xxtv. 97 hy. 


t Tract on Fluxions, 672. Euler gives it also (Trans. St Petersburg, 1769), 
and it is often ascribed to him. 
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7. Prop. IV. To expand Zu, and Xu, in a series pro- 
ceeding by successive differences of some ‘factor Of Up. 


It will be seen that the formula of (11) page 74 and Ex. 
11 page 85, accomplish this object. We shall only treat 
here of the very important case when u, = a’ (a) and more 
‘especially regard the form which the “result takes when 
_a=-—1, i.e. when the series is 


$ (0) — @ (1) + (2) — 


| We have in general, 


| Lad (a) = (H—1)"a"¢ (x) = a” (a —1)"¢ (a) (note, page 73) 
| a al — | 

| = tlt Sat oe. 

'which may be now expanded. Ifa=—1, we obtain 

| a See ae 


This enables us to transform many infinite series into 
‘others of a more convergent character ; for 


| $ (0) — $ (1) + &e. ad inf 
| 1 ie ING angel) 
= == —~+-—--& Olean 21), 
Et OAs - St G—SfFO oe CD 
which is very rapidly convergent if the other is but slowly so. 


| r] a, a — &c. into a 
| Ex. Transform the series DB 14 ; 


'more convergent form. 


Here $ (0) = (0 +12), 

-, we have by (21) 
| 72 1a 1 2 
But 8-5 lig tetas t ass 


2.3 
| eee tee 
| +3719, 13. 14,157 -| 
| 


which converges rapidly. 
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8. It is very often advisable to find the sum of the first few 
terms of a series by ordinary addition and subtraction, and 
then to apply our formule to the remaining terms, as in this 
way the convergence of the resulting series is usually greater. 


Thus, if we had applied the formula just obtained to the 
series 


1 Let 


we should have obtained 


1 1 2 2.3 
Lise} otppestera at}: 


a much more slowly converging series. 


This remark is of great importance with reference to all 
the formule of this Chapter. We shall see that the Mac- 
laurin Sum-formula of Art. (2) usually gives rise to series 
that first converge and then diverge, but that by keeping 
only the convergent part we obtain an approximate value 
of the function on the left hand side of the identity; and 
also that the closeness of the approximation depends on 
the smallness of the first of the terms in the rejected portion. 
From this it follows that by applying the formula in the 
manner just indicated we can greatly increase the closeness 
of the approximation. An example will make it clearer. 


1 
Ex. Let u,= e then the formula becomes 


Taking this between limits 2 and 1, we obtain 
tee 1 
if +atgt &e. =1 +5+ B,- B+ By &e. 


Now, remembering that 
p ering that we must only keep the convergent 
part of the series, we find that we must ae at B,, ane 


| 
| 
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after that the numbers begin to increase. This gives us 


2 
1.65714, the true value being 7 or 1.64493. 


6 
| Now let us find the sum thus 
| 1 lip al iL = Se 
aia Ling ad . = Ee at hey Wig ST My See 
| SRN Rigy eta hig Gt 1 Gah iat 


Xie il elem lgiregt ep EP 

palaces. sass aoa 
| On examination it will be found that we may in this case 
_keep the terms at least as far as B,,*, while the convergence 
is so rapid at first that by only retaining as far as B, we obtain 
1.64494. The general advantage of using the formula may 
be gathered from this example. To obtain an equally close 
"approximation by actual summation, some hundred thousand 
terms would have to be taken. 


| 9. We can also expand a" (x) in a series proceeding 
_ by successive differential coefficients of d(a#). For 


_ Sat (x) = (E-1) ‘a*d (x) = a* (a DS @) sat (23). 
But by Herschel’s Theorem w (e’) = y (£) e*", 
"ab (EB) =p (0?) = (L') ee? as operating factors, 
where LZ’ affects 0 only, ; 
*. La" (2) =a" (ak’ —1)" {1 +0.D+ P+ &e-} (x) 


a toe), A, TOO) go)... 
= qit POD) Ee, Tt Bet one (24), 


| where A, = i =} Ot {+ ie 0”. 


a—1 a—1 
In the case of a=—1 an expression for A, in terms of 
- Bernoulli’s numbers can be obtained. 
For & (—1)"*¢ (z) =(-1)*(-&-1)"¢ (x), putting a=—1 
in (23), 4 
| =(-1)"*(¢? + 1)" $(2). 
* In reality we may keep all terms up to — = a quantity whose first 
significant figure is in the fourteenth decimal place. 
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1 1 2 
DUR Sa sonen tema ee 
Loe eee 
= 5-3 tp D-& 
1-; +B She 
-2 ton 3t[g 2D &e. 
Ie 3 B 


=5- (2 — 1)D+ ee 


which determines the coefficients*. 


10. Expansion in inverse factorials. The most general 
method of obtaining such expansions is by expressing the 


given function (x) in the form | e“f(t)dt. If we then 
0 


write 


e’=1-z2, we get ¢ (a) =| = a)"*f | log (+) dz. 


Ve | log G+) must now be expanded in some way in powers 


of z, and each term must be integrated separately by means 
of the formula 
1 x-1 gt Fon ]m 
- ioe oe (e@+l1)...(e+m) 


By performing } on this we can expand in a similar way 


(pee mals Cin 
—t 


| J (t) dt. The most in- 


the more complicated form | 
0 


teresting cases are those in which ¢$(x)=loga@ or = E 


n 


(see page 115). 


The method is obviously very limited in its application. 
A paper on it by Schlémilch will be found in Zeitschrift fiir 


* Compare (7), page 108, Ex. 12, page 85, is closely connected with 
the problem of this article. » page So, y Ee ee 
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‘Math. und Physik, tv. 390, and a review of this in Tortolini 
Annalt, 1859, 367) has sufficiently copious references to 
enable any one who desires it to follow out the subject. 
tirling’s formula—the earliest of the kind—is given in 
x. 11, page 30. 


The very close connection that Factorials in general have with the Finite 
alculus renders it worth while to give special attention to them, and to in- 
westigate in detail the laws of their transformations. For this purpose the 
student may consult a paper by Weierstrass (Crelle, x1. 1). Oettinger has 
lso written on the subject (Crelle, xxxu1. and xxxvit.), and Schlafli (Crelle, 
‘LIT, and txvit.). Ohm has an investigation into the connection between 
them and the Gamma-function (Crelle, xxxv1.), with a continuation on Fac- 
Horials in general (Crelle, xxxIx.). 


| The papers on the subject of the Euler-Maclaurin Sum-formula are very 


mumerous. Characteristic examples have been selected from them where it 
as possible, and placed, with references, in the accompanying Exercises. 


By far the most important application of the principle of approximation 
s to the evaluation of I'x, or rather of logI'z and its differential coefficients 
hen « is very large. Raabe has two papers on this (Crelle, xxv. 146 and 
vit. 10). See also Bauer (Crelle, uvi1. 256) and Guderman (Crelle, xx1x. 209). 
eference will be made to these papers when we consider Exact Theorems. 
ee also a paper by Jeffery (Quarterly Journal, v1. 82) on the Derivatives of 
he Gamma-function. The constant C of Ex. 3 is of great importance in 
his theory. For its value, which has been calculated to a great number of 
ecimal places, see Crelle, ux. 375. 

Closely connected with the subject of differential coefficients of logT'x is 


: ; : 1 ; 
hat of the summation of harmonic series ( wanna) . On this see 


rpapers by Knar (Grunert, xu. and xui11.). 


EXERCISES. 


1. Find an expression for 
7 + 7 + - + &c., to n terms, 
sand obtain an approximate value for the sum ad infinitum. 


: 1 
2, Find an approximate expression for z and also the 


value of . 
1+ oe 35 + &e., ad inf, 


to 10 places of decimals, 
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3. Find an approximate value of 


supposing x large but not infinite. 
4. Find approximately = et : a ; and obtain an exact for- 
; : ; 1 
mula when a is an integral multiple of 5 


5. Transform the series 
Wide neeeeie dere oe 
e+l af+4 ° 274+9 
NO AS OO eee eee eee 
x(a+1)(@+2) (+1) (+2) (e+) 


— &e., 


+ &e., 


into series of a more convergent character, and find an ap- 
proximate value of the sum of each when x=5, that is, cor- 
rect to 6 places of decimals. 


6. Ifu,tuetu,e*+ &.=f (x), shew that 


ae A®v, + &e. 


. 


tiyPet Uitey, + Se. =f (1) +f (1) Av, + 


and apply this theorem to transform the series 


a (—) 2 (1m) 
Pee naman ME 2 


to one proceeding by factorials only. 


7. Shew that 


1 


et Grit 


1 
erate 


‘yee 1°32 
2.2(2+1)  3.2(s+1) @ +2) 


vw le 


+ &e. 
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| §. Find the sum to » terms of the series 


ge (2) 


x 
1+ x) + 2a + &e., 
and shew that its sum ad inf. ed : 
| zg—-at+l 


| Se Shew by the method given in the note to page 72, 
x : 


ps nt 1 |n rae 
ito beta att 

| ea liol BaP InES pees alee 
| d” x ‘ 

/where B,, = Sot. numerically. 


[Schlémilch, Grunert x. 342. | 
10. Shew that the sum of all the negative powers of all 
whole numbers (unity being in both cases excluded) is unity ; 


if odd powers are excluded it is 4° 


i 


11. Expand = ——,; 1m terms of successive differences 
(ax + b) 


of log (ax +b) and deduce 
| : A : aXe : 
| = cote=C+ {tog sin % — 9 log sin x + 3 log sin 2 bol. 
[ Tortolini, v. 281.] 
12*, If S.=ujt unt Unt &e., ad inf., shew that 


‘Le (Gee n—1 n?—1 a oll, 
| s,= 5) = a+ 5 Ey I pet 


13. Find sil *n factorials, and determine to 3 places 


of decimals the value of the constant when the first term is 


1 
| Tf the Maclaurin Sum-formula had been used, to what 
degree of accuracy could we have obtained C? 


* De Morgan (Diff. Cal. 554). Compare (27), page 54. 
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14, Shew that 


1 1 _ 
Foit Fo + &e., ad inf, 


C—logx 1 (B,) wan ESA 


oA oD ea 


and apply this to the summation of Lambert’s* series, viz. 


a? — &e. 


ax x2 


el. 
——,+ &c., when = is E nearly. 
=i 


[Zeitschrift, V1. 407.] 
15. Shew that 


FT (Osa OL) 4 ance ad inf. 
e 1 60) +[ et +e f(— xt) — f (xt) dt, 


emt — € —7t 2t 


where x= =e 
and deduce similar formule for the sums of the series 
J (0) —f 1) +f (2) - 
F (1) +f (3) +f (5) + &e. 
Find an analogous expression for the sum of the last 
mentioned to n eae. 
16. Shew that 


sna sin2zx sin 3x 


ea ee + &e., ad inf., 


_ [ett e-(-xt atdt 
=| Ce me OE pee 
if x lie between w and — rr. 
[Schlémilch, Crelle xutt. 130.] 


* On the application of the Maclaurin Sum- formula to this important 
series see also Curtze (Annali Math. 1. 285), 


ee 9 


CHAPTER VI. 


BERNOULLIS NUMBERS, AND FACTORIAL COEFFICIENTS. 


1. Tue celebrated series of numbers which we are about to 
‘notice were first discovered by James Bernoulli. They first 
'presetited themselves as connected with the coefficients of 
powers of x in the expression for the sum of the n powers of 
the natural numbers, which we know is 


1” + 2” bao” = a0" + Da" 


| qt x” th, n—1 B, n-3 
| a imeAL en Nx a 1) (n—2) a 


‘or rather as the coefficient of x in the successive expressions 
when n was an even integer, and De Moivre pointed out that 
by taking this between limits 1 and 0 we obtain the formula 


el pea 
“n+l 2 [2 
‘from which the numbers can be easily calculated in succes- 
sion by taking n= 2, 4,....... 

| 


1° OUR ere oy 


After the discovery of the Euler-Maclaurin formula 
'[(6), page 90] the coefficients were shewn to be those of 


) 
if 


jj from the application of it to Ze", which gives 


& 


et 


| 
| 


= Serra | ede = : el 4. ° he — &C....00 (3), 
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which gives 


2. Many other important expansions can be obtained by 
consideration of this identity. 


Thus, for A write 20,/ —1,; then, since 


eeV-1_1 9 |e@vV-1_] es y 
we at once obtain 
mm: B, 2 4 3 a 
cot O = 5— ig 20216" — SO RRR RP eC (5). 
: 7 
Again cosec @ = cot 3 — cot 6, 
Sette +2 (2-1) 7 94.2 (2 1) 2s 6 P&e (6) 
r 2 id ui Lol 
Similarly from cot @—2 cot 20 = tan 0 we obtain 
Os. We Th 4 
tan ==" Boe =O) Be + & A np 39 (7). 


3. An expression for the values of the ne of Bernoulli 


can be obtained from (5). For cot d=— (log sin @) and 


‘ i 
ere ite SY a 
6" 
=] eee rae 
0g + log (1 —) + &e.} 
Ot ener Ori R20 Gi Nat 
cot O= 7 =3(1= <5) -Fa(1- 5) — &e. 
u 
6 


20 Lipa 
7 {i tpt gt eel 


7 
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| Equating the coefficients of the same powers of 6 in (5) 
and (8), we obtain 


2 
<5 (1+ i “++ A fon. Ja Feet at 
2 | 2n 


un pen 3 

Ee Pale meld) 
1 1+ =3 +s --: er ee 9)*, 
gn-1 (Qn) 9 3 \ ( ) 


From this we see that the values of B,,_, increase with 


very great rapidity, but those of ee ultimately approach to 


equality with those of a geometrical series whose common 


ae 1 
jratio 1s —;. 
Agr” 


* A variation of (9), due I believe to Raabe (Diff. und Int. Rechnung, t. 412), 
depends on the following ingenious transformation: 

| 

1 il 1 


S2lt+zatgnt 


aes 
BR 
| 
= 
4 
~R 
MI 
ry 
ists 
ej 
r} 
+ 
4 
nw 
3 
+ 
ee 
eS 


| and all the terms of the form ane are removed. Proceeding as before 


| ies Yea ae! 
| (1-92) (1-32) S=1+ ea, + qin t &e- 


Thus we ultimately get 


| where 2, 3, 5... are the prime numbers taken in order. This formula would 
be of great use if we wished to obtain approximate values of B, correspond- 
ing to large values of n, as it is well adapted for logarithmic computation. 
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4. If m be a positive integer and p be positive 


jie 


[e ot rata ate ee da = &e. = Nae 
0 
Hence we can write (9) thus 


ioe An | get e— tt 4 e- see eh) ca: 
0 


eo) Ce 10 P 
= an | e—1 da ce eccccceccccocces ( ) 5 


5. Euler was the first to call attention to a set of numbers 
closely analogous to those of Bernoulli. They appear in the 
coefficients of the powers of x when sec is expanded. Thus 


E, E, 
sec v= io poe Bye SAR MCR BI Ais (11). 


: ‘ d T & ve oe 
The identit = — log i ae - 
palceniilyp cea = log tan @ 4 will give, when 


treated as before, 


i 1 
Eon =F Yh ae {i rz Bt ap pet = &e.} Cece cccercccccccse (12) 


while a consideration of the identity 
“cos 76 .dd Be silt 


} ef 4 Pe = Bee rere (13)+ 
will give . 
fo) 6?" | dé 
&,,, = 2 ls ee at tangs ee (14), 
0 ae +e -9° 


formule analogous to.(9) and (10), from which (12) may be 
deduced. 


* Due to Plana (Mem. de l’Acad. de Turin, 1820), 
+ Schlomilch (Grunert, 1. 361). 
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6. Owing to the importance of Bernoulli's and Euler's 
‘numbers a great many different formule have been investigated 
‘to facilitate their calculation. Most of these require them 
‘to be calculated successively from B, and £, onwards, and 
‘of these the most common for Bernoulli's numbers is (2). 
Others of a like kind may easily be obtained from the 
'yarious expansions which involve them. Thus from (5), 
‘multiplying both sides by sin @, 7 

6° ue ny 2 Bs 463 

cos 6 = (8-5 + &e) ie 2 ata) rae &e.), 


} 
| 
| 
| 


and equating coefficients of 6” we obtain 
| (- be a (og ea San (— Di . 
aa ~ 2a. Bena" emmomerane oe) 


The simplest formule of this nature both for Bernoulli’s 
/and Euler’s numbers are obtained at once from the original 
assumptions 


t t oe 1 E, 
, 4 are oD: — ngeeeeod a = = 2n 
Pet i 5 (—1) 2n ?” and pt 1+ 2n t 


by this method. 


| 7, But direct expressions for the values of the numbers 
may be found. Thus 


t ‘if 
| —_ o pe aa ee 3 et (by Herschel’s theorem) 
e— _ = 


| _log (L+A4) »o., 
| 2 a 
Hence, equating coefficients, we find 


Blog (La:A) 0". 
merged [en 


(— Leas 


n A A’ fiXge 2m 
*. Boaz (—1) “ — g + 3 — &e, + on Dead (16), 
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and in like manner we obtain 


0= {1 - 2 + = ~ fe. OME (aS OY RUA Fees (17). 
8. These formule are capable of almost endless trans- 
Any 


formation. Thus, since A** OF sira—om A*0**., (Ex. .& 
page 28), we can write (16) thus 


2 3 
By =(- 1y|(a- Sat — &e.) oer 


oe a 
2 3 
—(4 Ss - &e.) om! 
=(—-l ce — = +5 ral &e.) gute. Ba. (18), 


since the other term is 
log (1 +A) 0” = DO™ = 0. 
9. A more general transformation by aid of the formula 


F(A) 0° = BF'(A) 0-* 


is as follows: 


eee 6a | 
¢ (1+2A)} 0*=—"—_ 07 = nt 
{log (1 +2A)} 0 een a OTe 
Also 


(log (1 + y)} Of (0) =yf(t) — %. 272) + &e 
= uf (1) —y'f 2) + &e. 


yE 1 
= ef O=- Tae LO 
29 


if (0) = 
In (19) write Z" for x and operate with each side on F (0). 
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flog 1+ AEN} 0° £0) =, OF) 
=—f{log (1+ AE')} 0"* 0'A’ F(0’) 
by (20), since 0°7A’ f (0) = 0 
= — flog (14..£')} 07°00), 
| where f'(0) =0A'f (0). 


‘flog (1 + AZ’)} 0" f (0) = (—1)"" flog (1+ AF)} 0F"°(0) 
| = E f"(0')=[(@@+ I A@WH)A...f(et la. 


| Repeating this n—1 times we get 
} 


| This transformation has been given because it leads to 
a remarkable expression due to Bauer (Crelle, Lyi. 292) 
| for Bernoulli's numbers. 


__ Denote by A’ the operating factor (w +1) A, and write 
| : for f (x) and 2n+1 for n, and we obtain from (18) 


zt a 1 
z= E ea 7) e) 


Factorial Coefficients. 


10. A-series of numbers of great importance are those 
| which form the coefficients of the powers of x when a” is 
expanded in powers of w. These usually go by the name 
| of factorial coefficients. 


It is evident by Maclaurin’s Theorem that the coefficient 


| : ; a TOO 5 be 
of x* in the expansion of 2” is ie *, Although it is not 


| Boys = (— 1)" flog 1 + AE’')} 


p*o™ . 
* Comparing (22) page 25, and (25) page 26, we see that [7 is the 


coefficient of A” in the expansion of {log (1+A)ix. That this ig the case is 
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easy to obtain an expanded expression for this, it is very easy 
to calculate its successive values in‘ a manner analogous to 
that used in Ch. 11. Art. 13. 


Let 0.” = numerical value of the coefficient of a in the 
expansion of a”, ‘Then since al) = (¢—n) x”, we obtain 


Os = OF Pa eee), 


and we can thus calculate the values of C” from those of 
Cc”; and we know that the values of C* are 1, 0, 0,... 


11. Let us denote by C,” the numerical value of the coeffi- 
cient of 4 in the expansion of a") in negative powers of a, 


so that 


vi 


Ses) S 
C 
= Tat be, 
Then 2(™ = ae A" 1 Asi Sel VE An Blige 
amen Ceeka= 


(where A now refers to p alone) 


= See i) A™ t = P Pp — &e 
ln—1 Cl tee, Ni ace 


po5 {De n—1 n—1(\2 


— ln —1 2 oe 


x 


also evident from the following consideration : 
pio” DoF 1 a” 
= a n 
CaO 


AS 


, putting «<=logz 
1 


1 (da r 
=~ Pp a log (1 + 2)| \ = coefficient of 2” in the 
we \ =) 


expansion of log(1+2)" by Maclaurin’s theorem. Th é 4 
may be written us this expansion 


1 ge etl tL xt2 xt? 
— flog(1+2)}*=—- ¢C.. see 
[e! g(L+2)} le Ce [er2 &e. 
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A formula analogous to (22) can also be obtained by means 
f Art, 13, Ch. u. This gives for numerical values 
pay INP or JN STN = ees = 
| Sa ere ang oe "= C,-1 + (n—1) C.,..24), 
and thus from the values of C,,_; those of C, can be obtained. 
he values of C, are of course 1, 0, 0,... 


| 12. Analogous series are those of the coefficients when 
iz” and a” are expanded in factorials. 


By (5) page 11, we have 


2r\n 
a= 0+ A0". 2 + 22 aw) + KC. ceeeee 
1.2 
=. re (25) 
— ani Merl i‘, @eeoes as), 


following the notation of Art. 11. 
| Again in (25), page 26, put u=* and ¢ (D)=D*", and 
‘we get after division by (—1)"*|n—1, 


in n—1 n—1 1) (7) 
2m D"* 0! : (-n) D ae a) + &C. cee ee 


x |n —1 
| AG. ob es Oe eet Sich. Wee teesl (27), 
n-1 n-1 


‘in the notation of Art, 10*. 


| * Jt will be seen that, as in the analogous case we could expand 
flog (1+2){" in terms of co , we can expand (e*-—1)* in terms of 


—(k+1) 
In fact 


| 
=(nt1) X41 -(et1) kt t2 

bs ai Eee 6 
| (P-IS= 24 C 4g ned tongs (ntl) mt?) 2°) 
| 


~(«+1) : : Letra A 
where we have given o. its numerical value, disregarding its sign, 
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13. There is another class of properties of Bernoulli’s numbers that 
has received some attention; these relate.to their connection with the 
Theory of Numbers. Staudt’s theorem will serve to illustrate the nature of 
these properties. It is that 

! ii 1 
Boy—-1= integer + ( = Lye G +2 vi) 


where m is a divisor of n such that 2m+1 is a prime number. Thus, taking 
n =8, we have (since the divisors of 8 are 1, 2, 4, 8) 
‘ ISP de ; 
B,;=integer + G tee + i) =integer +147. 

Tt will be found on reference to page 91 to be 75. Staudt’s paper will be 
found in Crelle (xxi. 374), but a simpler demonstration of the above property 
has been given by Schlafli (Quarterly Journal, vi. 75). On this subject see 
papers by Kummer (Crelle, XL, XLI. LVI.). Staudt’s theorem has also been 
given by Clausen. 


14. To Raabe is due the invention of what he names the Bernoulli- 
Function, i.e. a function F(x) given by 


F(x) =1"+2"+ ... +(@-1)" 


when x is an integer, and which is given generally by AF(x)=a". He has 
also given the name Euler-Function to the analogous one that gives the 
sum of 

1" — 2" 4 3” &, + (20e—1)" 


when x is integral. See Brioschi (Tortolini, Series II. 1. 260), in which there 
is a review of Raabe’s paper (Crelle, xu11. 348) with copious references, and 
Kinkelin (Crelle, uv1t. 122). See also a note by Cayley (Quarterly Journal, 
11. 198). 


15. The most important papers on the subject of this Chapter are a series 
by Blissard (Quarterly Journal, Vols. 1v.—1x.) under various titles. The de- 
monstrations shew very strikingly the great power obtainable by the use o! 
symbolical methods, which are here developed and applied to a much greater 
extent than in other papers on the subject. They include a most complete 
investigation into all the classes of numbers of which we have spoken in this 
Chapter; the results are too copious for any attempt to give them here, but 
Ex. 15 and 16 have been borrowed from them. The notation in the origina! 
differs from that here adopted. B,, there denotes what is usually denoted 
by Bon. See also two papers on A”0™ and its congeners by Horne 
(Quarterly Journal, rv.). 


16. Attempts have been made to connect more closely Bernoulli’s anc 
Euler’s Numbers, which we know already to have markedly similar properties 


Scherk (Crelle, tv. 299) points out that, since tan i+5 =secx+tan x, the 


expansion of this function in powers of « will have its coefficients dependin; 
alternately on each set of numbers {see (7) and (11), of this Chapter}. Thi 
idea has been taken up by others. Schlémilch(Crelle,xxx11. 360) has written : 
paper upon it. It enables us to represent both series by one expression, bu 
there is no great advantage in doing so, as the expression referred to is ver 
complicated. Another method is by finding the coefticient of x” in the ex 
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| pansion of 


, from which both series of numbers can be deduced by 
| taking a= at lGennech Tortolini, Series I. Vol. 111. 395). 


17. Schlémilch has connected Bernoulli’s numbers and factorial coeffi- 
| cients with the coefficients in the expansions of such quantities as Df (log x), 


(=) , &e. (Grunert, VIII. 1x. xvi. xvi.) Most of his analysis could be 
/rendered simpler by the use of symbolical methods. This is usually the case 
in papers on this part of the subject, and the plan mentioned in the last 
| Chapter has therefore been adhered to, of giving characteristic examples out 
of the various papers with references, instead of referring to them in the text. 
| We must mention, in conclusion, that the numbers of Bernoulli as far as 


| B,, have been calculated by Rothe, and will be found in Crelle (xx. 11). 


EXERCISES. 
| 1, Prove that 
AgQ?"*t Ne (72s Ae (‘ew 
os nti an pr ate te 
fp Bea (—D { Piaygare oo eran 
| 2. Prove that if n be an odd integer 
| 1 —1)(n-2 
| FanB, 2% = By 
/ n(n — 1) (n — 2) (n—3) (n—4) p 
| — &e., to n — 1 terms. 


| 3. Obtain the formula of page 107, for determining suc- 
_cessively Bernoulli’s numbers, by differentiating the identity 


t 
t=—u-+ue’ where Ue ay 


4, Shew that 


(Catalan, Tortolini 1859, 239.] 


118 EXERCISES. [CH. VI. 
5. Shew that 


RB 2a EB 1)" or, 


1 OF 1 24h 


6. Apply Herschel’s Theorem to find an expression for a 
Bernoulli’s number. 


7. Demonstrate the following relation between the even 
Bernoulli’s numbers : 


VN a oh Ost Bae ( = 1)"n i 
(in| 2 saerer eS + Tan 2 


[Knar, Grunert, XXVII. 455]. 


8. Assuming the truth of the formula 


Cl eo [- sin at 
gat has a tie 


deduce a value of B,,_, 
9. Prove that the coefficient of 6” in the expansion of 
) 
2 2n = 
(<3) is equal to ab. 


10. Express log sin 2 and log tan @ in a series proceed- 
ing by powers of a by means of Bernoulli’s numbers. 


[Catalan, Comptes Rendus, LIV.] 


11. Shew that the coefficient of 


Lies % = we : 
a in [ log (l—e“) dt—z log is = | numerically. 


12. Shew by Bernoulli’s numbers or otherwise that 


1? pa 3 ’ 2ar 
ran ee Ws sis | eeeeeeoee Ts ara 


| 

| 

(EX. 13.] EXERCISES. 119 
13. Prove that 


B, os Bes 
Be i Teen, 0 tome: 
14, Express the sums of the powers of numbers less than 
_n and prime to it in series involving Bernoulli's numbers. 
[Thacker, Nowvelles Annales, x. 324.] 


J t 
15.) If eiaian aa Pi+ Pf + &c., shew that 


| —1 
| {(1+H)"—£"} P,=0, 


1 Qnt1 
(z+ 5) bi) 


log (1+ x) 


E = 
(1+ 2) P= x 


16. Shew, in the notation of the last question, that 
nt+1 = _ 2 
BBM (E=2) py (2A ae.) om 


17. Shew that 
sina sin2zx . sin3z & 
yt ~~ “ oartl gr BeorUs 


1 gett aye a? } 
Bah z 2 ieee) GA 
a, foam i a . 


1 
where B,=1- = + om &e. 


/ and hence find the sum of such a series in terms of Ber- 
/ noulli’s numbers. 


[Dienger, Crelle, xxx1v. 91.] 
18. Shew that* 


i 1 7 
1- 33 + 58 — & (Gh = 32 ’ 
1 a 5a 


— 3 — &C, = =sans 

| a oes 1536 

: * Many similar summations will be found in a paper by Tchebechef 
[ Liouville, xvi. 337]. 
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19. If §*°=1°+2"+...+.2°, shew that 
gr =28", Se i see 
[Hisenlohe, Crelle, XXVIII. 193.] 
20. In the notation of Art. 14, page 116, shew that (a) 


; : ; ‘ 1 
is a rational and integral function of 2— 3? and cannot con- 


tain both odd and even powers of the same. 
(Bertrand, Diff. Cal. 350.] 


21. Shew how the method contained in the note on page 
109 could be made to give us the actual values of the 
numbers of Bernoulli by application of Staudt’s Theorem. 


22. Apply the formula, 


cos ¢ +sin 7 —=(1+2) is 5”) (1+52) water 
to demonstrate (12), page 110. 
[Stern, Crelle, xxvI. 88.] 


23. Ti F(a) = ae [1 | i z “ ry] 0”, where 


K=V-1, 
shew that 


2n 22 
2 eo ca 


Eu, = F (2n), and on KE (2n — 1) numerically. 


Pattie. Crelle, Xxx1. 360.] 
24. Shew that 


sin = Ellin EL) S (Cer 2) ...s = (m+ p)}]- 


[Hargreave, Quarterly Journal, vit. 26.] 
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| 25. *Shew that f(D)0"= [nF e aS, 


ia 
*Prove that lr {0 + (n—1)}**" expresses the sum of all the 


homogeneous products of s dimensions which can be formed 
of the » +1 consecutive numbers n,n—1,...n—7. 
26. Express 2 x a” in factorials. 

[Elphinstone, Quarterly Journal, U, 254.] 


27. If log(1+a)=A,x2+ Ajo” + A,o® + &e.,, 


1 Da il 
| shew that we WSS i fog Sate log 5} : 


28. If K,"=number of combinations of m things 7 to- 
gether with repetitions, 


C,” = number of combinations of m things r together with- 
out repetitions, 


ts Nee (yea on? 
jthen K,” = Ee and C,” is obtained by writing —(m +1) 
‘for m in the expanded expression for K,”. 
[ Wasmund, Grunert, XXXIV. 440.] 
| 29. Shew that in the notation of Art. 10 
C2 — C+ C," — &e. = 0, 
eles Ue al 

a eo 

[Grunert, 1x. 333.] 


land B,C — B, C+ &e. = 


30. Shew that 

| 2|m pr EN ted 
@(x2—1)...... z—-mt+l1 ==] 2 (cos 5) cos = cos mzdz ; 
(@-1)...--( )=—= ["2(c085) e085 


and find from this an expression for the coefficients of the 
powers of ~ in the expanded factorial 2 in the form of a 
definite integral. 

[Grunert, X1. 447.] 


* Jeffery (Quarterly Journal, 1v. 364). 
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31. Deduce (26) page 115, from (21) page 24. 
32. Shew that C7*=3, and C= 85. 
33. Shew that if «<n the coefficient of 


n 


ne ey yi (cane ue te 
win (==q) * @o)@ HB)’ 


in the notation of Art. 10. 
[Schlémilch, Grunert, xvi. 315.] 


34. Shew that (with the notation of (21), page 113) 


OL. eee dene]. 


and find the general formula for r = «. 


Shew that 


[> O(a 


5 ead ee = D,, shew that 
dx 


Def (@) = af" (a) + AE aif” (@) +5 wtf" (0) + be, 


36. Find expressions for Bernoulli's numbers and Fac- 
torial-coefficients in the form of determinants. 
[ Tortolini, Series II. vir. 19.] 


G@wl2s. } 


CHAPTER VII. 
CONVERGENCY AND DIVERGENCY OF SERIES. 


_ 1. A SERIES is said to be convergent or divergent accord- 
ing as the sum of its first m terms approaches or does not 
approach to a finite limit when n is indefinitely increased. 


This definition leads us to distinguish between the con- 
vergency of a series and the convergency of the terms of a 
series. The successive terms of the series 

eel eed ae 1 
Laat share 1 
converge to the limit 0, but it will be shewn that the sum 
of n of those terms tends to become infinite with n. 


On the other hand, the geometrical series 


Lee Lr L 
Locate ged Oo 
is convergent both as respects its terms and as respects the 


sum of its terms. 


2. Three cases present themselves. Ist. That in which 
the terms of a series are all of the same or are ultimately all 


of the same sign. 2ndly. That in which they are, or ulti- 


mately become, alternately positive and negative. 3rdly. 
That in which they are of variable sign (though not alter- 
nately positive and negative) owing to the presence of a 
periodic quantity as a factor in the general term. The first 
case we propose, on account of the greater difficulty of its 


theory, to consider last. 
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3. Prop. 1. A series whose terms diminish in absolute 
value, and are, or end with becoming, ‘alternately positive and 
negative, 18 convergent. 


Let u,—u,+u,—u,+&c. be the proposed series or its 
terminal portion, the part which it follows being in the latter 
case supposed finite. Then, writing it in the successive forms 


U, — Uy + (U,— Uy) + (tly — Uy) + KC. cecreceseeee cL 
U, — (Uy — Ug) — (Ug — Uy) — KC. eeerec sevens ee WAP 


and observing that w,—w,, u,—w,, &e. are by hypothesis 
positive, we see that the sum of the series is greater than 
u,—u, and less than u,. The series is therefore convergent. 


Ex. Thus the series 


ates : Lindi ad inf. 


: Fp wie 


1 
tends to a limit which is less than 1 and greater than 5 


4. Prop. II. <A series whose n™ term is of the form 
u, sin nO (where @ ts not zero or an integral multiple of 27) 
will converge vf, for large values of n, u, retains the same sign, 
continually diminishes as n increases, and ultimately vanishes. 


Suppose w, to retain its sign and to diminish continually as 
m increases after the term u,. Let 


S=u, sin a + u,,,sin (a+ 1) 6+ &e....... cpa CIE 


* Although the above demonstration is quite rigorous, still such series pre- 
sent many analogies with divergent series and require careful treatment. For 
instance, in a convergent series where all the terms have the same sign, the 
order in which the terms are written does not affect the sum of the series. 
But in the given case, if we write the series thus, 


rl gl Aba ys 
(145) -5+(5+7) ate 


in which form itis equally convergent, we find that its value lies between & 


and : while that of the original series lies between 1-5 and 1-345 A: 


il 5 
between 3 and 6° 


| 
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ind 
| 2 sin § Su, {cos ( = 5) 80s (a+5) 6} 
+ Way, {oos (a+) 8 — cos (a+5)9 + &e. 
1 “ih 
| =u, 0s (4-5) 8+ (on—%) cos(a-+ 5) 8 
! , 
+ (Uays — Way) COS (a+ 5) 6 + &e. 


Now Ue,—Uar Marg — May» &e. are all negative, hence 


BM) il 
2 sin 5 S — uz Cos (a ~ 5) 0 < (26g, — Ua) + (tayg — Mass) + KC. 


numerically, 
OL <Uo — Ua} s <—Ug, since up = 0. 


. ae aly 
Hence the series is convergent unless sin 5 be zero, i.e. un- 
less @ be zero or an integral multiple of 27.* 


_An exactly similar demonstration will prove the propo- 
sition for the case in which the n™ term is w, sin (x8 — f). 


Ex. The series 


sin20@ sin 30 
yee ae 


| is convergent unless @ be zero or a multiple of 27. This is 
the case although, as we shall see, the series 


aoe: 
l+5+3 


5. The theory of the convergency and divergency of series 
whose terms are ultimately of one sign and at the same time 
converge to the limit 0, will occupy the remainder of this 
chapter and will be developed in the following order. Ist. A 


sin 6+ 


+ &, is divergent. 


* Malmstén (Grunert, v1. 38). A more general proposition is given by 
Chartier (Liouville, xvm. 21). 
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fundamental proposition, due to Cauchy, which makes the test 
of convergency to consist in a process of integration, will be 
established. 2ndly. Certain direct consequences of that pro- 
position relating to particular classes of series, including the 
geometrical, will be deduced. 38rdly. Upon those conse- 
quences, and upon a certain extension of the algebraical 
theory of degree which has been developed in the writings of 
Professor De Morgan and of M. Bertrand, a system of criteria 
general in application will be founded. It may be added 
that the first and most important of the criteria in question, 
to which indeed the others are properly supplemental, being 
founded upon the known properties of geometrical series, 
might be proved without the aid of Cauchy’s proposition ; 
but for the sake of unity it has been thought proper to 
exhibit the different parts of the system in their natural 
relation. 


Fundamental Proposition. 


6. Prop. III. If the function ¢ (x) be positive in sign 
but diminishing in value as « varies continuously from a to ©, 
then the series 


p (a) + (atl) +6 (a+ 2) + &e. ad inf... (4) 
will be convergent or divergent according as i BG (x) dx 1s 
finite or infinite. é 


For, since ¢(x) diminishes from w=a to e=a+1, and 
again from «=a+1tox=a+2, &., we have 


| “¢ (z) dx ¢ $ (a), 
[ s@ae<¢+y, 


ae so on, ad inf. Adding these inequations together, we 
ave 


[-$@ da < (a) + (a+1) + &e. ad inf, ... (5). 
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Again, by the same reasoning, 


[¢@ de> $+) 
[¢@de> a+?) 
“and so on. Again adding, we have 
| [ oe de> 9 atl) +$(at2) + be THe S (6). 


| Thus the integral | “i (a) dx, being intermediate in value 
| between the two series 

$ (a) +$(a+1)+$ (at 2) + &e. 

(a +1) + $ (a+ 2) + &e. 


| which differ by ¢ (a), will differ from the former series by a 
quantity less than ¢ (a), therefore by a finite quantity. Thus 
the series and the integral are finite or infinite together. 


Cor. Jf in the inequation (6) we change a into a—1, and 
compare the result with (5), tt will appear that the serves 


(a) +6 (a+1) + $(@+2)+ &e. ad inf. 


has for its inferior and superior limits 
| (x) dx, and | f (a) Ui sescesccrecens ae 
a a1 


7. The application of the above proposition will be suffi- 
ciently explained in, the two following examples relating to 
geometrical series and to the other classes of series involved 
in the demonstration of the final system of criteria referred 


to in Art. 5. 
Ex. 1. The geometrical series 
L+h+V+h? + &e. ad inf: 


is convergent if 2 <1, divergent if he Ae 
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The general term is h*, the value of # in the first term 
being 0, so that the test of convergency is simply whether 


[ h7dzx is infinite or not. Now 
"0 
53 h*? —1 
4 
i 3 log h 


If h>1 this expression becomes infinite with a and the 
series is divergent. If 4 <1 the expression assumes the finite 


log 


5 


The series is therefore convergent. 


value 


he 


If h=1 the expression becomes indeterminate, but, pro- 
ceeding in the usual way, assumes the limiting form xh” 
which becomes infinite with x. Here then the series is 
divergent. 


Ex. 2 The successive series 


dog altsel 1. petit dee orgs 
a” (a+1)* - (a+ 2)* : 


1 1 
a(loga)" * (a+) {log (@+1)}” 
1 1 


aloga (logloga)” Re (a+1) log (a+1) {log log (a+1)}” 


sy On 


a 


a being positive, are convergent if m>1, and divergent 


if m1. 
< 


The determining integrals are 


av” J, x(logx)™’ J, xloga(loglog x)" Co" 


a8 Nays convergency of these series can be investigated without the use of 
the Integral Calculus. See Todhunter’s Algebra (Miscellaneous Theorems), 
or Malmstén (Grunert, vit, 419). 
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and their values, except when m is equal to 1, are 
a™—at™ (loga)™—(loga)"™ (logloga)*”— (logloga)*™ 
|) i-m ; 1—m ; 1l—m a 


| s 
‘in which a=. All these expressions are infinite if m be 


less than 1, and finite if m be greater than 1. If m=1 the 
integrals assume the forms 


log 2—log a, log log x—log loga, log log log a—log log log a &e. 


and still become infinite with x. Thus the series are con- 


_ vergent if m> 1 and divergent ifm=l1. 


Perhaps there is no other mode so satisfactory for esta- 
blishing the convergency or divergency of a series as the 
direct application of Cauchy's proposition, when the inte- 
gration which it involves is possible. But, as this is not 
always the case, the construction of a system of derived rules 


not involving a process of integration becomes important. 
To this object we now proceed. 


First derived Criterion. 


8. Prop. IV. The series u,+ U,+ Uy +++ ad inf., all whose 
terms are supposed positive, is convergent or divergent accord- 
ing as the ratio wen tends, when a 1s indefinitely increased, 
to a limiting value less or greater than unity. 


Let h be that limiting value; and first let h be less than 1, 
and let & be some positive quantity so small that 2 + & shall 


| also be less than 1. Then as Se tends to the limit h, it is 


possible to give to x some value n so large, yet finite, that for 


ees 
that value and for all superior values of x the ratio a shall 


lie within the limits h+k and h—k. Hence if, beginning 
with the particular value of x in question, we construct the 
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three series 


Un + (h +k) Up + (h +k)? uy + &e. 
Un + Uns + Un, + &e. 
u, +(h—-k)u,+(h—k)’u, + &e. 

each term after the first in the second series will be inter- 

mediate in value between the corresponding terms in the 


first and third series, and therefore the second series will be 
intermediate in value between 


wn a ee ee 
1—(h+h) Lait ele 


which are the finite values of the first and third series. And 
therefore the given series is convergent. 


On the other hand, if 2 be greater than unity, then, giving 
to k some small positive value such that 2—& shall also 
exceed unity, it will be possible to give to 2 some value n so 
large, yet finite, that for that and all superior values of a, 


wath shall he between h+k and h—k. Here then still each 


term after the first in the second series will be intermediate 
between the corresponding terms of the first and third series. 
But h+k and h—k being both greater than unity, both the 
latter series are divergent (Ex. 1). Hence the second or 
given series is divergent also. 
: S us 

Hx. 3) The . series 1+¢+ Tet pages + &c. derived 

from the expansion of ¢’, is convergent for all values of ¢. 


For if 


U, oY of tones U b bot E Ee amt 
PUN ete ee ETE: 
then Prag lee fois 
trainee Lie 


and this tends to 0 as x tends to infinity, 
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Ex. 4. The series 


a(a+1),, (+1) (a + 2) 
b(b+1) 6(6+1) (642) 


is convergent or divergent according as ¢ is less or greater 
than unity. 


P+ &e. 


a 
1 
+p et 


_a(a+l) (a+2)...(a+2—1) 


H = Ed 
oF ==5 (b+ 1) (b+2)...(6+@—1)"? 
Therefore Verve Sele i 

u, O+2 


and this tends, x being indefinitely increased, to the limit ¢. 


| Accordingly therefore as ¢ is less or greater than unity, the 


series 1s convergent or divergent. 


If ¢=1 the rule fails. Nor would it be easy to apply 


directly Cauchy’s test to this case, because of the indefinite 
/ number of factors involved in the expression of the general 


term of the series. We proceed, therefore, to establish the 
supplemental criteria referred to in Art. 5. 
Supplemental Criteria. 
9. Let the series under consideration be 
Ug + Ua, + Uasg + Uaag H+ UE IN. ...0 00000 (10), 


the general term u, being supposed positive and diminishing 
in value from «=a to #=infinity. The above form is 


_ adopted as before to represent the terminal, and by hypothesis 


| positive, portion of series whose terms do not necessarily begin 
| with being positive; since it is upon the character of the 


‘terminal portion that the convergency or divergency of the 
series depends, 


It is evident that the series (10) will be convergent if its 
terms become ultimately less than the corresponding terms 
of a known convergent series, and that it will be divergent 
if its terms become ultimately greater than the corresponding 
terms of a known divergent series. 
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Compare then the above series whose general term is u,, With 
Then 


the first series in (8), Ex. 2, whose general term is —, 
a condition of convergency is 
te Bit 
m being greater than unity, and x being indefinitely increased. 


Hence we find 


1 
La 
Uz 


mati log # < log ; 


=z 


1 
log — 
ne 


m <5 : 
og x 


and since m is greater than unity 


On the other hand, there is divergency if 
1 


Ue? Dm? 


x being indefinitely increased, and m being equal to or less 


But this gives 


than 1. 
log — 
ihe log x’ 
and therefore 
1 
log on 
-<l1. 
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It appears therefore that the series 7s convergent or divergent 


log af 


saccording as, x being indefinitely increased, the function aes 
| rahe ; : 
proaches a limit greater or less than unity. 


But the limit being unity, and the above. test failing, let 
he comparison be made with the second of the series in (8). 


or convergency, we then have as the limiting equation, 
< 
Uu 
e x (log x)” 4 


2 being greater than unity. Hence we find, by proceeding 
sas before, 


log — 
ss 


log log x ca 


And deducing in like manner the condition of divergency, we 
onclude that the series 7s convergent or divergent according as, 
1 
log see 
being indefinitely increased, the function ETE tends to 


limit greater or less than unity. 


Should the limit be unity, we must have recourse to the 
hird series of (8), the resulting test being that the proposed 
series 1s convergent or divergent according as, x being indefinitely 


| Si logtcus 
vnereased, the function 7 2 


——_— tends to a limit greater 
og log log x 


‘or less than unity. 


|. The forms of the functions involved in the succeeding tests, 
d inf, are now obvious. Practically, we are directed to 
‘construct the successive functions, 

1 1 1 1 
| ! Un : xu,  aleu,  xlrlleu, & (A) 
Sasd alec iad iec ita laieen ailislccmane ben hasan 
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and the first of these which tends, as a is indefinitely increased 
to a limit greater or less than unity, determines the series to 
be convergent or divergent. 


The criteria may be presented in another form. For 


representing + by ¢ (a), and applying to each of the functions 


‘ ee 
in (A), the rule for indeterminate functions of the form oy 


we have 


lp (x) _$' (x) _1_ ag (2) 


lc p(w) @ (a) ” 


poe) @ (x) 1 1 
Tac = (Ee + oars 
=loge fo £1) 1}, 


and so on. Thus the system of functions (A) is replaced by _ 
the system 


ag’ (x) {ze (7) 
TA: -—1;, 
$ (x) $ (2) 
eae 

te | te {x bre Lietc&cekt. Bate 

# @) fe 
It was virtually under this form that the system of functions 
was originally presented by Prof. De Morgan, (Differential 


Calculus, pp. 325—7). The law of formation is as follows. 
If P, represent the n“ function, then 


Pies Ca ( Pelee eee (11). 


10. There exists yet another and equivalent system of de- 
termining functions which in particular cases possesses great 
advantages over the two above noted. It is obtained by sub- 
= —1 for ee The 
lawfulness of this substitution may be ‘established as follows. 


stituting in Prof. De Morgan’s forms 
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: 1 
Since u,, =~, we have 


p (x) 
a2 p(et+1) 

/ Wes, p (a) 
| _¢(e+1) —¢(2) 
| $ (2) 

_ $ (e+ 8) 
| (x) 
@ being some quantity between 0 and 1) 

_?¢ @) ¢ («+8) 

} Nas (ae (12). 

Now eee has unity for its limiting value; for, ¢(x) 


ends to become infinite as x is indefinitely increased, and 
| (a + 8) 
$ (@) 


therefore 


assumes the form 2; therefore 


pice! me Ke) 


f (x) p (x) 
And thus the second member has for its limits ae and 


eet 1) i.e. 1 and ieee or in other words tends to 
x 
he limit 1. Thus (12) becomes 
| te _ 1) 
Ur P(®) 
Substituting therefore in (B), we obtain the system of 


Sactions ie e we te *! ‘ 
le E {a (e )- 1} “i 1] Crean (0), 


the law of formation being still P,,,=U" (P.— 1). 
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11. The extension of the theory of degree referred to in 
Art. 5 is involved in the demonstration of the above criteria. 
When two functions of w are, in the ordinary sense of the 
term, of the same degree, i.e. when they respectively in- 
volve the same highest powers of a, they tend, x being 
indefinitely increased, to a ratio which is finite yet not equal 
to 0; viz. to the ratio of the respective coefficients of that 
highest power. Now let the converse of this proposition be 
assumed as the definition of equality of degree, Le. let any 
two functions of x be said to be of the same degree when 
the ratio between them tends, « being indefinitely increased, 
to a finite limit which is not equal to 0. Then are the 
several functions 


x (lx)", alx (ie), &e., 
: See : : 
with which sues ¢ (x) is successively compared in the de- 


zx 
monstrations of the successive criteria, so many interposi- 
5 f 1+ 
tions of degree between « and x*™, however small a may 
be. For x being indefinitely increased, we have 


i a oven aos =0, 
Re tale CI) oat | orale (lay 
lim eee we lim “a (ln) =), 


so that, according to the definition, x (Ja)” is intermediate in 
degree between « and 2, alx(llx)” between alx and 
zx (lx)***, &e. And thus each failing case, arising from the sup- 


position of m= 1, is met by the introduction of a new function. 


It may be noted in conclusion that the first criterion of the 
system (A) was originally demonstrated by Cauchy, and the 
first of the system (C) by Raabe (Crelle, Vol. 1x.). Bertrand * 
to whom the comparison of the three systems is due, has de- 
monstrated that if one of the criteria should fail from the 
absence of a definite limit, the succeeding criteria will alsa 
fail in the same way. The possibility of their continued 
failure through the continued reproduction of the definite 
limit 1, is a question which has indeed been noticed but has 
scarcely been discussed. 


* Liouville’s Journal, Tom. vit. p. 85. 
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12. The results of the above inquiry may be collected 
into the following rule. 


_ Rue. Determine first the limiting value of the function 
MM, poe : 
a . According as this is less or greater than umty the serves 
ts convergent or divergent. 


But if that limiting value be unity, seek the limiting values 
of whichsoever is most convenient of the three systems of func- 
ions (A), (B), (C). According as, in the system chosen, the 
Yirst function whose limiting value rs not unity, assumes a 
limiting value greater or less than unity, the series is conver- 
ent or divergent. 


Ex. 5. Let the given series be 


i eee | 
14+ 54+4,+-,+«&e. soDodennOBoONReS (13). 
92 3s 4a 
1 
Here aaa therefore, 
wv x 
aut A 
au ap ay 


U,z w oie AES ; 

(rateable ees (a etal) =e 
nnd a being indefinitely increased the limiting value is unity. 
| Now applying the first criterion of the system (A), we 
nave 


nema wt | 
i eT ne ae 


nd the limiting value is again unity. Applying the second 
riterion in (A), we have 
peatoniat 

xu, lr lax 


lie llc ~~ ell’ 
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the limiting value of which found in the usual way is 0 
Hence the series is divergent. 
Ex. 6. Resuming the hypergeometrical series of Ex. 4, viz, 


a, , a(@+1) a(@+1)(@+2) Shea, 
a 3° * S641) “+3 41) +3)0 oo 


we have in the case of failure when ¢= 1, 
_ @(a+1)...(@+2—-1) 
Me 3041)... 0+a—-1) 


te at+z 
Therefore SH = — 
u, b+2’ 


and applying the first criterion of (C), 


2 (= -1)=2(2** 1) | 
Moy +e 

_ -a)e 
<3 ate’ 


which tends to the limit )—«@. The series is therefore con: 
vergent or divergent according as b—a is greater or less thar 
unity. 


If 6 —a is equal to unity, we have, by the second criterioz 


of (Q), 
te |x (Me - 1)-1b=te {e=2*—a} 
_— ale 
a+2’ 


since 6—a=1. The limiting value is 0, so that the series i 
still divergent. 


It appears, therefgre, Ist, that the series (14) is convergen 
or divergent according as ¢ is less or greater than 1; 2nd} 
that if f=1 the series is convergent if 6—a@>1, divergen 
ifdb-a@=l, 
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It is by no means necessary to resort to the criteria of 
system (C) in this case. From (13) page 94 we learn that 


[x bears a finite ratio to Vx (2) , and by writing the n® term 


€ 
TdT (a+ ; ’ 
Peri) it will be found to be com- 
t 
Nokes 


in the form 


arable with whence follows the result found above. 


13. We will now examine the series given us by the 
ethods of Chap. V. 


By (22) page 100 we have 


: Un 
Here numerically oe = 
Uy, ; 


and thus the series ultimately diverges faster than any diverg- 


. 


‘ing geometrical series however large x may be. 


| As it stands then our results are utterly worthless since 
‘we have obtained divergent series as arithmetical equivalents 
‘of finite quantities and in order to enable us to approximate 
‘to the numerical values of the latter. We shall therefore 
‘recommence the investigations of Chap. V, finding expres- 
‘sions for the remainder after any term of the expansion 
obtained, so that there will always be arithmetical equality 
between the two sides of the identity, and we shall be able 
to learn the degree of approximation obtained by examining 


‘the magnitude of the remainder or complementary term. 


14, The solution of the problem of the convergency or divergency of series 
that has been given is so complete that it is scarcely possible to imagine how 
a case of failure could arise. But we have not only obtained a test for con- 


| 
| 
| 
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vergence, we have also classified it. Let us consider for a moment any in- 
finite series. Its nth term wu, must vanish, if*the series is convergent, but it 
must not become a zero of too low an order; otherwise the series will be 


Le 
divergent in spite of wu, becoming ultimately zero. Thus the zero nis of 
pa : 3 ee, 3 
too low an order, since 2, =>, Sives a divergent series; m8 of a sufficiently 


; ; il : : 
high order, since u, = — represents a convergent series. Now the series on 
v0) 


page 128 give us a classified list of forms of zero. The zeros of any one form 
are separated by the value m=1 into those that are of too low an order for 
convergency and those that are not. But between any zero value that gives 
convergency and that corresponding to m=1 (which gives divergency) come 
all the subsequent forms of zero. Series comparable with the series produced 
by giving m any value >1 in the rth class converge infinitely more slowly 
than those with a greater value of m, but infinitely faster than any similarly 
related to the (r+1)t or subsequent classes, whatever value be given to m 
in the second case. Thus we may refer the convergency of any series to a 
definite standard by naming the class and the value of m of a series with 
which it is ultimately comparable. 


15. Tchebechef in a remarkable paper (Liouville, xv11. 366) has shewn 
that if we take the prime numbers 2, 3, 5... only, the series 


F (2) + F(3)+F(5) +... 
will be convergent if the series 


(2) F(3)e BF (4) 
log2 log3 log4 ~~ 


is convergent. Compare Ex, 10 at the end of the Chapter. 


A method of testing convergence is given by Kummer (Crelle, x1m1.), ins 
ferior, of course, to those of Bertrand, &c., but worthy of notice, as it is 
closely analogous to his method of approximating to the value of very slowly 
converging series (Bertrand, Diff. Cal. 261). It is by finding a function Un 


such that v,u,=0 ultimately, but en nti > O when nis. His further 
paper isin Crelle, xv1. 208. > 


We shall not touch the question of the meaning of divergent series ; 
De Morgan has considered it in his Differential Calculus, or an article by 
Prehn (Crelle, xut. 1) may be referred to. 


EXERCISES. 


1, Find by an application of the fundamental proposition 
two limits of the value of the series 

‘| 1 
+4 ayot 


+ &e. 


a+1 
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In particular shew that if a=1 the numerical value of 


be series will he between the limits 3 and — 


2. The sum of the series 


1 
qiva t gige + &. 


(where 6 is positive) les between 


a hi ee 


3. Examine the convergency of the following serics 


Leetpe tt) 4 et) + &e,, 
1 =i 1 1 op +14 
it fe Syn) (t & 
ltect+ 5) é stare 3° 3) C.y 
ez fern ke, 


Di edheket 
$10 - ) A; een xz 
sin Se) 
a ane eon 5 


142734344 &e, 


—— +e, 


142943 4+ &., 


js 2" 
——-+ &e., 
Gyan a” Shatin 


(“3 a) F em ie Pec. 


4, Are the following series convergent ? 


ee 


Re oe ee ft .. nero © 18 real. 
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5. The hypergeometrical series , 


b a(a+1)d(6+1), 
cer id @xiy? + & 


is convergent if 2 <1 divergent if x> 1. 


1¢ Se 


If x= 1 it is convergent only when e+ d-—a—8>1. 


6. For what values of 2 is the following series convergent % 


x ro 
5 +3 Ta 7g tke 


oe 
sedhtiabi ti 1.2. 


7. In what cases is 


ete ate a+e2 
+1 at lee 


8. Shew that 


is convergent if v,,, — 2u,,, + &, be constant or increase with a 
Swit 
8 
ae 
nr n 


shew that the series converges ouly when a<1, or when 
a=1, and 8>1. 


10. A series of numbers p,, p, ... are formed bythe formula 


= grat 9% 
A logp, + B’ 
shew re pe F (p,) + F(p,) + &e., will be convergent 
ie me + &e. is convergent. 


[Bonnet, Ziourille, viz. '73.] 
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11. Shew that the series 
a,t+a,+a,+ke., 


sand — + —*— + : steyasaaina ici converge and diverge 
together. 


__ Hence shew that there can be no test-function ¢ (n) such 
that a series converges or diverges according as  (n)+w, does 
‘not or does vanish when n is infinite. 


[Abel, Crelle, 111. 79.] 
12. Shew that if f(x) be such that 
| af” (@) _4 
Gm 


| when x=0, the series u, + U, +... and f (w) +f (u,) b..-..- 
converge and diverge together. 


18. Prove from the fundamental proposition Art. 6 that 
the two series 


GO) FS Q)FGC) Fern 
| (1) + md (m) + mid (m’) +... 


| vergent or divergent together. 


| m being positive are con- 


14. Deduce Bertrand’s criteria for convergence from the 
theorem in the last example. 
| [Paucker, Orelle, XLII. 138.] 


15. If a,taxta,c’ + &e. bea series in which a, a, &c., 
do not contain x and it is convergent for 2 = 6 shew that it 
is convergent for <6 even when all the coefficients are 
taken with the positive sign. 


16. The differential coefficient of a convergent series 
remains finite within the limits of its convergency. Examine 


1 
the case of u,=¢(n) cosnd. Ex. ¢ (n) =", when the sum 


es ee eal: 
| of the original series 1s — 5 log (2 — 2 cos 2). 
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17. Find the condition that the product wu, u, u,...... 
should be finite. 


Hig. 692" SY Ae cocnerpes 


18. If the series u, + u,-+u,+ -..... has all its terms of 
the same sign and converges, shew that the product 


(1 + w,).(1 + U) <1 is finite. 


Shew that this is also the case when the terms have not 
all the same sign provided the series and that formed by 
squaring each term both converge. 


[Arndt, Grunert, xxI. 78]. 


CHAPTER VIII. 


EXACT THEOREMS. 


1. In the preceding chapters and more especially in 


Chapter 11. we have obtained theorems by expanding func- 


tions of A, H and D by well-known methods such as the Bi- 
nomial and Exponential Theorem, the validity of which in 


‘the case of algebraical quantities has been demonstrated else- 


where. But this proceeding is open to two objections. In 


the first place the series is only equivalent to the unexpanded 


function when it is taken in its entirety, and that is only pos- 


sible when the series is convergent; so that there can in this 


case alone be any arithmetical equality between the two sides 


‘of the identity given by the theorem. It is true that the 
laws of convergency for such series when containing algebra- 


ical quantities have been investigated, but it is manifestly 


impossible to assume that the results will hold when the sym-~ 
bols contained therein represent operations, as in the present 


case. And secondly, we shall very often need to use the 
method of Finite Differences for the purpose of shortening 
numerical calculation, and here the mere knowledge that the 
series obtained are convergent will not suffice; we must also 


_know the degree of approximation. 


To render our results trustworthy and useful we must find 


| the limits of the error produced by taking a given number of 


the terms of the expansion instead of calculating the exact value 
of the function that gave rise thereto. This we shall do pre- 


cisely as it is done in Differential Calculus. We shall find the 


remainder after n terms have been taken, and then seek for 
limits between which that remainder must lie. We shall con- 
sider two cases only—that of the series on page 13 (usually 
called the Generalized form of Taylor's Theorem) and that on 
page 90. The first will serve for a type of most of the theo- 
rems of Chapter 11. and deserves notice on account of the 
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relation in which it stands to the fundamental theorem of the 
Differential Calculus; the close analogy between them will 
be rendered still more striking by the result of the investiga- 
tion into the value of the remainder. But it is in the second 
of the two theorems chosen that we see best the importance 
of such investigations as these. Constantly used to obtain 
numerical approximations, and generally leading to divergent 
series, its results would be wholly valueless were it not for the 
information that the known form of the remainder gives us 
of the size of the error caused by taking a portion of the series 
for the whole. 


Remainder in the Generalized form of Taylor's Theorem. 


2. Let v, be a function defined by the identity 
(Gi =.) U, i — Ue, on sisionas aad tricnetin cle (Ly. 


By repeated use of the formula 


Aw, ig, Bn bp AWasaeec a, ate aun (2) 
we obtain 
(e—a+1) Av, +4, =AYy 
(a#—a+2) A’vy,+2Av, =A*u 


Pe CP Oe eee e ree eesereseseseeeeres ~~ ees cce 


(e—a+n) A”v, + nA”7v, = A"u,. 


Substituting successively for v,, Av,, A’v,... we obtain 
after slight re-arrangement 


(a—«x) (a—axa—1) 


Uq= Up, + (a—x) Au, + 13 


A’u, + &e, 


where = 2, = 2 ty 


« ter ta Gitte ie 
v, representing Gog ’ 2 38 seen from (1). 


| 


| 
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3. This remainder can be put into many different forms 
closely analogous, as has been said, to those in the ordinary 
form of Taylor’s Theorem, For instance, if u,= f(a) we have 


w= | f' {e+ (a=) z} dz; 
‘. At,= | A*f {a + (a—«) ade 


=A" f’ {x + (a—«) 6) 


where @ is some proper fraction. 
| 


_ Ifwe write «+h for a, this last may be written A*f (x + hé) 
‘where Az is now supposed to be 1— @ instead of unity, and 
_f,, appears under the form 

| per Af’ (a+ h0) 

| p (1—@) CGS aaa tac (5), 

| as 


from which we can at once deduce Cauchy’s form of the re- 
‘mainder in Taylor’s Theorem, 7.e. 


ie +1 
s (1—8)"f™ (+ 6h), 


‘after the easy generalization exemplified at the bottom of 
page 11. 

| 4. Another method of obtaining the remainder is so strik- 
ingly analogous to one well known in the Infinitesimal Cal- 
‘culus that we shall give it here. (Compare Todhunter's Def. 
| Cal. 5th Ed. p. 83.) - 


Let wi 
$@)-$@)—@-2) Ad @) - Fag () —he, 
(z 2 A" (a) 
| be called #' (x); where s 


(2— a)” =(¢—a) (2-w—1)...(e-a—-r+)). 
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Then, since from (2) 


pesrctegeti mah a BY ba 
a[ "ae | = Ea ag (e)- ce OE 
we obtain ee 
ARGS eat Ab lecy a eee (6). 
Now if z — be an integer a 
F(z) —F (a) =AF (2) +AF@+1)+..+AF@-D...... (7), 


and hence is equal to the product of (z —) and some quantity 
intermediate between the greatest and least of these quantities, 
and as AF'(z) is supposed to change continuously through the 
space under consideration, it will at some point between & 


and z (we might say between a and z—1), take the value 
in question, and we may thus write (7), 


F(z) —F(a) =(—-#) AF {z+ 0 (x —2)}. 
But F(z) =0, .*. (6) becomes 
F (a) =—(g—2) AF {z+ 6 (x—2)} 


_ (@—%) {0 (2-2) 1)" A (246 (a—2)}, 


|e 


or, ifz—-x2=h, 
(Cea 


nt1 a 
mae Att (ohh) Nook mbes 8. eaoaene. (8). 


5. A more useful form of the result would be derived at 
once by summing both sides of (6), remembering that F(z) is 
zero. Since (¢—a#—1)" is positive for all values of a less 
than z, we see that F(a) lies between the products of the sum 

A ON 
of the coefficients of the form 2 a 2 by the greatest and 
least values of A**¢ (x). But the sum in question is 
(z came ED yabtal 


a reN Br, ae that the form thus obtained is very convenient. 
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This last investigation only applies when z—z is an integer, 
or in other words when the series would terminate. It is 
‘evident that if it were not so we could not draw conclusions 
jas to the magnitude of F(z) — F(z) from the successive differ- 
ences as we do above. The form of the periodical constant 
would affect F(z) — (x) without affecting the other side of 
‘the equation. 


Remainder in the Maclaurin Sum-formula. 


6. In finding the remainder in the Maclaurin sum-formula 
we shall take it in the slightly modified form obtained by 


writing u, for | u,dz and performing A on both sides, It 


‘then becomes 


du, Tage atl 
7B dx © Tippyeeae 


‘but for convenience we shall write it in the more symmetrical 
‘form (using accents to denote differentiation) 


‘tty! = Duy + A Aug + A Duy! +..+ Ag Aue t+ Bay.-(10), 


‘where 


deer usaese. er O)5 


B. 


2r—1 
[2a ° 


By Taylor’s Theorem we have (Todhunter’s Int. Cal. Ch. ry.) 


, 1 ” on [<= 
NU, =U, +7 9% Shuai U7” + 2 Pdz, 
1 gmt PA 
(Xx ” Qn Ey, 
Au,’ = U, + &e +5 que tea 
ere => eeeeeareeee iTS TT Ua ee 
Auz"" ue" + i ePdz, 
an+1 y 


where P=w"! = pnt asia 


at1-3 
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Substitute in (10) and the coefficient of uz is 


: ate: + Ges A pas vowersone (Li). 


A, 
rt yr—1 | jr—2 


This must vanish through the identity expressed in (10). 
Our symbolical work is the demonstration of this. 


The coefficient of Pdx under the integral sign is 


Qn 2n-1 


z + &e. + As,_,2 = $ (2n, z) suppose. 


We shall now shew that ¢ (2n, z) does not change sign be- 
tween the limits of the integral, remains positive or negative 
as m is even or odd, and has but one maximum (or minimum) 
value in each case. We see from (11) that ¢ (7, z) vanishes 
when z=1, as it also does when z= 0. 


7. Assume the above to hold good for some value of n, say 
an even one, so that ¢ (2n, z) is positive between 0 and 1, 
hag but one maximum and vanishes at the limits. Add 
thereto A,, (which is negative) and integrate and we obtain 
¢(2n +1, z). Now this vanishes at both limits, and there- 
fore its differential coefficient ¢ (2n, 2) +A, must vanish at 
some point between them. Now this last is negative at each 
limit and has but one maximum, thus it must vanish twice, 
—in passing from negative to positive and from positive to 
negative,—so that ¢(2n+1, z) has only one minimum fol- 
lowed by a maximum between 0 and 1, and thus can vanish 
but once. Adding A,,,, (which is zero) to it, for the sake 
of symmetry, and integrating again we obtain ¢ (2n+ 2, z). 
This vanishes also at both limits, and its differential coeffi- 
cient is, as we have seen, at first negative and then positive, 
changing sign but once. Thus ¢(2n+2, z) has but one 
maximum and remains positive, which was what we sought 
to prove. Continuing thus, the theorem is proved for all 
subsequent values of n, if it be true for any particular one ; 


2 — 
and as it is true for ¢ (2, 2) or z S 7, it is generally true. 
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8. Since ¢ (2n, z) retains its sign between the limits 
1 L 
Bap=— |G (2n, 2) ttt de =—0['§ (Bn, 2) de, 0<1>0 
0 0 
an x+0 


= A,,u""? in virtue of (11). 


Now perform % on both sides of (9) and write | u,dat 


a I B, du, e Deore ag 
Lu, = C+ [ude 5, +T-9 AB — &e. +m 2 dx 
(= ees Be >" 
a |2n ath 9° 
: ; an 
Let UM be the greatest value irrespective of sign that =~ 
F, 


as between the limits of summation, w and # + m suppose. 
"Then Sue , must lie between the limits + mJ. 


9. Other conclusions may be drawn relative to the size of 
tthe error when other facts are known about the behaviour of w, 
nd its differential coefficients between the limits. For in- 
stance, if u,’* keeps its sign throughout, we may take 0 in- 
sstead of —mWM as one of the limits. The sign of the error 
rwill therefore be that of (—1)"M, and, should w,’""* keep the 
same sign as wu,” between the limits, the error made by taking 
sone term more of the series will have the same sign as 
\(—1)""'M, i.e. the true value will lie between them. This 
iis obviously the case in the series at the top of page 101, 
lhence that series (without any remainder-term) is alternately 
greater and less than the true value of the function. 

| 


10. If u,"** retain its sign between the limits in (10) we 
have 


1 
dies = -| gd (2n, 2) ue" "dz =— ) (2n, 7) Awe Gaels 
0 
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Now it can be shewn that $(2n, 6) is never greater nu- 


merically than —2A,,; hence the correction is never so 


much as twice the next term of the series were it continued 
instead of being closed by the remainder-term. Thus, wher- 
ever we stop, the error is less than the last term, provided 
that the differential coefficient that appears therein either 
constantly increases or constantly decreases between the 
limits taken. This condition is satisfied in all the important 


series of the form ine The series to which they lead on 


application of the Maclaurin sum-formula all converge for a 
time and then diverge very rapidly. In spite of this diverg- 
ence we see that they are admirably adapted to give us 
approximate values of the sums in question, for we have but 
to keep the convergent portion and then know that our error 
is less than the last term we have kept; and by artifices 
such as that exemplified on page 100, this can be made as 
small as we like. 


11. Several solutions have been given of the problem of finding the re- - 
mainder after any number of terms of the Maclaurin sum-formula. The one 
in the text is by Malmstén, and the proof given was suggested by that in 
a paper by him in Crelle (xxxv. 55). It has been chosen because the limits 
of the error thus obtained are perfectly general and depend on no property of 
u,, or the differential coefficients thereof, save that such as appear must vary 
continuously between the limits. The idea of the method used in this very 
valuable pager was taken from Jacobi, who used it in a paper on the same 
subject (Crelle, x11. 263), entitled De usu legitimo formule summatorice 
Maclauriane. Malmstén’s paper contains many other noteworthy results 
and in various cases gives narrower limits to the error than those obtained 
by other processes, while at the same time they are not too complicated. But 
the whole paper is full of misprints, so that it is better to read an article of 
Schlimilch (Zeitschrift, 1. 192), in which he embodies the important part of 
Malmstén’s article, greatly adding to its value by shewing the connection 
between the remainder and Bernoulli’s Function of which we have spoken 
in Art. 14, page 116. The paper is written with even more than his usual 
ability, and is to be highly recommended to those who wish further informa- 
tion on the subject. 

12. The chief credit of putting the Maclaurin sum-formu 
footing, and saving the results it gives from the suspicion aedee aha 
must lie as being derived from diverging series, is due to Poisson. In 7 
paper on the numerical calculation of Definite Integrals (M. metre de 
V Académie, 1823, page 571) he starts from an expansion by Fourier’s 
Theorem, and obtains for the remainder an expression of the form 


—-1\" | j=e] 
Ryy= — o(=) I ues 008 Qtrzdz, 


7=1 
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and he then investigates the limits between which this will lie. The investi- 
_ gation is continued by Raabe (Crelle, xvi. 75), and the practical use of the 
results in the calculation of Definite Integrals examined and estimated, and 
| modifications suitable for the purpose obtained. 


A method of obtaining the supplementary term which 
| advantages is based on the fonanla & u = eet as 


1 co fr ee ~ 
BF ()=[F (2) de—5F e+ f ieee eee 


where k= Ai —1. On this see a paper by Genocchi (Tortolini, Ann. Series, 1. 

Vol, 111.), which also contains plentiful references to earlier papers on the 
| subject. Tortolini in the next volume of the same Journal extends it to =”. 
See also Schlémilch (Grunert Archiv, xu. 130). 


: 13, The investigation which appeared in the first edition of this book 
is subjoined here (Art. 16). The editor thinks that the fundamental assump- 
tion, viz. that the remainder may be considered as being equal to 


ea 
r=n+1 [27 da™~* 


| eannot be held to be legitimate, since the series which the latter represents may 
be and often is divergent. For the conditions under which the series itself 
| would be convergent, see a paper by Genocchi (Tortolini, Ann. Series, 1. Vol. 
| yr.) containing references to some results from Cauchy on the same subject. 
There is‘a very ingenious proof of the formula itself by integration by parts, 
in the Cambridge Mathematical Journal, by J. W. L. Glaisher, wherein the 
remainder is found as well as the series, and Schlémilch (Zeitschrift, 11. 289) 
has obtained them by a method of great generality, of which he takes this and 
| the Generalized Taylor’s Theorem as examples. 


14. By far the most important case of summation is that which occurs in 
| the calculation of log P'n and its differential coefficients. For special examina- 
tions of the approximations in this case we may refer to papers by Lipschitz 
(Crelle, uv1. 11), Bauer (Crelle, Lvi1. 256), Raabe (Crelle, xxv. 146, and xxvii. 
10). It must be remembered that there is nothing to prevent there being 
two semi-convergent expansions of the same function of totally different 
forms, so that the discrepancy noticed by Guderman (Crelle, xxix. 209) in two 


| expansions for log I'n, one of which contains a term in = and the other does 


not, does not justify the conclusion that one must be false. 


15. The investigation into the complete form of the Generalized Taylor’s 
Theorem is derived from a paper by Crelle in the twenty-second volume of 
his Journal. Other papers may be found in Liowville, 1845, page 379, (or 
Grunert Archiv, vit. 166), Grunert, x1v. 337, and Zeitschrift, 11. 269. The 
convergence and supplementary term of the expansion in inverse factorials 
e* Theorem) have also been investigated by Dietrich (Crelle, 11x. 

63). 

The degree of approximation given by transformations of slowly converg- 
ing series has been arrived at by very elementary work by Poncelet (Crelle, 
- 4111. 1), but the results scarcely belong to this chapter. 
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Limits of the Remainder of the Series for Du, (Bootz.) 


16. Representing, for simplicity, wu, by u, we have 


1 eee du Sie Be Ae dake 
Zu=C + Jude 5 +(-1 9" on da 


7 tT i.2dx" 
B ay 
r=—00 ae —j 2r-1 
+2 (S79 |. or at 


The second line of this expression we shall represent by R, and en- 
deayour to determine the limits of its value. 


Now by (9), page 109, 
a pall yee ms oy 
1.2...2r (Qa)? m=1 m* 
Therefore substituting, 
a0 2(-1) au 
r=00 M2 
R= = Bnd Za=l (22)?" m2 dtl 
95 ™ © y=” (- ae arly 
m=1 > rant (2mm)?* da? * 
Assume 
T=2 ( = ih) aie arly 
r=n+1 (2ma)?" dx?t-1 


And then, making =e, we are led by the general theorem for the 


summation of series (if. aananaaee p. 481) to the differential equation 


@ a2ntly 
t+ as 254 =( fi 1)" dgintl (2"+2)8, 


(-1)" @ hy 
(mm) ae? 
the complete integral of which is (Diff. Equations, p. 383) 


or eae 5+ (2mm)t= 


(-1)" ; erty 
t= Gayton {a es [ove tee ds 
Pry 
— cos 2mrz {sin 2mre dx‘, 


or, since we have to do only with integer values of «for which sin (2mrx) =0, 
cos (2mra) =1, 

: arr 
fi sin oman St dz. 


etl Vagus 
~ (mmr 
Hence 


_gpmaeo (—1)"t dint, 
R=22 4 Coen ee J 8m Ammer de 


2 " sin 2rx sin 4rx aly, 
2(-1)" TE eee t at aint &e Gg AE oes cesses eee (1), 


| 
| 
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any 


. . : dain 

2 a the upper limit x Hence if within the limits of integration 
aD é : 

ao HH retain a constant sign, the value of R will be numerically less than 


‘that of the function 


| iL 1 an thy, 
m if ate a Grr aa qari 15 
‘therefore, than that of the function f 


‘the lower limit of integration being such a value of x as makes 


2n, 
2 | ooent ama ad ing. 
7 therefore, by (9), page 109,than that of the function 
| pales, tame 
271.2... 20 dx2” 
When n is large this expression tends to a strict interpolation of form 


between the last term of the series given and the first term of its remainder, 
yiz., omitting signs, between 
B Qn-1 atu B 2an+1 anny 


1.2..9n da To On $ 2) dari 


t 


it being remembered that by (9), page 109, the coefficient of ae in (1) is, in 


4 P . ay ary 
the limit, a mean proportional between the coefficients of Gama and oi 


in (2). And this interpolation of form is usually accompanied by interpo- 

lation of value, though without specifying the form of the function u we 
can neyer affirm that such will be the case. 

The practical conclusion is that the summation of the convergent terms 

jof the series for Sw affords a sufficient approximation, except when the 

rst differential coefficient in the remainder changes sign within the limits 


(RIS7AN) 


DIFFERENCE- AND FUNCTIONAL 
EQUATIONS. 


CHAPTER IX. 
DIFFERENCE-EQUATIONS OF THE FIRST ORDER. 


1, AN ordinary difference-equation is an expressed rela- 
tion between an independent variable «, a dependent variable 
u,, and any successive differences oft as AuthUser 
The order of the equation is determined by the order of its 
highest difference ; its degree by the index of the power in 
which that highest difference is involved, supposing the equa- 
tion rational and integral in form. Difference-equations may 
also be presented in a form involving successive values, in- 
stead of successive differences, of the dependent variable ; 
for A"u, can be expressed in terms Ol Cale nee Cras 


Difference-equations are said to be linear when they are 
of the first degree with respect to w,, Au,, A’u,, &e.; or, sup- 
posing successive values of the independent variable to be 
employed instead of successive differences, when they are of 
the first degree with respect to U,, Ury1> Ursa» &e. The equi- 
valence of the two statements is obvious. 
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Genesis of Difference- Equations. 


2. The genesis of difference-equations is analogous to that 
of differential equations. From a complete primative 


Flaca) A a0 ee (1), 


connecting a dependent variable w, with an imdependent 
variable 2 and an arbitrary constant c, and from the derived 
equation 

ATF (a) tg, C) ae err sesvesarate se tsuse (2), 


we obtain, by eliminating c, an equation of the form 


(icy ths, Nth) Sc ncuvasesveet oat ereees (3). 


Or, if successive values are employed in the place of dif- 
ferences, an equation of the form 


(2, G3 UL) = ORR... (4). 


Either of these may be considered as a type of difference- 
equations of the first order. 


In like manner if, from a complete primitive 


LO (Ot hs CC cce Ca) mela enc ents ean (5), 


and from n successive equations derived from it by successive 
performances of the operation denoted by A or # we elimi- 


nate ¢,,¢,,...¢,, we obtain an equation which will assume 
the form 


or the form 


Ur (ae Ah Une, eas tag ot Onechacccssese cs (7), 


according as successive differences or successive values are 


employed. Either of these forms is typical of di 
equations of the n™ order, ypical of difference- 
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so i , a eae complete primitive u,=cx +c’, we 
Au, = ¢, 

by which, eliminating c, there results 
u,= al, + (Ax), 
the corresponding difference-equation of the first order. 


Thus too any complete primitive of the form uw, = cx + f (c) 
will lead to a difference-equation of the form 


MINOT J. AU. Vince Wah «stee eure ns): 
Ex. 2. Assuming as complete primitive 


/ 
U,=ca”+cb’, 


we have 
Una — ca" + cb, 
Ueace + obo”. 
Hence 
U,,, — au, = (b— a) B*, 
Unig — May = c (b <i a) bm. 
Therefore 
Uzi ~ Wz — B (tbs — au,) =0, 
or 
Urey — (G+ B) Uy yy + abu, =O verse ree (9). 


Here two arbitrary constants being contained in the com- 
plete primitive, the difference-equation is of the second 


order. 


3. The arbitrary constants in the complete primitive of a 
_ difference-equation need not be absolute constants but only 
periodical functions of x of the kind whose nature has been 
explained, and whose analytical expression has been deter- 
mined in Chap. tv. Art. 4. They are constant with reference 
only to the operation A, and as such, are subject only to the 
condition of resuming the same value for values of x differing 
by unity ; a condition which however reduces them to abso- 
lute constants when « admits only of such systems of values, 
as for instance in cases when it must be integral. 
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Existence of a Complete Primitive. 


4, We shall now prove. the converse of the theorem in 
Art. 2, viz. that a difference-equation of the n™ order implies 
the existence of a relation between the dependent and inde- 
pendent variables involving n arbitrary constants. We shall 
do so by obtaining it in the form of a series. 

Let us take (6) as the more convenient form of the equa- 
tion, and suppose that on solving for A*u, we obtain 


Anti = F(Z, tgs EA, coc ban 0.) wero te ncet at (10). 
Performing A we get 
A" u, = some function of x, u,, Au,... Au, 


and on substituting for A*u, from (10) this will reduce to an 
equation of the form 


A’ usaf (arts, Cethee tac l,) apeavcanness (11); 
Continuing this process we shall obtain 
AM ay 1, (a, tte, Atigg ve As He ccsenee cases (12). 
But 
u, = Eu_, = (1+ A)"*u_, 
a (n+r)” (n+r)") 
=Uyat (n+7r) Eee RTT HE &e. a in sane 
(n+r)™ 
+ sare reat Ub en C,; eee On 4) 
Ae Soest J AM Aligy €5 Bee Cp. iad tocees seteae (13), 


n— 


where ¢,, ¢,.--¢,_, are the values of Aw_,... A” *w_,, and with 
the value of u_, form arbitrary constants in terms of which 
and r the general value of wu, 1s expressed. Thus (13) con- 
stitutes the general primitive sought. It is evident that it 
satisfies the equation for A?u, for all values of p, since it is 
derived from these equations. 


5. Though this is theoretically the solution of (6) it is 
practically of but little use. On comparing it with the cor- 
responding theorem in Differential Equations, we see that 
both labour under the disadvantage of giving the solution 
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in the form of a series the coefficients of which have to be 
calculated successively, no law being in general discovered 


which will give them all. And in one point the series in 
Differences has the advantage, for it consists of a finite 


number of terms only, while the other is in general an infinite 
series. On the other hand, the latter is usually convergent 


| (at all events for small values of r, since the (m + 1)" term 


~ contains — as a factor), so that the first portion of the series 


suffices. But in our case the last part of the series is as 
important as the preceding part, since there is no reason 
to think that the differences will get very small and the 
(r+ n)™ 

| 

Having shewn that we may always expect a complete 
primitive with 2 arbitrary constants as the solution of a 
difference-equation of the n order*, we shall take the case of 
equations of the first order, beginning with those that are 
also of the first degree. 


factor is never less than unity. 


Linear Equations of the First Order. 


6. The typical form of this class of equations is 
Urey — Ag, = Baye erevvereeecrrrerenes (14), 


where A, and B, are given functions of x. We shall first 
consider the case in which the second member is 0. 


To integrate the equation 
Wayy — Aan = O ove woeeseeeeseererer? (15), 
we have 


whence, the equation being true for all values of 2, 
U, = Ay Yew 


Uns a Aas Uz_9) 


Upy, = Astle 
* An important qualification of this statement will be given in the next 
chapter. 
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Hence, by successive substitutions, 
th AA pA eas cecccccece ¥aeee(LO), 
r being an assumed initial value of z. 


Let C be the arbitrary value of uw, corresponding to «=r 
(arbitrary because, it being fixed, the succeeding values of w,, 
corresponding to w=r+1,2=r+2, &c., are determined in 
succession by (15), while u, is itself left undetermined), then 
(16) gives 

Un, = CA,A,,.:. A,, 


1 OA AlylAiesy dds Yads 241%, 


and this is the general integral sought*. 


whence 


7. While, for any particular system of values of x differ- 
ing by successive unities, C is an arbitrary constant, for the 
aggregate of all possible systems it is a periodical function 
of x, whose cycle of change is completed, while x varies con- 
tinuously through unity. Thus, suppose the initial value of 
x to be 0, then, whatever arbitrary value we assign to u,, the 
values of w,, u,, u,, &e. are rigorously determined by the 
equation (15). Here then C, which represents the value of 
Uy, 18 an arbitrary constant, and we have 


Wp OU AA seca 


Suppose however the initial value of z to be 4, and let # 
be the corresponding value of w,. Then, whatever arbitrary 


* There is another mode of deducing this result, which it may be well 
to notice. 


Let u,=e. Then “ee, and (15) becomes 
Ahan —A,e=0; 
aint Ps aA), 
whence At=log A,, 
t= = log 4,+C 
=log A, ,+log A, ,+&c.+C 
=log Il (A,_,) +0, following the notation of (18). 
Therefore 


Uy = ace ¥ (Jes = aa 


oO (A 71) 
as before. 
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‘value we assign to H, the system of values of w,, u,, &c. will 
‘be rigorously determined by (15), and the solution becomes 


u,,, = EA,A, ,... Ay. 


The given difference-equation establishes however no con- 
‘nexion between Cand EL. The aggregate of possible solutions 
‘is therefore comprised in (17), supposing C therein to be an 
arbitrary periodical function of x completing rts changes whale 
_2 changes through unity, and therefore becoming a simple 
arbitrary constant for any system of values of x differing by 
“successive wnities. 


We may for convenience express (17) in the form 
ae HOSE CULA pak NR cel ene Aras (18), 


where II is a symbol of operation denoting the indefinite con- 
tinued product of the successive values which the function of 
|e, which it precedes, assumes, while x successively decreases 
by unity. 

| 

| 8, Resuming the general equation (14) let us give to w, the 
‘form above determined, only replacing C by a variable para- 
‘meter C,, and then, in analogy with the known method 
‘of solution for linear differential equations, seek to deter- 


‘mine C,. 


We have Gy, Gl: (Ags)s 
Une = Cre (A), 


whence (14) becomes 
Op,,Il (A,) — Ae CsI (Az) = Be 


@41 


| But A,l (AL) =II(4,), 
whence (C,,,— 6) 1 (A) =B,, 
or, (AC,) Il (Az) = 4, 
B, 
‘whence ACG,= W(4,)’ 
Ca rD gaicy be basis, 46 (19); 
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col 


are ( 
2 = 0 (4) 77a 


+¢} tah vases (20), 


the general integral sought*. 
Ex. 1. Given u,,,—(«+1) u,=1.2... (e@+1). 


From the form of the second member it is apparent that « 
admits of integral values only. 


Here A,=ax+1, Il (4,,)=2(@—1)...1, 


LE ¥ 
Ths) weal 
. U,=a(e—1)...1 x (@+ C), 
where C is an arbitrary constant. 


* The simplest method of solving the equation 
Upp — Ag, = By 
is derived from its analogy with the equation 
dy 
ant Y= 
In this latter we sought for a factor w which should make the first side a 
perfect differential, and found that it was given by solution of the equation 
du 
ie = BP. . 
In the present case suppose C, to be the factor which makes the left- 
hand side a perfect difference, i. e. of the form Vogt y Unty — Vx Uy 
Then Vz41= C, and v,=A,0,,. 
Thus 
Ona SS ed 
pee a I (A,) ? 
as above, putting the arbitrary constant equal to unity, since we only want 
one integrating factor, not the general expression for such. 
Multiplying by v,,, we get 


B, 
A (v,tt,) = Il(4,) ’ 
x. 


e% net 2B, 
oUt Brest O, 


o's U,=IT(4,_)) Prat] . 


| 
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Ex. 2, Given u,,,—au,=6, where a and 6 are constant, 
Here A,=a, and II (4,) =a’, therefore 
b | Lge | 
usa {s 4 ob aa b +C} 
a 1 
peg el 
a: J 
=e Ca", 


where (C, is an arbitrary constant. 


We may observe, before dismissing the above example, that 
when A,=a the complete value of II(4,) is a* multiplied by 
an indeterminate constant. For 

BE C2 A i 2 
=a.a.a... (©—r+1) times, 
= Gira a gp oe x a® 

But were this value employed, the indeterminate constant 
a7*! would in one term of the general solution (20) disappear 
by division, and in the other merge into the arbitrary con- 
stant C. Actually we made use of the particular value corre- 
sponding to r=1, and this is what in most cases it will be 
convenient to do. 


9. We must here make a remark about the solution of 
linear equations of the first degree, which will be easily appre- 
hended by those who are acquainted with the analogous pro- 
| perty of linear differential equations. 


| The solution of . 
We A Mp Dg nddcneteaeorssce.ste* (21) 


4A 


consists of two parts, one of which contains the arbitrary con- 
stant and is the solution of 
Urry, — Allg = O seveeeereeceeceniors (22), 


and the other is a particular solution of the given equation 
(21). It is evident that these parts may be found separately; 
the general solution of (22) being taken, any quantity that 
satisfies (21) may be added for the second part and the result 
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will be the general solution of (21). It will be often found 
advisable to use this method in solving such equations, and 
to guess a particular integral instead of formally solving the 
equation in its more general form (21). 


Ex. 3. Given Au,+2u,=—a-1. 

Replacing Au, by u,,;— Uz» we have 
Uns + Uz =— (@ +1). 

Here 4,=—1, B,=—(x+1), whence 


me a W 
Ex. 4. Mess OW e+ Vit 
We find 
ME | 1 } 
Uy = eqt © 


A Sarah oe 


When, as in the above example, the summation denoted by 
= cannot be effected in finite terms, it is convenient to employ 
as above an indeterminate series. In so doing we have sup- 
posed the solution to have reference to positive and integral 
values of z The more general form would be 


pe bd es 1 
Ug =a (at gop tard, 


Tae 1 
=a| ae tat}. 


r being the initial value of a. 


Difference-Equations of the first order, but not of the first 
degree. 


10. The theory of difference-equations of the first order 
but of a degree higher than the first differs much from that of 
the corresponding class of differential equations, but it throws 
upon the latter so remarkable a light, that for this end alone 


| 
| 
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it would be deserving of attentive study. Before however 

proceeding to the general theory, we shall notice one or two 
great classes of such equations that admit of solution by 
-other ways. The analogy between these and well-known 
forms of differential equations is too evident to need special 
notice. 


A. Clairault’s Form. 
u, = cAu, +f (Au,). 
A solution of this is evidently 
U, = ce +f (c), 


_ which gives Au, =¢. 


le Ex. 5. u=xAu,+ Au,|’ 
"gives u=c“+c’. 


B. One variable absent. 
f (Au, u,) = 9. 
Writing u,,,—U, for Au, and solving we obtain 
Un,, = (u,) suppose ; 
Me Ung = (trys) = FF Ue)» 
denoting by " (x) the result of performing yf on (2). 


Continuing we shall have 
Ursin = vy" (u,), or if u, =a, Urin = yy" (a). 


This may fairly be called a solution of the equation, but 
its interpretation and expansion may offer greater difficulties 
than the original equation presented. This subject will be 
considered under the head of Functional Equations. 


Ex, 6. Ge, = 2te 3 > Une (Que) = Qu, 
| and continuing we obtain 


on” 


ul 
Uzin 2 (2 Ur) 
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C. Equations homogeneous in u, , 


The type of such equations is 


ii (= , a) = 0. 


Ur 


Solve for —#t and we obtain an equation of the form 
U, 


x 


u i ° . = 
“t= A,, which leads to a linear equation in w,. 
Uy 
= 5 is 
Hix. 1. Un, — DU yyy P20 O nverauesaccese iva (23). 
Solving Up,, = 2Uz OF Uy, 
hence u= 2°C- or C. 


We shall examine further on whether these are the only 
solutions of (23). 


Many other difference-equations may be solved by means 
of relations which connect the successive values of well-known 
functions, especially of the circular functions. 


Ex. 8. Uy, Ug — Ay (Up, — Uz) +1 =0. 
Here we have 

ee Merge Me 

ee ee Aa 


Now the form of the second member suggests the trans- 
formation uv, = tan v,, which gives 


I tanv,,,— tang, 
a, 1+tanv,,, tan v, 


t+1 
= tan (_,,—0,) 
= tan Av,, 
whence 


t= C+Sten?=, 


= 


| 
| 
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% = tan (c+ tan” =) ; 


Pix 9. Given Ug, Ux =F V{a = Ure: ) (1 =e Uz) = Oy. 


Let u, = cos v,, and we have 


| Az = COS U,,, COSU, + SiN V,,, SIN Y, 


C44 


= C08 (V,,, — Vz) = cos Av, 
whence finally 
| 


u, =cos (C+ % cos” a,). 

But such cases are not numerous enough to warrant special 

‘notice, and their solution must be left to the ingenuity of the 

student. We subjoin examples requiring these and similar 
devices for their solution. 


EXERCISES. 


1. Find the difference-equations to which the following 
complete primitives belong. 


2 4 
Ist. wu=ca’? +c’. 2nd. u=fo Crs-5} a 


8rd. u=ca+c'a’. Ath. u=ca? +c’. 
PL on tk 


A l-a peel Ee 
5th. w=c +6(7=) (— a) Gree 


Solve the equations 
2. Ug — PU Uy = qa" : 


u au, = COS NX. 


+4 on 


3 
A, Ug, Uy + (+2) Uy + Uy = — 2 — 2x — at". 


gas) 8 
Uz 41 — Uz COS Aa = COS @ COS 2a... COS (a — 2) a. 


x 


UUz,,+ au, +b=0. 


UgUiyy, — Uz + b= 0. 


rsa cae BS 


22-1 2 
Uryp—-€ Uz =e 
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9. u,,, sin 20 — u, sin (x+ 1) 8 = cos (w—1) O—cos (3x +1) 8. 
10. u,,, — aux = (2% +1) a’. 

ll. w,,,—2u,727+1=0. 

12. («+1)’ (u,,, —au,) = a* (a? + 2a). 
13, (tess) = 4 (u,)? {(ue)* + 1]. 

14. u,,,=m(u,)”. 

15, A’us = (tess)? — (ue)” 

16. u,Au, = xAu,]* +1. 

17. Uz,,|°— 3a°x"u,,,u,|? + 2a°x*w,|* = 0. 


18. If P, be the number of permutations of n letters 
taken « together, repetition being allowed, but no three con- 
secutive letters being the same, shew that 


ADS (gst eee 


a—B’ 
where a, 8 are the roots of the equation 
x= (n—1) (a +1). [Smith’s Prize.] 


Galas) 


CHAPTER X. 


| GENERAL THEORY OF THE SOLUTIONS OF DIFFERENCE- AND 


DIFFERENTIAL EQUATIONS OF THE FIRST ORDER. 


1. WE shall in this Chapter examine into the nature and 


' yelations of the various solutions of a Difference-equation of 


the first order, but not necessarily of the first degree, and 
then proceed to the solutions of the analogous Differential 
Equations in the hope of obtaining by this means a clearer 


| insight into the nature and relations of the latter. 


Expressing a difference-equation of the first order and n™ 
degree in the form 


(Au)" +P, (Au)"* + P,(Au)"*...+ 2, =O. .00eeeeere (1), 
PP,...P, being functions of the variables # and wu, and then 
by algebraic solution reducing it to the form 

- (Au— p,) (Au— p,) «. (AU = pp) = 0 verre (2), 
it is evident that the complete primitive of any one of the 
component equations, 
Au—p,=9, Au—p,= 0... Aw — pa=O eee (3), 


will be a complete primitive of the given equation (1) i.e. @ 
solution involving an arbitrary constant. And thus far there 


‘is complete analogy with differential equations (Diff. Equa- 


tions, Chap. vil. Art. 1). But here a first point of difference 
arises. ‘The complete primitives of a differential equation of 
the first order, obtained by resolution of the equation with 


respect to a and solution of the component equations, may 


without loss of generality be replaced by a single complete 
primitive. (Zb. Art. 3.) Referring to the demonstration of 
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this, the reader will see that it depends mainly upon the fact 
that the differential coefficient with respect to x of any func- 
tion of V,, V,,...V,,, variables supposed dependent on a, will be 
linear with respect to the differential coefficients of these de- 
pendent variables [Zd. (16), (17)]. But this property does not 
Ta’ and 
therefore the different complete primitives of a difference- 
equation cannot be replaced bya single complete ‘primitive*. 
On the contrary, it may be shewn that out of the complete 
primitives corresponding to the component equations into 
which the given difference-equation is supposed to be re- 
solvable, an infinite number of other complete primitives 
may be evolved corresponding, not to particular component 
equations, but to a system of such components succeeding each 
other according to a determinate law of alternation as the 
independent variable x passes through its successive values. 


remain if the operation A is substituted for that of 


Ex. Thus suppose the given equation to be 
(Au,)*— (a+) Au, +ax=0.........066 (4), 
which is resolvable into the two equations 
Au,—a=0, Au,—x=0......... de ceeer hog 


and suppose it required to obtain a complete primitive which 
shall satisfy the given equation (4) by satisfying the first of 
the component equations (5) when x is an even integer, and 
the second when z is an odd integer. 


* This statement must be taken with some qualification. The reason 
why the primitives in question V;-C,=0, V,—- C,=0, &c., can be replaced 
by the single primitive (V,—(C) (V,— C)...=0 is merely that the last equation 
exactly expresses the facts stated by all the others (viz. that some one of the 
quantities V,, V.,... is constant) and expresses no more thanthat. In a precisely 
similar way the primitives of a difference-equation of the same kind, being 
represented by f,(#, Uz, Cy)=0, fo (2, Uy, C,)=0, &c., may be equally well re- 
presented by f, (x, w,, C) x fy (x, u,, C) x &c. =0. But we shall see that the 
latter equation must be resolved into its component equations before any 
conclusion is drawn as to the values of Au,. It is not loss of generality that 
is to be feared when we combine the Separate primitives into a single one 
but gain. The new equation is the primitive of an equation of a far higher 
degree (though still of the first order), and though including the original 


difference-equation is by no means equi 1 i 
sighibin Gadel), 'y quivalent to it. We shall return to 
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The condition that Aw, shall be equal to a when = is even, 
and to « when x is odd, is satisfied if we assume 


| Ae gl te, IH ey 
a 


| : 2 

_at+ax OR Be 

| a 2 + (- 1) 9 3 
‘the solution of which is 


wee 2EED Cay PG-§) +4 


and it will be found that this value of u, satisfies the given 
‘equation in the manner prescribed. Moreover, it is a com- 
plete primitive*. 


2. It will be observed that the same values of Au, may 
recur in any order. Further illustration than is afforded by 


Ex. 1 is not needed. Indeed, what is of chief importance to 
be noted is not the method of solution, which might be varied, 


but the nature of the connexion of the derived complete pri- 
“mitives with the complete primitives of the component equa- 


* To extend this method of solution to any proposed equation and to 


| any proposed case, it is only necessary to express Au, as a linear function 


of the particular values which it is intended that it should receive, each 


| such value being multiplied by a coefficient which has the property of 


becoming equal to unity for the values of « for which that term becomes 
the equivalent of Au,, and to 0 for all other values. The forms of the coefli- 
cients may be determined by the following well-known proposition in the 
Theory of Equations. 

Prov. If a, B, y,--- be the several n roots of unity, then, x being an 


| x be 
| integer, the function ate is equal to unity if x be equal to m or a 


| multiple of n, and is equal to 0 if « be not a multiple of n. 


Hence, if it be required to form such an expression for Au, as shall 


assume the particular values 7, Po) ---Pn in succession for the values «=1, 


g=2,...c=n, and again, for the values c=nt+1, c=n+2,...c=2n, and so on, 
ad inf., it suffices to assume 


Au,=P_-1P) t Px-2P2 + A Pein Dyycrercreeeceesesenanns (6), 
ak + BB+ Ys 
Te n 


a, B, Y,---being a8 above the different n roots of unity. The equation (6) 
moust then be integrated, 


where F 
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tions into which the given difference-equation is resolvable. 
It is seen that any one of those derived primitives would 
geometrically form a sort of connecting envelope of the loci 
of what may be termed its component primitives, i.e. the 
complete primitives of the component equations of the given 
difference-equation. 

If x be the abscissa, u, the corresponding ordinate of a point 
on a plane referred to rectangular axes, then any particular 
primitive of a difference-equation represents a system of 
such points, with abscisse chosen from a definite system dif- 
fering by units, and a complete primitive represents an infi- 
nite number of such systems, the system of abscissee being the 
same for all. Now let two consecutive points in any system 
be said to constitute an element of that system, then it is 
seen that the successive elements of a derived primitive 
(according to the definitions implied above) will be taken 
in a determinate cyclical order from the elements of sys- 
tems corresponding to what we have termed its component 
primitives. 


3. It is possible also to deduce new complete primitives 
from a single complete primitive, provided that in the latter 
the expression for u, be of a higher degree than the first with 
respect to the arbitrary constant. The method, which con- 
sists in treating the constant as a variable parameter, and 
which leads to results of great interest from their connexion 
with the theory of Differential Equations, will be exemplified 
in the following section. 


Solutions derived from the Variation of a Constant. 


A given complete primitive of a difference-equation of the 
first order being expressed in the form 


te =f lope) A Mod Aak. (7), 


let c vary, but under the condition that Aw shall admit of the 
same expression in terms of w and ¢ as if c were a constant. 
It is evident that if the value of ¢ determined by this condition 
as a function of x be substituted in the given primitive (7) 
we shall obtain a new solution of the given equation of dif- 
ferences. The process is analogous to that by which from 
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‘the complete primitive of a differential equation we deduce 
the singular solution, but it differs as to the character of the 
result. The solutions at which we arrive are not singular 
‘solutions, but new complete primitives, the condition to which 
‘¢ is made subject leading us not, as in the case of differential 
“equations, to an algebraic equation for its discovery, but to a 
‘difference-equation, the solution of which introduces a new 
arbitrary constant. 


| The new complete primitive is usually termed an indirect 
‘integral*. 

| 

| Ex. The equation w=aAu+(Au)* has for a complete 
_ primitive 


an indirect integral is required, 


Taking the difference on the hypothesis that ¢ is constant, 
we have 
| Au=c; 


and taking the difference of (8) on the hypothesis that ¢ is an 
unknown function of z, we have 

| Au=c+(x+1) Ac+ 2cAc+ (Ac) 

Whence, equating these values of Au, we have 


Ac (+1 + 2+ Ac) =0 werereresecseeesen (9). 


Of the two component equations here implied, viz. 
Ac=0, Ac+ I2c+x+1=9, 
the first determines ¢ as an arbitrary constant, and leads back 
to the given primitive (8); the second gives, on integra- 
tion, 


* We shall see reason to doubt the propriety of giving to it any special 


name that would seem to imply that it stood in a syecial relation to the 
original difference-equation, 


176 NATURE OF SOLUTIONS OF EQUATIONS [CH. X. 


C being an arbitrary constant, and this value of ¢ substituted 
in the complete primitive (8) gives on reduction 


u={o (-1yF- +-% ast Wa (11). 


Now this is an indirect integral. We see that the prin- 
ciple on which its determination rests is that upon which 
rests the deduction of the singular solutions of differential 
equations from their complete primitives. But in form the 
result is itself a complete primitive; and the reader will 
easily verify that it satisfies the given equation of differences 
without any particular determination of the constant O. 


Again, as by the method of Art. 1 we can deduce from 
(9) an infinite number of complete primitives determining c, 
we can, by the substitution of their values in (8), deduce an 
infinite number of indirect integrals of the equation of differ- 
ences given. 


4. The process by which from a given complete primi- — 
tive we deduce an indirect integral admits of geometrical in- 
terpretation. 


For each value of c the complete primitive u= f(z, c) may 
be understood to represent a system of points situated in a 
plane and referred to rectangular co-ordinates; the changing 
of c into c+ Ac then represents a transition from one such 
system to another. If such change leave unchanged the 
values of u and of Aw corresponding to a particular value of 
x, it indicates that there are two consecutive points, Le. an 
element (Art. 2) of the system represented by u = (x, c), the 
position of which the transition does not affect. And the 
successive change of c, as a function of x ever satisfying this 
condition, indicates that each system of points formed in suc- 
cession has one element common with the system by which 
it was preceded, and the next element common with the sys- 
tem by which it is followed. The system of points formed 
of these consecutive common elements is the so-called indi-~ 
rect integral, which is thus seen to be a connecting envelope 
of the different systems of points represented by the given 
complete primitive, 
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| 5. It is proper to observe that indirect integrals may be 
deduced from the difference-equation (provided that we 
_ can effect the requisite integrations) without the prior know- 
| ledge of a complete primitive. 
| Ex. Thus, assuming the difference-equation, 
w= CA, + (Atig)® oc eceeeeereneeeeeees a2) 
and taking the difference of both sides, we have 
Au, = Au, + cd’u, + A’u, + 2Au,A?u, + (A°ue) 5 
o. A?u, (Au, + 2Au, +2 +1) =9, 


which is resolvable into 


A?u, + 2Au, + OF LHD or eeeeee reece eee (14). 
The former gives, on integrating once, 
i Au,=c, 
and leads, on substitution in the given equation, to the com- 
| plete primiitive (8). 


| The second equation (14) gives, after one integration, 


| a el K 
Au,= 0 (—1) = 5 ee (15), 
| and substituting this in (12) we have on reduction 

| eee (16) 
| w= | vue ae f 


| which agrees with (11). 

6. A most important remark must here be made. The 
method of the preceding article is in no respect analogous 
to the derivation of the singular solution from the differential 
equation. Itis precisely analogous to Lagrange’s method of 
solving differential equations by differentiation (Boole, Diff: 

Eq. Ch. vil. Art. 9), where we form by differentiation a dif- 
ferential equation of the second order, (of which the given 
equation is one of the first integrals,) obtain by integration the 
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other first integral, and eliminate zy between them. Thus if 
we have 5 
2a ¥ —y=0, 
we obtain < 
dy re 
dx + ** gt = 9 
an integral of whichis | 
4] ott 
x oe =¢, 
and hence the solution of the given equation is 
y? = Aca. 


As a natural consequence of this analogy all the results of 
this method are solutions of the original difference-equation. 
It will be remembered on the contrary that the results of the 
process of finding singular solutions from the differential. 
equation may not be solutions at all. The analogies of this 
last process will be referred to later in Art. (21). 


7. The second equation (14) might have been integrated 
in another way, i.e. by simply performing = upon it. We 
should then have obtained 


Au, + 20h} EOE geese (17). 
Substituting this in (12) we obtain 
ZN, ees 
u, = Au, (a+ Au,) = (c — 2u,,— ) ay ee (18). 


This appears to be a third complete integral, but it is only 
another form of (11), which may be written thus 


ao 2 22 1 x li ‘3 
w+ GCC y-socies, 
1 2 
OC It ga2{-u— Ft yst 
2 
eee Spee ae oh 
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ssince C(—1)™ ts constant as far as the operation A is con- 
ycerned. 


Substituting in (11) we obtain a result equivalent to (18)*. 


General Theory of Difference-Equations of the first order 
and their solutions. 


_8. We shall now examine the meaning and relationship of 
\difference-equations, their complete primitives and indirect 
integrals; and to render our ideas clearer shall notice first 
‘the analogous cases in differential equations. 


_ If we have a differential equation of the first order and 
dy 
da 
psolution consists of a series of curves one of which passes 
through every point and no two cut; for if two members of 
ithe family of curves coincided in one point they would co- 


ifirst degree has but one value at each point, and the 


bes 
1] 


ncide during the remainder of their course. But if be 


given by an equation of a higher (suppose the n') degree 
his is not the case. Writing the equation in the form 


(G-,) @ -p,) is (54-p.) = OF comes 9)} 


we see that at every point @ may have any one of the 


walues 7,, P,+++ Pn, but must have one of them. 


9. This and only this is told us by (19); the statement 
at the end of the last paragraph is identically the same as the 
statement contained in (19). Hence anything further that we 
an extract from (19) must come from laws independent of 


* It may be shewn independently, that if one integral of (14) gives a 
omplete primitive, the other must give the same. For if (17) hold, the 
solution must come under the complete primitive of (14), involving two 
arbitrary constants. But for all such solutions, (15) must also hold. 
Hence all solutions derived from (17) and (12) must come among those 

rived from (15) and (12), and as the converse proposition is also true, the 
i egults of the two methods must be identical. This can only be asserted 
Wwhen (14) is of the first degree in A?u,; in all other cases we shall see that 
i bere is no single complete primitive. 
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this special equation, which impose conditions on the systems 


of values that a can take. The law that effects this is the 
dy 


law of continuity, which requires that ~— should vary contt- 


da 
nuously, or that there should not be a finite change in a 


corresponding to indefinitely small changes in x and y. Thus 
if we would trace out a continuous curve that shall be a 
solution of the equation, and commence moving in the direc- 


tion given by oY p,, we shall be compelled to continue 
eA 3 d : 
moving in the direction given by n= p, at each point, and 


shall not be able to change to the direction as =p, at any 


point* even though motion in that direction is equally contem- 
plated in equation (19). Thus the law of continuity renders 
equation (19) the same as the system of equations 

d: d. d. 

an —Ps= 9 “A — p= 0 oases “EP =O Bete (20), 


and permits us to solve them separately and take the com- 
bined results as forming the solution of (19). 


10. Now take the case of difference-equations. As before, 
if Au, or Ay be given uniquely by the given equation, there 
exist definite point-systems beginning with any point arbi- 
trarily chosen, but entirely fixed by the choice of it. But 
when the equation is of the form 


(Ay — P,) (Ay =p) SOC (Ay ar =O. ..cceeee (21), 


Ay may have any of the n values p,, p,,..., at each point. 
And, as before, this and this only is told us by (21), and any 
further information must be gained by consideration of the 
general laws that govern Ay and not from the special case 
before us. 


* This is purposely overstated. A case of exception will be noticed 
later. Art. 20, 
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11. But here no law of continuity comes to our aid. The 
changes in x and y are finite and so will therefore that in 
_ Ay generally be. Thus there is no reason why Ay should 
_ continue to be equal to p, because it is so at the particular 

point which may be under consideration. In fact, if you will 
_trace out a series of points forming a solution, starting from 

an arbitrarily chosen point, you have at each point the choice 

of n different values of Ay, that is, of n different directions 
_in which to go to the next point, and your past choice in no 
_ way binds your present*. At most it can be demanded that 
Ay should be analytically expressible, and that the values 
should not be arbitrarily chosen at each point, but, as we saw 
in Art. 1, this merely implies that the succession of values 
of Ay should obey some law, and places no restriction on 
_ what: that law shall be. The number of point-systems satis- 
| fying the equation is therefore infinite, and must defy all 
_ attempts at expression, and the equation (21) reduces to the 
| system of equations 


Ay—p,=9, Ay—p,=0...Ay—p, =0......(22), 


but we are not permitted to solve these separately and take 
_ the combined results as the full solution of (21). 


12. But in spite of all this, if we integrate separately the 
various equations contained in (22), the resulting series of 
n families of point-systems (any one point in the plane form- 
ing a part of one member of each system and of only one) 
has great claims to be called a complete solution of (21). 
Let it be denoted by 


rt, 7, C,) = 0." 7, (x, 7,10.) =O... J, (2) > O,) = 0...(23). 
In the first place, they together impose exactly the same 


* The consideration that the equation 
(Ay—p,) (Ay—P2)...(Ay-Pry)=9 
means simply that Ay is at every point equal to one of the quantities 
Py» Poy---Pmy gives us the important limitations under which the proof on 
page 160 of the existence of a complete primitive must be taken. Unless the 
| equation is of the first degree there will at every fresh step be a choice of 
values for Au, ,, Which will of course affect A"*™u, and thus the number of 
distinct expansions will be infinite, When however we have adopted a law 
as to the recurrence of the values of Ay, the expansion at once becomes 
definite. 
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restraints on the values of Ay that*(21) does, since the first 
member of the series permits it to equal p,, the second per- 
mits it to equal p,, and so on, and thus if taken as alternative 
equations they lead to the original equation for Ay. And in 
the second place, if you stand at any point, the m permissible 
changes of y will be those of such members of these » point- 
systems as actually pass through this point. Hence all per- 
massible elements are elements of members of (23), and thus all 
possible solutions of the equation are made up of elements of 
the point-systems included in (23). 


13. That the statements in the last paragraph may be true 
of any series similar to (23), it is necessary and sufficient that 
it should at every point give all the admissible values of 
Ay and no more. But this is attainable in many ways 
other than by taking the integrals of (22). For instance, if 
equation (21) be 


(Ay — a) (Ay — b) = 0......eeeeeee eee (24), 

it is equivalent to the alternative equations 
LF eesseees (25), 

Ayal ab Mi Gad) ate 

we: J 


where 7 is some fixed value of x. If then these be integrated, 
they have exactly the same claim to be considered as con- 
stituting a complete solution of (24) as have the solutions of 


Ay—a=0, Ay—B=0 cceccsssseeeess (26). 


Thus, following the nomenclature of Art. 2, we see that 
we shall have sets of n associated derived primitives, forming 
as complete a solution of the equation as the set of n com- 
ponent primitives. And in no respect do these solutions yield 


* It must not be supposed that the presence of a constant r ren 
these more or less general than (26). Any expression in finite dittecon 
implies that some system of values of « (differing by units) has been chosen 
fixing the ordinates on which all our points lie, so that r may be said 
to define the space about which we are talking, and is wholly distinct from a 
constant that determines y, i.e. the position of the point on some one of 
those ordinates which form our working-gronnd, 
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(to the others in closeness of connection with the original 
equation. Had (24) been given in the form 


a+b a—b 7 a+b a—b es 
fay 285 2 yh fay PEF aed ng 
as it might equally well have been, the above solutions would 
shave changed places, and the last found would have played 
ithe part of component primitives to those obtained from the 
‘solution of the factors of (24). 


14, But in differential equations the solutions of the dif- 
ferential equations 


d d d. 
ae—P.=9, P= 0... qLW Pa=0 


being supposed to be 


VEE C=O V2, SORT, aC HOR (27); 
where C,, C,,...C,, are arbitrary constants, the single solution 
(V,-—C0)(V,-—C)...(V, — C)=0......... (28) 


tean be substituted for them, since the latter signifies that 
the solution consists of all the curves obtained by giving C 
all possible values in it. This is obviously tantamount to 
iving C,, C,... C, all possible values in the alternative equa- 
tions (27) from which (28) is formed, and taking all the curves 
yso given. And this being the case, the differential equation 
pbtained from (28) must be the original differential equation, 


since (28) comprehends exactly all solutions of it and no 
‘more. 


15. And the reasoning which permits us to write (28) in- 
stead of the system of alternative equations (27), holds when 
they are solutions of a difference- instead of a differential 
equation. But it no longer follows that we may use (28) to 
erive our difference-equation from. This may be seen ana- 
lytically from the following consideration. Suppose, for sim- 
plicity’s sake, that V,, V,, &c. V,, are all linear. The equation 
jsbtained by performing A on (28) will generally be of the 
\( — 1)" degree in C and of the n™ in Ay. On eliminating C 
etween it and (28), we shall in general obtain an equation of 
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the n® degree in Ay instead of the equation of the n degree 
from which we obtained (28). But it may also be seen 

eometrically thus. Suppose we stand at a point and choose 
C so that (28) contains the point in virtue of V,—-C=90 
containing it. Then if we put a+1 for x in (28) we shall 
obtain for y+Ay all the values of y corresponding to a+1 
on the curves 


V,—0=0, V,-0=0... V,—C=0, 


no one of which except the first contains the point at which 
we start. Take now the value of C which causes V, -C=0 
to contain the point, we have a similar set of values of Ay, 
and so on for the rest. All these values will of course be 
given by the equation for Ay derived from (28) in the ordi- 
nary way. Thus we see that in general such an equation 
as (28) will lead to a difference-equation of a much highe1 
order than the one of which it is a solution, and which per- 
mits values of Ay wholly incompatible with that difference. 
equation. And hence we must in general be content with 
a system of alternative solutions like (23), or if we com. 
bine them as in (28) we must understand that the equatior 
in @ must be solved before we can deduce the equation ir 
question. It is by no means necessarily the case that < 
single equation exists that will lead to the given difference 
equation, and even if such a solution exists it does not folloy 
that it is the full solution of the difference-equation. 


_ 16. But though it is not necessarily so, it may be so, Fo 
instance, the equation y=ca+c leads to a difference-equa 
tion of the second order, i.e. there are two permissibl 
values of Ay. But substituting in the original equation th 
co-ordinates of any point, c is found to have two values, s 
that there are two possible values of Ay corresponding t 
these two values of c. Hence here the single equation cai 
be taken as a complete substitute for the system of alterna 
tive equations with which we are usually obliged to conten 
ourselves. This may fairly be called a complete primitive 
but it is by no means the case, as we have seen, that ever 
difference-equation has a complete primitive in this sens 
of the word. Suppose now two such primitives can be dis 
covered—primitives that it leads to and that lead to it- 
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chen the second one will be what has been named an indirect 
integral. The name is very unfortunate, for regarded as an 
integral it stands exactly on the same footing as the other 
complete primitive*. 

_ 17. It is obvious that if such integrals exist they must be 
‘liscoverable by the process of rendering C variable, but assum- 
tng that the variation of C will not affect Ay. It must be 
oticed that any integral of the resulting equation will lead 
0 a new and complete integral of the original equation. We 
need not wait to get a complete primitive (in the stricter sense 
pf the word) of this equation, a component or derived integral 
vill serve. Nor does the method of deriving them from the 
! ifference-equation demand special notice here. We shall 
‘ee better its meaning and scope by working out fully an 
fem ple. 


18. We have seen that the equation 
| CON Ch cine Sotatap otek Scan eae (29) 


__ Representing, as before, by u, the ordinate of a point whose 
ubscissa is 2, we see that (30) represents a family of point- 
ystems such that at any point there are two values of Aw,, 
yr, in other words, two points with abscissa «+1 that form 
ith the chosen point an element of the point-systems (see 
Art. 2). Now (29) represents also a family of point-sys- 
yems such that two contain each point, these two having for 
Iheir distinguishing constants the roots of the equation in c 
jormed from (29), by substituting therein the co-ordinates of 
the chosen point. Thus (29) and (80) are co-extensive, the 
‘lements that satisfy (30) are elements of the point-systems 
included in (29). 

* In the first edition of this work an analytical proof was given that, if 
indirect integrals existed, any one might be taken as the complete primitive, 
md the others as well as the former complete primitive would appear as 
ndirect integrals. This seems to be unnecessary. Any indirect integral 
nducts to the difference-equation, i. e, it gives precisely the same liberty 
if choice for Ay that the complete primitive did, Considering it as the 
omplete primitive, any solutions that satisfy these conditions for Ay are 
therefore, in relation to it, derived or indirect integrals, according as they do 
ot or do leave to Ay the full liberty that the equation does. From this the 

roposition is evident. 
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On solving (30) we obtain 


a 2 no 40) 
= pM og pe = meee, OA Se 
du.=a/u,+7 5 oF fre 5 (31), 


2 
where of Uy +5 is taken to represent the numerical value* 


* Ag students are so constantly told that the square root of a quantity 
has necessarily a double sign, and that it is impossible algebraically to 
distinguish between them or to exclude one without excluding the other, it 
is necessary to caution them here that, whatever be the truth of the state- 
ment as far as analysis is concerned, it is certainly not true when the 
functions are represented geometrically, or perhaps we should rather say 
graphically. Nothing is easier than to distinguish between curves satisfying 
the equations y= + /c?—a? and y=—-/c*—2*. It is true that they will not 
be what we are accustomed to call complete curves, but they will be 
perfectly definite. And with this understanding it will be evident that the 
equation Au,= + ust G -5 gives a unique value of Au, at every point 
just as much as if the right-hand side were rational, and it is just as im- 
possible for two members of the family it represents to include the same 
point without wholly coinciding. But not only does a stipulation such as 


2 
the one we have made about the sign to be taken with Nd ute remove all 


indefiniteness geometrically, it also (as must necessarily be the case) removes 
it arithmetically. As an instance take the theorem in italics. 


The next value of 


ap) Gee (c+1)? w+l1 
taf tert 58 “ [tet tet ett Hoe 


2 


=its former value. 


If at any step the wrong sign had been taken to the square root we shoulc 
have failed to bring the right result, but by adhering to the stipulation, no’ 
only do we obtain the right result, but it forms a rigidly accurate proof of the 
theorem. It isthe neglect of the above principle of the uniqueness of suck 


2 
expressions as+ ei utt -5 that causes much of the obscurity that sur 
rounds singular solutions in differential equations. 


| 
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2 
oh ° 
same values for c. And the result of performing A on (29) 
tells us that Au,=c, in other words The point-system ob- 
tained by taking at each step 


Ca we 
Aneta) nt ece, 


will keep the latter function wholly unaltered, and thus the 
solution of this equation is 


a oT 4 9° 


‘In a similar way the solution of 


| 
} 

2 
Zz 2 
| hoy eee: 
Ie, (ii 53 Atm Gt 
1s c= CFa dares 
| 


We have divided then our point-systems into two totally 
' distinct families, and elerments of members of these families 
are alone permitted by (30). Now suppose we first choose 
‘to take the element given by the first equation of (31), and 
‘then we change and take that given by the second. We shall 


then have 


of the square root of w+ Equation (29) gives us the 


2+1y 2#4+1 
==) [64/ unt -} 


‘since our first element belonged to the family 


a8, ter 
Ku eta) us = oe 
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: ls ao 
c=+ ven 9." 


Let us for the next element return to the element belong- 
ing to the first family. As before, 


e+2" w2+2 
Au, ,. = ee ( ) aor 


or its equivalent 


4, 2 
(+2)? w2+2 
=—(#+ 2). ee 
ax — (a + 2) — Atta. 25) wasessvetedasasngdvewes (33), 
since the last element was taken from the system 
Lee 
Au, =— UteT—5: 
(32) and (33) give the same equation, viz. 
Aug Mel) Ai ide og oe cr ccins (34), 


which is identical with (14), page 177. 


This on being integrated leads to the equation 


The undetermined constant enables us to make it give the 
right value c for Au, at the point chosen, and then Au, as 
given by (35) will continue at each point to have a value 
permitted by (380), but belonging alternately to each of the 
two systems of values into which we have divided it. Thus 
(80) and (85) are both true along the whole of our new 
solution, and we ought to represent this new solution by 
them as a system of simultaneous equations. But we know 
from Algebra that we can take as an equivalent system 
either of them together with the equation produced, by eli- 
minating Au, between them. This last does not involve Aw, 
at all and is a complete primitive. 
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19. It is so obvious that all solutions of a difference- 
/equation must be included in those of the equation obtained 
‘by performing A on it, that it is natural that we should 
‘try to obtain new solutions of 


| (Au, —p,) (Au, — py)... (Atty — pn) = Oveeeeeeee (36), 

‘by this method. The important thing to bearin mind is that 
“which has been illustrated in the foregoing investigation, viz. 
‘that all that the method leads to is that Au, must either 
always continue equal to a particular one of the roots p,, p,, 
4+. Pq, or it must change so that it jumps from the value of 
one at one point to the value of another at the next, i.e. 
A?u, = Ap, or (Prax: — (Pre: And it is the alternatives of the 
latter class that make the sole difference between this method 
and the method of Lagrange of solving differential equations. 


| ihn : dy : 
ee the latter if aie at a point d. dy oon in general only 


equal dp, since a cannot jump from being equal to p, to 


being equal to p,. 

| 20. We say that it can in general only equal dp,. It is 
only prevented from taking the specified jump by that jump 
being finite, and hence when we get to a point where py = Pr 
‘the change is possible. If at the next point p, is still equal to 


iPr Be can change back again to p,, and so on, This will hap- 
pen if it should chance that at the point where p,, is equal to 
| pr the curve =n, is going in the direction of the curve 
‘Pxr=Ppr- In this case then there will be a solution analogous 
to our indirect solutions to difference-equations—its equation 
will be p,=~p,, and it will only exist when the curves given by 


Dep, touch the curve p,=p, at the point where they 


) s d : 
meet it, or, in other words, if the value of ee derived from 


'Pe=Prisp,. Such a solution is termed a singular solution*. 


| * Tew people seem aware of what might be called the rarity of singular 
solutions, The chances are infinity to one that a differential equation of 
the first order, but not of the first degree, has no singular solution. As far 
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21. The question at once suggests itself—are there such 
singular solutions to difference-equations ? But the answer is 
obvious. If there be any such they are included in the indi- 
rect integrals. It is true that they will have a peculiarity. 
If p,=p, gave Ay=p,, it is evident that the point-system 
P= pr Might be called a solution of the equation 

(Ay — p,) (Ay — p,) «+» (AY — pn) = 0 «+--+ (87), 
in virtue of it satisfying Ay—p,=0 at every point, or of 
satisfying Ay —p,=0 at every point, or of satisfying them 
alternately in any cycle. Hence it might with propriety be 
called a multiple solution, since it would appear many times 
over in the list of solutions. But it can never fail to be in- 
cluded in the complete primitive or its indirect integrals or 
associated integrals. Poisson (Journal del Ecole Polytechnique, 
Tom. vi. p. 60) has written a paper on such solutions. An 
instance of them is given by the equation 


4°" (Ay)? A 
i= —— = = Bi okt (38), 
of which a complete primitive is 
y=a(5) =e ANTE AE NPOREE > (39), 
and for which he obtains the singular solution 
1 
yas ae ae eee (40). 


If two of the values of Ay given by (38) be equal we must 


have 
9 A (Ay 1. 
3 ome 


e = Uae 
ee dy=+ (+5) . 


as analysis is concerned it is a mere accident that in certain cases p,=p, 
‘ d ; 
gives p, as the value of = . In any equation given for examination, or even 


in one met with in actual investigations, the chance of the existence of a 
singular solution is much greater, for it has probably not been written down 


at random, but has been derived from a complete primitive which represents 
@ family of curves haying an envelope. 
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On substitution in (38) we obtain 


ae erneon 
qntglt5) tg (45 esd Cr 


3a 8x 
* ay=—9(Q) or (3) 


according as we take the upper or lower’ sign within the 
bracket. 
| 8 3a 
Thus y=+ 5 = 5) gives us a singular solution or, as it 
| might better be called, a multiple solution*. 
22. Leaving these and returning to the solutions of differ- 
ential equations, we must remark that not only may the 


change from a =0 to a —p,=0 be made at a point 
where p,=p, Without obtaining a discontinuous curve, but 
as a rule it actually is made in every complete curve that 
satisfies the equation, provided that a singular solution exists. 


Take, for instance, the equation ¥ =cx+c, this leads to the 
alternative differential equations 


dy _ ay a 
det 9¥+ 4-3 
x 
2 


4 s/ya2 
and Boe Yat ee 


and the singular solution is of course 


Vy+% =0 r eee 
Ue ey f° tke 


This represents a parabola touching the axis of # at the 
origin and having its axis in the negative direction of y. 
| The two equations in (41) denote the tangents to it through 
the chosen point, the first representing the one that makes 


: : seedy ® 
the algebraically greater angle with the axis of a, since oe is 


Now take a tangent and beginning from 


greater along it. it and 
At every point it is the solution of 


z=—« move along it. 


* Ag in differential equations the results of this method need not be 
solutions, but if they are solutions, they are singular solutions, Compare 
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the second of equations (41), since the other tangent through 


the point has its oe algebraically greater, as will be seen at 


once from a figure. But as soon as it has touched the en- 
velope it takes at once the réle of being the solution, at every 
point of its length, of the first of equations (41). So that if 
we take the complete curve, i.e. the whole of the tangent 
line, as a solution of the equation, we shall have changed 
from satisfying the second of the alternative equations to 
satisfying the first; the change taking place at the point of 
contact with the envelope. 


23. This enables us to see very clearly that the envelope 
is in reality an indirect integral. For let us start from a point 
ona tangent just before it meets the envelope and proceed 
along it—of course in the positive direction of z—to a point on 
it just after it meets the envelope. Our path at first satisfied 
the second and now satisfies the first of equations (41). Let 
us now change and take the path through the point at which 
we now are that satisfies the second of those equations. It 
will be the tangent through the point which is just going to 
touch the envelope. On continuing this process we see that 
we have a circumscribing polygon, the limit of which when 
the sides are indefinitely diminished is the curve. And this 
was generated by pursuing exactly the same method that we 
observe in obtaining derived or indirect integrals from com- 
ponent integrals or complete primitives, viz. by alternating 
between different solutions*. 


24, It will not be necessary to dwell upon the derivation of 


* The Singular Solution (or rather Multiple Integral) of Art. 21 partakes, 
as we have seen, of the nature of the singular solution of a Differential 
Equation, since it is derived from the difference-equation in the same way 
viz. by taking the condition that two of the alternative solutions should 
coincide. And hence it is not be wondered at that the singular solution of 
a differential equation should have somewhat in it of a multiple integral. 
In point of fact, portions of it form part of all solutions of the original 
equation. For instance, in the case we are considering the solution of, 
Coa c 
ae y +7 —g 18 obtained by always choosing the one of the two 
permissible paths that lie most to the right, supposing that w g 
point in the third quadrant. This takes a in a cernieht line 8 aS he 
curve and then takes you round during the rest of your motion, since any 
departure must be along a tangent, i. e. more to the left than along the curve. 


| 
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indirect integrals or singular solutions from the complete 
primitive. What has been said will be guide sufficient. But 
before leaving this part of the subject we will examine how 
far these views enable us to explain the anomalies connected 
with Singular Solutions in Differential Equations. Boole 
(Diff. Eg. Ch. vit.) gives the following four Properties of 
Singular Solutions : 

L An exact differential equation does not admit of a 
singular solution. 

IL The singular solution of a differential equation of the 
first order and degree renders its integrating factors 
infinite. 

Ill. A differential equation may be prepared (even with- 
out the knowledge of its integrating factors) so as no 
longer to admit of a given singular solution of the 
envelope species. 


IV. A singular solution will generally make the value 


of a as deduced from the differential equation as- 


sume the ambiguous form 0° 


The first of these seems self-contradictory. An envelope 
has the same value of es as the enveloped curve at the point 


of contact. Hence it must satisfy the differential equation 
of the latter, Le. the equation that gives oe Now the dif- 
ferential equation to any family of curves whatever, say 
F (a, y, ¢) =9, can be given in the form of an exact equation. 
‘All that is necessary is to solve for ¢ and to differentiate the 
resulting equation c= (@, 9). Thus (1.) seems tantamount 


| to saying that no family of curves can have an envelope. 


(IL.) stands or falls with (L), but is at least remarkable that 
an integrating factor should have any essential connection 
with that which is represented by the equation. The inte- 
grating factor is simply the reciprocal of the tactor by which 
the equation, when in its exact form, was multip‘ied to bring 
it into its present form. It is therefore a purely arbitrary 
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thing, and has nought whatever to do with the nature of the 
equation or with that which it represents. And (IIL) is not 
less puzzling. For since the geometrical envelope has two 
consecutive points in common with each member of the 
family, it would seem probable that it would continue to have 
that property after any transformation of « and y. But were 
this the case it would continue to touch them all, and thus 
to be a singular solution according to our previous remark. 


25. It cannot be doubted that these anomalies demand 
explanation, and if our theory of the nature of a singular solu- 
tion be the right one it must render them intelligible. And 
from our theory we see no reason why exact differential 
equations should be more or less likely to have singular solu- 
tions than others. It is true that they are of the first degree, 
and of course no differential equation that gives a single value 


of 2 at every point can have a singular solution (Art. 8). 


But there is no reason to expect that an exact equation will 
dy 
da 
usually give the value in terms of quantities such as roots of 
algebraical functions of the co-ordinates, which will have 
more than one value, and no attempt is made in such equa- 
tions to limit the interpretation of these to one of their many 
values. Yet, although our theory declines to take special 
notice of exact equations, it still gives us a clue to the inter- 
pretation of their peculiarity by pointing out a class of equa- 
tions which possess the property in question, viz. those that give 


but one value to a at each point, and which may be for 


give one value and one only of at every point; it will 


shortness’ sake termed wnique equations. It must be that 
by our treatment of ewact equations we make them to all 
intents and purposes unique equations. 


26. Let us take the instance given by Boole, 


dy _ WY jaa 
Ror Vac a UF Sah 

On dividing by V* + y?— a? to render it an exact equation, 
we obtain 


x+y 
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Now it is not fair yet to say that this is not satisfied by 
the singular solution «+ ¥’°=a’, for that causes the first 


: : 0 
term to assume the indeterminate form 5; but as soon as we 


@) ? 
d j——s 
RAN? yo Fe a Wa at ae 
Pie Tem cata 0, we see that the 
singular solution has ceased to satisfy it, and hence it must 
be in this step that we have converted the equation into a 
unique equation. Writing r for Va'+y’—a’, it becomes 
3 _ es = 0, the integral of which is y—r =c, representing a 

eC 

series of parabolas touching the circle r=0. As y is made to 
increase from its greatest negative value (¢ being taken posi- 
tive) r, which at first would generally be negative, gets 
smaller numerically, vanishes, and then becomes positive. 
This confirms our remark that the complete curves which are 


solutions of the equation require Voi +y?—a® to be taken 
partly with a plus and partly with a minus sign, and thus are 
partly solutions of + dr —dy=0, and partly of — dr —dy=0, 
the change occurring at the point of contact with the enve- 
lope*. Of course this is allowable in consideration that the 
sign of ris arbitrary at each point, but it will be seen that this 
stipulation renders the equation a unique equation just as 
much as the stipulation that 7 shall always be taken positive. 


97, But a difficulty arises here. Since the stipulation, 
which, as we see, renders the equation unique, enables us to 
trace out the whole of each curve, it will enable us to trace out 
all the solutions of the equation, and thus is it not a complete 


write it in the form 


form of the equation? It is true that at any point when two of 


the curves intersect we shall pass along one or the other accord- 
ing as we reckon that we have or have not passed the point 
of contact with the envelope, and thus when we make the 


* Should this contact not be real, then, so far as real space is concerned, 
there will be no change in the equation satisfied at every point, and ac- 


cordingly there will be at no point an alternative path, and therefore no real 


portion of the singular solution corresponding thereto. 
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double supposition we shall, by the aid of the stipulation 
mentioned in the last paragraph, describe the curves without 
destroying the uniqueness of the equation. But this is 
equivalent to taking r of double sign at each point, and it 1s 
not to be expected that phenomena of intersection (such as 
singular solutions essentially are) will be discoverable by 
analysis which calls a point indifferently 7, y, and —7, y. 
Whatever stipulation we make as to the sign of r to render 
dr — dy =0, a unique equation renders it impossible that two 
such curves should intersect, i.e. should be satisfied by the 
same values of r and y, but if we consider it an intersection 
when the one is satisfied by 7, y, and the other by —7, y, 1t 1s 
not to be expected that our analysis will be equally lax. 


28, Assuming then that the true form of the exact differen- 
tial equation is dy + dr = 0, we still have to explain how it is 
that r=0 fails to satisfy the equation. The equation is no 
longer unique, but the alternative solutions do not seem to 
assist us, the change from the one to the other implies a sud- 
ae 1 to = 1. This difficulty, which - 
is merely a particular case of the one arising from (IIL), is of 
a wholly different nature to the last one. We have now at 
every point precisely the same liberty of path that we had in 
the original equation—the same number of alternative direc- 
tions. But we seem unable to change from one set to the 
other and thus to have no singular solution. Now the sole 
restrictions on change arise, as we see, from the law of conti- 
nuity, so that it is in connection with this that the solution of 
this difficulty must be found. We shall shew how it is that 
we have no longer the opportunity of choosing, at the points 
on the singular solution, along which of two paths we shall go. 


den change from 


29. For simplicity’s sake, suppose that the appearance of 
uniqueness in the exact equation is produced, as in the 
instance that we have taken, by the presence of a quantity of 
the form Vw, where wu is a rational integral function of a’ and 
y, so that w= 0 is the singular solution, since it renders equal 
d. wm 
the two values of ~~ . This is a very common case, and the 
treatment will apply to other more complicated cases. Let 
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x, y be the point of contact of a particular primitive with the 


singular solution, and « + dx, y +dy,a neighbouring point on 


the same primitive. Then since there is tangency with wu =0 


at a, y, the value of wu at a+dz, y+dy must be of the 


second order (and hence Vu is of the first order) in dx and dy. 
Now take Vu and a as new variables, 7, x, expressing y in 
terms of them, and draw the curves represented by the primi- 
tives when z and 7 are considered as Cartesian co-ordinates. 
The axis of 7 is now the singular solution, and as we proceed 
dn . 

Ap 1S 
finite, since » was of the first order along a primitive in the 
neighbourhood of 7 =0. Thus the primitives seem to cut 
7=0 at an angle. In fact near u=0, du was of the order 


along any primitive we find that in its neighbourhood 


dx excepting for small displacements in the direction of 


'u=0 at the point. Thus de is generally infinite for »=0, 


dc 
or the distortion produced by the new representation is so 
great that all curves cutting 7=0 in the original will cut it 


at right angles now. Only those touching it will cut it at a 
smaller angle, and those that had a yet closer contact will 


| appear to touch it. And, returning to the original, when we 


remember that dr is of the order ele for all directions of dis- 
x 


d. dz 


| placement but one coinciding with r=0, we shall see that 


a solution of the equation 


easy) 


must have the direction given by r=0. So considered, the 


| ; dr dy_ as. at 
apparent absurdity of saying that 2b - “ = 0 is satisfied by 


7= 0, dy 4-0, passes away. And the preparation which Pois- 
Ab 


i ing Tl lained on 
son gives for getting rid of envelopes can be exp 
actly similar principles; it differs chiefly in this, that he 
has made a rather more general supposition as to the origin of 


the alternative values of fe : 
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2 


& . d 
30. We might have expected (IV.). The equation for 3 


obtained by differentiating the differential equation after 
2 
solving for “Y ' must give the value of ad alike for the par- 
dx 2 duc* 
ticular primitive at the point and for the singular solution. 
And we should not expect these two values to be obtained by 
: eager abil 
giving alternative values to the functions in of whose values 


da 
are not unique, since such functions will naturally have 


unique values on the singular solution. Thus we should 
2 


4 d 
expect that the equation for — a 


7 would give an indeterminate 
Oo 


result. 


We may remark in conclusion that we ought to expect no 
such anomalies in the solution of difference-equations, as they 
all arise from change of independent variable, a thing which 
cannot occur in Finite Differences excepting in the simple | 
form of change of origin. 


The Principle of Conéinuity. 


31. We have seen that the great distinction between the 
subject-matter of Difference- and Differential Equations is, 
that the law of Continuity rules in the latter and not in the 
former case. Hence we cannot expect that the results of the 
former will always be represented in the latter, and we have 
already dwelt upon cases in which they are not. It will not do 
to look on the Ditterential Calculus as a case of the Difference- 
Calculus, subject merely to the stipulation that the differences 
are infinitesimally small—while the latter deals with the 
ratios of simultaneous increments of the dependent and inde- 
pendent variables, the latter deals with the limits which 
these ratios approach when the increments are indefinitely 
small—and unless they approach definite limits the case can 
never be in the province of the Infinitesimal Calculus, how- 
ever small the differences be taken. We shall now examine 
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the conditions under which a point-system will merge into 
a curve, and apply our results to the case of solutions of a 
difference-equation. 


32. It isa familiar but a partial illustration which presents 


_acurve as the limit to which a polygon tends as its sides are 


indefinitely increased in number and diminished in length. 
Let us suppose the differences of the value of the abscissa « 
for the successive points of the polygon to be constant, the 


law connecting the ordinates of these points to be expressed 


by a difference-equation, and the corresponding law of th> 
ordinates of the limiting curve to be expressed by a ditfer- 
ential equation. 


Now there is a more complete and there is a less com- 
plete sense in which a curve may be said to be the limit of 
a polygon. 

In the more complete sense not only does every angular 
point in the perimeter of the polygon approach in the trans- 
ition to the limit indefinitely near to the curve, but every 
side of the polygon tends also indefinitely to councidence with 
the curve. In virtue of this latter condition the value of 


a 4 . . . . 
x in the polygon tends as Az is diminished to that of 


oe in the curve. It is evident that this condition will be 


realized if the angles of the polygon in its state of transition 
are all salient, and tend to 7 as their limit. 


But suppose the angles to be alternately salient and re- 
entrant, and, while the sides of the polygon are indefinitely 
diminished, to continue to be such without tending to any 
limit in which that character of alternation would cease. 


| Here it is evident that while every point in the circumference 


of the polygon approaches indefinitely to the curve, its linear 
elements do not tend to coincidence of direction with the 


tae. bau . 
curve. Here then the limit to which c approaches in the 
. dy. 
polygon 1s not the same as the value of a in the curve. 


33. If then the solutions of a difference-equation of the 
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first order be represented by geometrical loci, and if, as Ax 
approaches to 0, these loci tend, some after the first, some 
after the second, of the above modes to continuous curves ; 
then such of those curves as have resulted from the former 
process and are limits of their generating polygons in re- 
spect of the ultimate direction of the linear elements as well 
as position of their extreme points, will alone represent the 
solutions of the differential equations into which the differ- 
ence-equation will have merged. This is the geometrical 
expression of the principle of continuity. 


34, The principle admits also of analytical expression. 
Assuming h as the indeterminate increment of a, let y,, y,,., 
Ye» be the ordinates of three consecutive points of the 
polygon, let @ be the angle which the straight line joining 
the first and second of these points makes with the axis 
of x, yy the corresponding angle for the second and third of 
the points, and let y—¢, or @, be called the angle of con- 
tingence of these sides. 


Now, 
© Fes ae ath Ya. 
tanga, tan yp = Se Te 


Yarn — Yarn Yorn — Ye 


h 


tars Ose etree ee 
TE. ten = Ye Yuen Yarn 


Yorn — 2Y ent Yo 
h 


ee 1 + ten — ds oe tv 


Now, since 4 = Az, we have 
Yorn — Y= AY,, 
Yorn — Yay t+ y.=A’y,, 
Yorn — Yan = Ay, + A*y,. 
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Therefore replacing y, by y, 


Now the principle of continuity demands that in order 
that the solution of a difference-equation of the first order 
may merge into a solution of the limiting differential equa- 
tion, the value which it gives to the above expression for 
tan 6 should, as Aw approaches to 0, tend to become infini- 
tesimal; since in any continuous curve or continuous portion 
of a curve tan @ is infinitesimal. Again, that the above ex- 
pression for tan@ should become infinitesimal, it is clearly 


2 
necessary and sufficient that fe should become so. 


ar 
_ 35. The application of this principle is obvious. Sup- 
posing that we are in possession of any of the complete 
primitives of a difference-equation in which Aw is indeter- 


minate, then if, in one of those primitives, the value of Az 
2 


being indefinitely diminished, that of au tends, independ- 


ently of the value of the arbitrary constant ¢, to become infini- 
tesimal also, the complete primitive merges into a complete 
2 


primitive of the limiting differential equation; but if oo 


tend to become infinitesimal with Aw only for a particular 
value of c, then only the particular integral corresponding to 
that value merges into a solution of the differential equation. 


36. We have seen that when a difference-equation of the 
first order has two complete primitives standing in mutual re- 
lation of direct and indirect integrals, each of them represents 
in geometry a system of envelopes to the loci represented 
by the other. Now suppose that one of these primitives 
should, according to the above process, merge into a com- 
plete primitive of the limiting differential equation, while 
the other furnishes only a particular solution ; then the 
latter, not being included in the complete primitive of the 
differential equation, will be a singular solution, and retain- 
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ing in the limit its geometrical character, will be a singular 
solution of the envelope species. Hence, the remarkable con- 
clusion that those singular solutions of differential equations 
which are of the envelope species, originate from particular 
primitives of difference-equations; their isolation being due 
to the circumstance that the particular primitives of the 
difference-equation, obtained from the same complete primi- 
tive or indirect integral by taking other values of the arbi- 
trary constant, not possessing that character which is required 
by the principle of continuity, are unrepresented in the solu- 
tions of the differential equation*. 


4. : . : sewed a ay 
37. Ex. The differential equation y= au ate e has 


for its complete primitive 


Y= CLEC sananat cotter: briana tics (42), 

and for its singular solution, which is of the envelope species, 
= PRIS, BN 1. F(43)3 
E perieay (43) 


It is required to trace these back to their origin in the 
solutions of a difference-equation. Ist, Taking the difference 
of the complete primitive, Aw being indeterminate and ca 
mere constant, we have 


Ay=cAz. 


A we, Vhassiz 3 Be 
Hence.c = a and substituting in the complete primitive, 


* It must be remembered that in all this we take no notice whatever 
of the peculiarities arising from the periodicity of the arbitrary constant. 
The extent of the periodic variations of this constant are wholly indepen- 
dent of the magnitude of Ax, so that they remain the same however small it 
be, and thus would prove absolutely fatal to the continuity of the resulting 
curve were C’ not taken as an absolute constant. But this is in reality no 
limitation. For we do not pretend that point-systems can. ever become 
continuous curves, but they may form the angular points of a polygon of 
which the curve is the limitihg form. Change cannot be continuous in the 
difference-calculus so that C might be considered an absolute constant since 
it is constant with reference to the fundamental Operation A. It is solely 
because we wish to embrace also the operation D (implying continuous 
change) in our investigations that we adopt the fiction of C varying con- 
tinuously subject to the condition of being a periodie constant, 
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we have 
hy, (AY 
yaae + (2) AEM ater ak (44) 


This is the difference-equation sought. 


Taking the difference of (41), Aa being still indeterminate 
but ¢ a variable parameter, we have as in Hx. Art. 3, 


Ac + 2c =— (a+ Az), 


a difference-equation for determining c, and by precisely the 
same method as in Ex. Art. 3, we arrive at the solution 


x h 2 hon 
he te (et) i{ ang 
he (— 1" I wane 9 
Se 
é 5} + ‘a (45) 


It results then that (44) has for complete primitives (42) 
and (45), h being equal to Aw. 
Qndly. To determine tan @ for the primitive (42), we have 
Ay =cAa, A’y=0, 


whence, substituting in (A), we find tan 0= 0. Thus the 
complete primitive (42) merges without limitation ito a com- 
plete primitive of the differential equation. 


But employing the complete primitive (45), we have 


era tec erent 


> 


Hence 
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Now this value does not tend to 0 as h tends to 0, unless 
c=0. Making therefore c=0, h=0, im (45), we have as 
the limiting value of y 


and this agrees with (43). 


Thus, while the complete primitive of the differential 
equation comes without any limitation of the arbitrary con- 
stant from the first complete primitive of the difference- 
equation, the singular solution of the differential equation 
is only the limiting form of a particular primitive included 
under the second of the complete primitives (45) of the 
difference-equation. Geometrically, that complete primitive 
represents a system of waving or zigzag lines, each of which 
perpetually crosses and reerosses some one of the system of 
parabolas represented by the equation 


a, _# 
Lee eee © 


As h tends to 0, those lines deviate to less and less distances 
on either side from the curves; but only one of these tends 
to ultimate coincidence with its limiting parabola. 


38. As the nomenclature of this chapter is not very simple it may be 
useful to recapitulate the various kinds of solution that a difference- 
equation of the first order and n® degree may haye: 


Tq; i iti . . . . 
ropes sreaey solutions involving an arbitrary constant from 
which the equation can be derived, and which can be derived from it. The 
two classes of solution are the same in their relation to the equation ; any 


one may be chosen as complete primitive, and the next become indirect 
integrals. Arts 15, 16. 


II. Complete primitive (in the less strict sense of the word) 
Component primitive _ solutions 
Derived primitiva 
which do not give to Au, all the freedom it may have, but which still allow it 
such values only as the difference-equation also permits. All these classes 
of solutions have the same relation to the equation, they are derived or 
component in relation to one another. Sets of n such equations granting to 
Au, all the alternative values permitted by the equation form the only 
complete solution that most equations have, and if the members of any 
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such set be called component primitives, all other solutions can be considered 


| as derived primitives. Arts. 11—13. 


Ill. Singular Solution 
Multiple Integral ! See Art. 21. 


EXERCISES. 
1. Find a complete primitive of the equation 
(Au, — a) (Au, — 6) =9 


which shall satisfy the equation Au, —a = 0 only when @ is a 


multiple of 3. 
2. The equation 
me Ayer/ py BOY ) 
y= aa (# orem 
is satisfied by the complete primitive y=ca*+c’. Shew that 
another complete primitive 


ot 


12 {a tape -3- 7a 
may thence be deduced. 
3. Shew that a linear difference-equation with rational and 
integral coefficients admits of only one complete primitive. 
4, The equation 
( Ay Vo Ay _ gry =0 


a+ a-1l 
has y=ca*+c° for a complete primitive. 


complete primitive. 


Deduce another 


by 


‘a api W ies) pO oan si i shew that 


according as a is odd or even. 


206 EXERCISES. [CHy x 


6. Obtain from the difference-equation y= aby + 


the indirect integral 


when 2 is odd, 


DS Saar ee 2.4......(@—1) O 
Lo3. eee ae) 2 ASS a : 

We 4c. ( Dp ketenes ale 
and trace the derivation of the singular solution of the dif- 
ferential equation y = epee + therefrom* 
ere q y ds , 

da 


7. From the difference-equation wu=a2Au+ (Aw)? has 
been derived the indirect integral 


w= {o(- yg 4; 


shew that, assuming this as complete primitive, the equation 
u = ca +c’ results as indirect integral. 


* Here we need not change Az, but may keep it unity, and suppose 
that «, y, m, are all infinite and of the same order, since the equation is 
homogeneous in 2, y, and a constant other than that of integration. Sub- 


—— n ms 
stituting in the usual way ,/27n (”) for |n we shall obtain 


mC 7 1 
Atya,= ih :. : 
Teuton ia oies 


and, as the work will have shewn that @ must be of the same order as 


aE so that the terms of this expression are finite, the condition of conti- 


OS [Frail Cah 
MI Cale es tate copa teay 


whence y,,=2,/2me, i.e. the po-nt-system becomes the curve y=4ma. 


nuity becomes 
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8. The equation w,,,= (1+u,4)° is satisfied by 
be = (a+ C)*, 


| deduce thence a cycle of three complete primitives. 


9. Form the difference-equation whose. solution is the 
system of alternate equations 


y-ce +e =0 
cy—x+x2=0 )’ 

and also form a difference-equation of the first order whose 

complete solution is one of the derived integrals of this 

equation. 


10. Shew that if instead of putting equal arbitrary 
constants in (V,—¢,) (V,— G%)-+++ =() we put them alter- 
nately positive and negative, but of equal numerical value, 
the resulting differential will be the same, but the resulting 
difference-equation will be different. 


11. Shew that the solution y=0 of the equation 


dx 
is analogous to the singular solutions of difference-equations 
spoken of in Art. 21. 


3 
YN = Age dy 87? = 0 (Boole, Diff. Eq., Ch. vur.) 
eee | 


CHAPTER XI. 


LINEAR DIFFERENCE-EQUATIONS WITH CONSTANT 
COEFFICIENTS. 


1. THE type of the equations of which we shall speak in 
the present chapter is 


Fees Bam A,, are constants and X is a function of | 
the independent variable only. This form will manifestly 
include the form 


A*ug-+ Ay A" ug Gegorh A ws Xie. ti. cae (2), 
and may be symbolically written 
AOR Ga ate e reach npy ele (3), 


where f(H) is a rational and integral function of E of the 
n'” degree, with unity as the coefficient of the highest term, 
and with all its coefficients constant. 


2. Now we know from (10) page 18 that E=?, so that 
we might write (3) in the form 


AP piye ey Coma, be Re etm (4), 


and consider it a linear differential equation of an infinite 
degree and solve it bythe well-known rules for such equa- 
tions. The complementary function would then have an 
infinity of terms of the form Ce™ where m would be deter- 
mined by the equation f(e”) =0; and to this we should have 
to add a particular integral obtained either by guess or 
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_ by special rules depending on the form of X. But we shall 


not adopt this mode of procedure, and that for two reasons. 
In the first place we have to face the difficulty of an equation 
of an infinite degree, or rather of an equation that combines 


the difficulties of transcendental and algebraical equations ; 


and though we know from experience of Ex. 2, page 79, that 
these difficulties are more apparent than real, and that the 
infinitude of roots merely signify that the constants obtained 
are periodic and not absolute constants, the method still is 
open to the objection of being unnecessarily complex and 
intricate. But there is a more important reason for not 
adopting this method. The problems of Finite Differences 
are really phenomena of discontinuous change, the variables 
do not vary continuously but by jumps. And a method is 
open to grave objection that treats the change as a con- 
tinuous one the results of which are inspected only at certain 
intervals. At all events such a method should not be 
resorted to when the direct consideration of the operations 
properly belonging to the Difference-Calculus suffices to solve 
our problems. 


8 We have seen in Chapter II. that E and A like D 
will combine with constant quantities and with one another 
as though they were symbols of quantity. And thus S(£) 
when performed on the sum of two quantities gives the 
same result as if it were performed on each and the results 
added. Hence if we take any two solutions of the linear 


difference-equation 


- the sum of these solutions will also be a solution. 


Also any multiple of a solution is obviously a solution. 
So that if we can obtain n particular solutions V,, Vee, 
connected together by no linear identical relation, then will 


dig = OV, + OV, + Sic. + Ca V an vveeerevere . (6) 


be a solution, and in virtue of containing n arbitrary constants 
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it will be the most general solution*. ' We shall now proceed 
to find these particular integrals and shall then have solved 
equation (5), which is the form which (1) assumes when 


4, Let f(£) =0 have as roots m,, m,,......m,; EH being 
treated as a symbol of quantity. Then we know that 
Sf (£) = (H-m,) (E-—m,) ... (H—m,) «0... Esa Vine 


whether # be a symbol of quantity or of operation, so that 
we may write (5) thus, 


(E—m,) (E—m,) ... (E—m,) Uy = 0......(8), 


where H—m, &c. denote successive operations the order of which 
is indifferent. But if we solve the equation (H—™m,) u,=0 
we obtain a particular solution of (8), since the operation 
(i —m,) (E—™m,)...(H#—m,_,) performed on a constant of 
value zero must of course produce zero. Putting in turn 
each of the other operational factors last, we obtain other 
particular integrals, and thus when the roots are all different 
we shall obtain the n particular integrals V,, V,,...V, (which 
give us by (6) the general solution) by solving n separate 
equations of the form 


OE i A ee nee pera (9). 


5. But if one of the roots is repeated—say r times—this 
method fails ; for r of the solutions would be in point of fact 
identical or merely multiples of one another. But if the 
said root be m, and we take the full solution of the equation 


(EH — m,)"Uz = 0 «02... Peaiase St ato: (10), 


(involving, as it will, r arbitrary constants), instead of takin 
the solution of the corresponding case of (9), we shall have 
as before the right number of arbitrary constants and there- 
fore the most general solution. 


* It must be noticed that in linear equations with constant or rational 
coefficients, there are no difficulties arising from alternative values of the 
increments of the dependent variables as in the cases which formed the 
subject of the last chapter. The value given for all successive differences igs 
ahioty, peuaue, so that but one complete primitive exists. See note on — 
page 181, 
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6. We have thus reduced the problem of solving (5) in 
all cases to that of solving a number of separate equations 
of the form 


(Ei — sit)" R= Ons. cesache + ongeseie opts ss (11) 
But (see note page 73) : 
Wat) GC, ese of (GLU) Ue aicdacealv.s: cncseabees (12); 


hence 
(Ei — m)"u, =m (mE — m)"’m~u, = m*""A"(m~u,) =0 by (11) ; 
- Aim ~u,) =0, .. m~u,= 0,+ Cet Cai t+... C2, 
since the r** difference of such a function vanishes; and thus 
MAC tO inst p AaTI MD asm ces otenee te (13), 


Thus the general solution of (5) is 
TS a ORO NOL DA Ke ORE CRONE ear tn eS (14), 
where r is the number of times the root m is repeated in the 
equation f (£) =0. 


7. We will illustrate the foregoing by an example. Let 
the equation be 


Vie Neco pane) Zitle =e O sige ae scereies ses (15), 
or (Z* — 3H — 2) u, = 0. 
This is the same as 


(E+1)?(H-2)u, =0, 


and thus the solution of (15) is 


t= (C+ Cr) (—1)) C27. nosceeessenes. (16). 


8. A slight difficulty presents itself here—not in the 
theory of the solution, but in the interpretation of the result. 
It would seem as if we must content ourselves with results 
impossible in form whenever the roots of the equation for # 
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are impossible. This may be avoided thus. Impossible 
roots occur in pairs so that with any term Cz" (a+ ABvV—1)* in 
the solution, corresponding to a root («+8 —1) repeated at 
least (r +1) times, there will be a term C'2"(a—8 /—1)*. 
Assuming 


a+BV—1=p (cos0+V—1sin 8), 
which gives 


p=V24+e8%, tand= ¥, 
the terms become 
a’p* {CO (cos 20 + V—1 sin x6) + C’(cos 26 — /—1 sin x6)}, 
or xp" {M cos 26 + N sin x8}, 


where Mand N are still arbitrary constants. Thus the part 

of the solution of f(/) u,=0 that corresponds to the pair of 

impossible roots a + & V—1 repeated r times in f(Z) = 0 is 
(M,+ Mart ...+ M2”) p* cos «6 


+ (N+ Niawt...+N,2"”) p* sin 28, 


which has, as we see, the right number of constants. 


Ex. 1. Let the equation be 


Ugsg F Dag Poth, = Divtnwnds cddegudomian (17), 
or (E* +1) u,=0. 
pe a 


The roots of f(#) =0 are—l,and 
twice, the solution is therefore 
¢,(— 1)" +.6,(-1) 2+ (M+ Mx) cos E+ 
(W,+ Nz) sin 


x? each repeated 


TX 


5 (18), 


since p=1 and tand= /3. 


9. We have thus obtained a solution of the most general 
form possible of the equation f/(#)u,=0. We shall now 


ART. 10.] WITH CONSTANT COEFFICIENTS. 213 


proceed to the more general form of equation which we 
chose as the subject of this chapter, viz. 


TUS OS) ee (19). 


But our past work stands us here in good stead. For if to 
any solution of this equation we add a solution of f(£) u,=0, 
the result of performing f(Z) upon their ‘sum will be X+0 
or X (see Art. 3). If then to a particular solution of (19) 
we add the general solution of (5), we shall get a solution 
of (19) involving n arbitrary constants, and which must 
therefore be the most general solution of (19) possible, 


Our task has therefore reduced itself to finding a particular 
integral of (19). And our first thought is to try if we cannot 
obtain it by a device similar to that which gave us the solu- 
tion of (5)—in other words, deduce it from the solutions of 
simpler equations. At first sight the method seems wholly 
to fail. For if we solve (H— m,) u, =X and obtain the solu- 
tion X,,, it is no longer a solution to the full equation. On 
performing f(Z) upon it, we obtain 


(H—m,)(£—-m,)...(H—m,_,) X00... (20), 
which involves X and its next m —1 consecutive values. 


Similarly if we find X, the solution of (4 —m,) u,=X, we 
should obtain, on performing f(/) upon it, 
(E-—m,)... (H—m,_,) (H—m,,,) ... H—m,) X...(21), 
10. But a modification of our former method will still 
give us an integral. Instead of taking merely the solution 
of one of the simpler equations, take those of all and com- 
bine them by multiplying each by a constant and adding the 
results. If we perform f(Z) on m,X,+m,X,+ --- + baXn— 


the roots of f(£) =0 being for the present supposed all dif- 


ferent—we shall obtain the quantity 
My Soe ms) 22% (pce Mn) +f, (£—™m,) (Z—m,) wei Cire M,,) +... 
+ py (L—m,)...(H—m,_,)} Xe. (22). 


And if by choosing #,, f1,--- MH, aright we are able to make 
the coefficients of all the powers of Z# in (22) vanish and the 
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term independent of HZ become unity, we shall have a solu- 
tion of (19) in 
Uy = by Xy H oyXeg tree aAncvsereersereees (23). 
To do this we must have 
p, di —m,) ... (H— m,) + (EZ —m,) (Z—m,) ... (Z—m,) 
H&G, Seo th eo oc sep sate be ee (24), 


when E is treated as a symbol of quantity. This proviso 
enables us to divide with confidence by f(#), and we see 
that 


BK, bs Un = 1 25 
pee ea Ue fas bP he 
or in other words p,, My, --- are the numerators of the partial 
1 
ractions into which ——~ can be resolved. 
f Fb) 


11. Nor will this method fail when a root is repeated. 
Let a root m, be repeated r times, then if we use for — 
XEN 38 Xe hehe solutions of the equations 


(EH —m,) u,= X, 
(E-—m,)’ u,=X, 
(E—m,)" u, = X, 


we shall have for the corresponding values of » the nume- 


yators of the partial fractions forming FB)’ whose deno- 
) 
minators are 
(H—m,), (EZ —m,)’, ... (EB — m,)’. 


Thus we have reduced the solution of (19) to that of the 
equation 


which we can write by (12) 
iN Oi teak: 


mu, = Sm" X, 


' partial fractions into which 
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or U,= Mm ym X, 
and (19) is fully solved. 


And a little further consideration shews that this last 
investigation renders unnecessary that in Arts. 2—5, which 
suggested it. For in each of the quantities X,, X,,...X, 
there is a term involving an arbitrary constant, and of the 
form Om,", Cm,7, &c. If we include these in the values of 
X, &c. which we substitute in (23) we get the general solution 
at once*, 


12. Let us examine the results at which we have arrived. 
From the equation f(#)u =X we have deduced 


mee ILEN Sal Cat LT NX ataceacenst oeteee te re (27), 


where X,, X,... are the solutions of (H-—m,)u,=X and 
kindred equations, and p,, m,...are the coefficients of the 


is resolved when EF is con- 


J (#) 

sidered a symbol of quantity. But it is natural to ask,— 
Could we not have obtained this at once by symbolical 
methods, thus:— 


ee (re bn : 
tm ag X= | ph + he. + PR (28). 
But, since X, is a solution of (H7—™m,)u, =X, 
xX 
X= goign LIER pods nde (29); 
Ah if CRAFT OC oi eng) Pe: Ra nce eA OL) 


agreeing with (27). 


* It might seem that we shall get more than sufficient constants by this 
method when roots are repeated. For (H-—m)"u,=x will give r constants, 
and (E-m)'"—u,=a will give r-1 additional ones, while there should 
only ber in all. But since all the solutions of the equation (EH —m)"1u,=0 
are solutions of the equation (H—m)*u,=0, and all the terms which we are 
considering come from these last equations, we neither gain nor lose in 
generality whatever solution of (HE —m)"'—u,=0 we take, provided we take the 
full solution of (E — m)"u,=0 which gives r arbitrary constants. 
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13. At first sight this method seems justified by the 
properties of # proved in Art. 9, Ch. u. And there is no 
doubt that, as far as suggestiveness is concerned, such an 
application of symbolical methods is all that could be 
desired. But as it stands it is not rigorous. So long as 
our operations are direct we may place absolute reliance on 
symbolical methods, for the results of the operations are 
unique, and hence equality in any sense must mean alge- 
braical equality. But so soon as any of the operations are 
indirect, further investigation is needed. The results of the 
indirect operations are not, in an algebraical point of view, 
definite, and we must carefully examine each case in order to 
discover the conditions of interpretation of the results that 
there may be algebraical equality. For instance, 


(E—a) (E —))u, = (E— b) (Ba) tz... (31), 
1 1 
Roa does not equal ia 


since the left-hand side is definite and the right-hand side ~ 
has an arbitrary constant. And, while the first may be taken 
as an equivalent of u,, the latter is only so when we stipu- 
late that the constant in the term Ca’, resulting from the 


shall be taken zero. One difficulty 


but (Z-a) 


(E—a)u,...(32), 


performance of 


1 
E-a’ 
of this kind we met with at the beginning of Chapter Iv., and 
we shall content ourselves with investigating the present one, 
leaving all future cases to the student's own examination. 


14. Take then (28). Since u, is not considered a definite 
quantity, but as a representative of all the quantities that 
satisfy (19), there is no absurdity in representing it as equal 
to the quantity on the right-hand side of (28) which has n 
undetermined constants. All we have to ask is, whether on 
performing f(£) on the right-hand side of (28) we shall obtain 
X; and, this last being a perfectly definite quantity, while 
the right-hand side of (28) is indefinite, we might expect that 
some conditions of interpretation would be necessary in (28) 
to render the equivalence algebraical. But it is not so. For 


on performing f(£) on the first term, viz. ge the opera- 
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tion (H—a), which is one of those composing f(£)*, is 
absorbed in rendering this indefinite term strictly definite, 
so that the whole result of performing f(£) on it is strictly 
definite. Thus the result of performing f(Z) on the right- 
hand side of (28) is a strictly definite quantity, and as under 
some circumstances it must equal X (which we know from 
the laws of the symbol /), it must be actually equal to itt. 


Ex, 2, Ung — DUp,, + Bu, = 5”; 
or (H—3) (E—2)u,= 5"; 
5 1 1 1 ane 


ES easy TED) em NESE limit > 
1 Pa t 1 2 eee Ey © (Qe 
= 55° + O3'— 25+ CR = 25+ CH + OR. 


15. The above is a general solution of linear difference- 
equations with constant coefficients. But, as we have seen 
that the part involving arbitrary constants is readily written 
down after the algebraical solution of the equation f(Z) =0, 
and that any particular integral will serve to complete the 


* It must be remembered that these operations being direct it is wholly 
unimportant in what order we perform them. 

eyes te My 

+ While it is true that f (EZ) we, 

no means true that } Zi a + &¢. f (E) X=X. The importance of care in 

this respect if we would avoid loose reasoning may be exemplified by an 


+e X=X whatever X may, it is by 


: cos mer . 
example. In Linear Differential Equations such @ quantity as meee is 


’ often evaluated thus : 


cosma (D-—a)cosmz  —msinmx—acosmx _ —msin mx — a COS Mx 
ID cene Da D? =a “A —m—a? 
The first step with the interpretation afforded by the second is wholly 
inadmissible : 
It should be thus: 
cos mx } COS Mx —msin mx — a cos mx 


cos mx = 
os me = (Da) ) Dr gs } =~ 4) =m? —a? —m—a 
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solution, it is usually better to guess a particular integral, or 
at all events to obtain it by some special method. 


The forms of X for which this can readily be done are 
three, viz. 


(I.) When X is of the form a”. Since f(E)a®=f(a).@ 


2% 


; 1 
we obviously have 03) a= F@ a”. 


(II.) When X is a rational and integral function of a. 
Here we have only to expand f(£) in a series of ascending 
powers of A, and perform it in this shape on X. The result * 
will of course terminate, since X is rational and integral. 
Should /(#) when expressed in terms of A assume the form 
A’(A + BA + &c.), we must evaluate = or =X before apply- 
ing this method, or may omit the factor A’, apply the 
method, and then perform 2” on the result. 


(III.) When X is of the form a*p(x), where $(a) is a 
rational and integral function of a Here the formula 


f(B)a%(a) = a°f(aE) $(2) gives us 
Ly « pill bey taken Bee 
F(Z) a f(x) les tf (a#) $( yi 
which comes under our second rule. 


Sin mx and cos mx are really instances of (I.), though the 
results will be given in an impossible form. 


16. Special cases of failure of these rules will occur, as in 
the analogous cases in differential equations. We shall con- 
clude the Chapter with two examples of this. 


Ex. 3. (H-a) (H—b)u, =a". 
Here 7G) =0; aq: 


* Its determinateness will serve as our warrant for its truth, 
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But we may in this case proceed thus: 
re a” - 1 
~ (H=a)(E—b) ° (@F—a) (aE—5) 
= z byt mae Ea 3 
aX (a—b+aA). a—b+aX’ 
which comes under (II.). 


Uz 


by (IIL) 


Ex. 4. (#— 2)? (#—1)u* = 272”. 
This will be done in a precisely similar way : 
aie his 
a Ok7 = Ques 3 
Me = 2" SRSA 1) 2 F5K 


= 2S" 40 4) 977 [FAs anh 
60 88 : 


17. In a short note in Tortolini’s Annali (Series 1. vol. v.) Maonardi 
gives a solution of the linear difference-equation with constant coefficients 
that does not require the preliminary solution of the algebraical equation for 
£, but the results do not seem of much value. 


EXERCISES. 
Solve the equations : 
1. u,,.— 3u,,, — 4u, =m". 
2. Uy + 4U, + 4 =o. 
8. Uso + 2 + U,= v(x — 1) (e@— 2) +2(—1)*. 
4. U,..— 2mu,,, + (m?+n’*)u= mM. 


Au,+ A*’u,=2£+sin 2. 


On 


St 


Uy, — OUtg yy + 8,4, — BU, = w+ (— 3)*. 
A’u, — 5Au,+ 4u,= 2"(1 + cos 2). 
8. A®u,.,— 2A°%u, = a+ 3% 


220 EXERCISES, [CH. XI. 


a et 
9, Uy WU, = COS ML, 


10. w,,,+ 2n7u,,.+n'u, = 9. 


11. A person finds his professional income, which for the 
the first year was £a, increase in A.P., the common difference 


being £5. He saves every year m of his income from all 


sources, laying it out at: the end of each year at 7 per cent. 
per annum. What will be his income when he has been x 
years in practice ? 


12, A seed is planted—when one year old it produces 
ten-fold, and when two years old and upwards eighteen-fold. 
Every seed is planted as soon as produced, Find the number 
of grains at the end of the « year. 


| 
} 


CHAPTER XII. 


MISCELLANEOUS PROPOSITIONS AND EQUATIONS. SIMUL 
TANEOUS EQUATIONS. 


1. SINCE no class of equations of an order higher than 
the first have been solved with the completeness which 
marks the solution of linear difference-equations with con- 
stant coefficients, it becomes very important to find what 
forms of equations can be reduced to this class. The most 
general case of this reduction is with regard to equations 
of the form 


Unin as A,f (a) Unyn-4 a Ad (x) d (a ee 1) Uzyn_2 
+ A,d (a2) $ (2-1) b (@ —2) theyn g + WC. = X......(L), 


where A, A,...A, are constant, and ¢ (x) a known function. 
These may be reduced to equations with constant coefficients 
by assuming 


ty = (w — 1) f (= =) ve (L) Oe erererereees (2). 
For this substitution gives 
Wyn = $ (2) f (aw — 1) p (w= 2) «+ 6) Means 
Unyn = (a — 1) Co) (a — 2) .. x (1 )w a4n-1? 
and so on; whence substituting and dividing by the common 
factor ¢ (x) ¢(a—1)... ¢ (1), we get, 
Ag 
teen + Asem + Atoms t= 5G 6 = TOC) 


an equation with constant coefficients. 
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In effecting the above transformation we have supposed 
to admit of a system of positive integral values. The general 
transformation would obviously be 


u,= (x—n) d (wa —n—1)... $ (7), 
r being any particular value of # assumed as inztial. 
Equations of the form 
Unyn + AyQ Uren + AO” Uzin. + Ke. = X, 
are virtually included in the above class. For, assuming 
(x) =a", they may be presented in the form 


Ung, +A, (©) gna + Aa p (x) b (@—1) Uzi, + &e. = X. 


Hence, to integrate them it is only necessary to assume 
142438 ...+ 
Un 23 at 3 (=-®)} Vz 


(a—n) (27-n+1) 
=a ; UE Sous ctnt tae daste os (5). 


9. By means of the proposition in the last article we 
can solve all linear binomial equations. Let the equation be 


whit AGB Al benuhod ad, woe (6). 


Assume 


Al SU Unt ci U pen rie Oe ee eee tye morta (7); 


+ aon 
Take logarithms of both sides and let log v,_,,, = Wz, then 
we have 
Wrjng + Wrine + &C. + Wy = log A, .-...0--000 (8), 
a linear difference-equation with constant coefficients. Solving 


this we obtain w, and thence v,, which enables us to put (6) 
into the form 


by Art. 1, and thus the equation is solved. 


Such equations are however substantially equations of the 
first degree, and should be treated as such, They state a 
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connection between consecutive members of the series u 
Uriny Uren &c., and leave these last wholly unconnected wath 
intermediate values of wu. We should therefore assume a = ny 
and the equation would become a linear difference-equation 
of the first order, the independent variable now proceeding 
by unit increments. 


3. Equations of the form 


Uy Uy + Aggy + Olly = Cy sereee TALS MVE (10) 


can be reduced to linear equations of the second order, and, 
under certain conditions, to linear equations with constant 
coefficients *. 


Assume 


Ursg Versa 
Uns (tt, ate a) ae ( — Dees 
LA a 


_ Vxr42 


= Ap 
Ve re 


Whence substituting and reducing, we find 
Unig t+ (By — Frys) Yara — (AxOn + Cr = sce scuns ots: (Gi 


a linear equation whose coefficients will be constant if the 
functions b, —a,,, and a,b, +¢, are constant, and which again 
by the previous section may be reduced to an equation with 
constant coefficients if those functions are of the respective 


forms 


Ad (a), Bo (x) $ (x1). 


4. Although linear difference-equations with variable 
coefficients cannot generally be solved, yet, in virtue of their 


* Should c, be zero the equation is at once reduced to a linear equation of 


the first order by dividing by uz tpt) and taking a, a8 our new dependent 
x 


variable. 
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linearity, they possess many remarkable properties akin to 
those possessed by linear differential equations, and which 
under certain circumstances greatly facilitate their solution. 
One of these properties is stated in the following Theorem. 


TuroreM. We can depress by unity the order of a linear 
difference-equation 
Unin + Athen at Beblayna +06. = KX oeseeee.(12), 
if we know a particular value of u, which would satisfy tt were 
the second member 0. 


Let v, be such a value, so that 
Vain + Aen a + Badagy a t EC. =0 o..cc00ects (18), 
and let u,=v,f,; then (1) becomes 
Usisbcin + Aare tose tee eam &e. = X. 
Or Uz ebb byt Aen slevila te Monat ease e 


Replacing H by 1+A, and developing £", H"%, &c. in 
ascending powers of A, arrange the result according to as- 
cending differences of t,. There will ensue 


(Grn =e Aes “i Meee oe .) t, 
+ PAt, + QA‘t, ... + ZA"t, = X. 


P, Q,...Z being, like the coefficient of ¢”, functions of v,, v, 
&c. and of the original coefficients A,, B,, &c. 


+1? 


Now the coefficient of ¢, vanishes by (13), whence, making 
At, =w,, we have 


Pw, + QAw,... + ZA"*w, = X, 


a difference-equation of the n —1™ order for determining w,*. 
This being found we have 


= Sw,. 2 u, 02a 


* That the supposition u,=v, t, would lead to a difference-equation of the 
(n-1) order for At, is obvious from @ priori considerations. For the 
complementary function of (12) contains a term Qv,, hence the full value of 
t, contains a term C, and thus the full value of At, contains only n-1 
arbitrary constants, and it must therefore be given by an equation of the 
n—1)" order, That this equation will be linear, follows from the fact that 
the full value of t,, is linear in the constants of integration, 
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5. We shall demonstrate the Theorem of the last Article 
by another method, which shews more clearly how the pro- 
perty in question depends on the linearity of the equation ; 
and this second method will teach us how to extend ans 
Theorem to the case in which more than one solution is 
known. 


It was shewn in the last Chapter that linear difference- 
equations of the n™ order had solutions of this form : 


U.= CLO + GV, + &C. 03. + Ln (14), 


where C,, C,,... are arbitrary constants, X,, X, are functions 
of a, and J is a particular integral ; also, the part involving 
the arbitrary constants is the solution of the equation formed 
by putting 0 for X in (12). 


Change # into +1 and eliminate C, between the equa- 
tions, obtaining 


\n- ola eV a ee (15), 
suppose. 
Cal are = M, where MM, is of course a function of a. 


Proceeding as before we shall at length obtain 


=a quantity depending on I alone, and therefore 


AE an iileeeaees, Pn Re Blix xd ete sakes (16), 


for the left-hand side must be identical with the first 


member of (12), since, when equated to zero, they have 
exactly the same solution. 


Thus every operation denoted by an operating factor of 
the form 
E*+ A,E™' + &. +N, 
can be split up into n consecutive operations, denoted by 
factors of the form H—M,; and this can be done in many 
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ways, for if we change the order of elimination we shall find 
that we get wholly different operational factors. 


Now suppose we know the first r of the quantities U,, V,, 
then we know the last r operational factors. Assume 


(E— M,)(£-M,,_,) ... — M) Uz = Ugeresceees ever 
then v, is determined by the equation of the (n — r)™ order, 
(E—M,) (£-4M,,) ... (HE — M,,,) =X... (18). 


This last equation we shall now shew can be obtained from 
our knowledge of U,, V,, &c. 


Let (17) when expanded be 


CS Pe 4 CP) ti =e 0, Oe sonaces scees (Laie 
or, what is the same thing, let the equation whose solution is 
CLUE Ce Ze sn ae ce ones (20) 
be (A + PE" + &. + P.)u, =0. 
And let (18) when expanded be 
(E+ QB + Se. + Qa r) Ue = KX eveeecceseeeeees (21), 


Q, Q,, &c. being the coefficients that we are seeking. 


Substitute for v, from (19), we must obtain (18) thereby, 
and by equating the coefficients of w,, v,,,... of the result- 
ing equation with their coefficients in (13) we shall obtain n 
equations for the n —7r unknown quantities, Q,,Q,..... We 
shall thus obtain by algebraical solution of these equations 
the coefficients Q,, Q,,...Q,_~ Thus v, is made to depend 
on a linear difference-equation of the (x —7)*" order. When 
v, 18 known, uw, can always be found, for the equation con- 
necting it with v, is in tts resolved form, and can thus be 
solved by successive steps, each consisting of the solution of 
a linear equation of the first order. If »—1 independent 
solutions be known the equation is reduced to one of the first 
order, and can therefore be fully solved. Thus we obtain the 
more general Theorem. 
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_THEOREM*, _We can depress by r the order of a linear 
difference-equation 


Unint Aen + Botlern s+ &C.= Xoeeee... (22), 


if we know r independent solutions which would satisfy it were 
the second member 0; and if we know n—1 independent solu- 


_ tions we can solve the equation fully. 


Ex. Ifa solution of 


Ua ct 2A let aD ts Oe, Bs coccc oe (23) 
be U,, it is required to solve fully the equation 
Te Fe ei OW #0) ah. ORR SA (24), 
By the last Article equation (23) must be of the form 
Ue m4 
(H- P,) (E— 7, ) ty = Ovssersessneee(25) § 
and on comparing the two forms we obtain P,. Fe Be 
_ and therefore (24) may be written . 
| U, Ux saliees 
(E-B, a (E-7") mp am se AT). 


The first step in the solution gives us 


(2-087) [2 a2) | 


e41 
ofits apouaes. 
= ey) E rites + 0 |e BD). 
Dividing by U,,,, summing, and multiplying by U,, we 
obtain 


U,. lec eae 
(ape rp.) EB aan? o|} + O°, .....(28). 


* Tardi gives a proof of this theorem (Tortolini, Series 1. yol. 1), and 
especially considers the latter case. 
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6. Certain forms of linear equations can be solved by 
performing A upon them one or more times. 


Take, for example, the equation 
(a + bx) A’u, + (6+ dx) Au, + eu, = On. ues (29) 
and perform A* upon it. By the formula at the top of 
page 21, 
A*u,v, = (EA + A)"u,2.; 
we have 
{a+b (e@+n)}A"*u, + nbA"*u, 
+ {e+ feaay A”u,+ndA"u, 


+ cA®u= 0.....: (30); 
and if we take n=—<, supposing that to be an integer, 
we have a linear equation of the first order for A""'u, 


Ex. eh u, + (a — 2) Auz— Uz =O rr eeveeee (81). 
Performing A on it we have 
(a +1) A®u, + xA*u, = 0, 
which gives 


Substituting from (32) and (33) in (31) we obtain 
oF ae = ory 
w= pqtle {ec +el lee ba ten (34). 
A more general form of this solution would be 


“TG Tete Soy te} bP econt (35). 


The method is due to Bronwin (Camb. Math. J 
and Camb. and Dub, Math. Jour. Vol. 11). . Jour, Vol. 1. 
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_ 7. The solution of two very remarkable non-linear equa- 
_ tions has been deduced by Prof. Sylvester from that of linear 
_ equations with constant coefficients. 
ie Let Unin + DP Urn + GC. + Pylby, =O. .cceeceecee (36) 
be any such equation, Then writing it down for the next 
n values of a 

Wirmis t Dylon + KE. + Patter, = 9, 

| &e. = () 
Seta Te aan Cs Delt, = 0, 
_ Eliminating the quantities p,, p,, &c. we obtain 


| Usins Ugin_1 YOO Uz 
| Urns aecscae vies Una | 9 (37) 
MARIS POCERS WDE) Ware) 8 a BLU Soe ssesccste ss , 
| = Ih gaogaoegabosoanconad? 
| 

iss Goceemiont Tp 


_an equation which must be satisfied by every solution of (36). 


Now the solution of (36) is 
u, = Aa” + BB* + &e. to n terms ........... (38), 


_where A, B, ... are arbitrary and a, 8, ... depend on 
Py» P.» +. and these last do not appear in equation (37) which 
'we are now considering. Hence (38) will be the solution of 

(37), a, B,... being also considered arbitrary, thus making 
the full number of 2n arbitrary constants. 


By a slight variation in the method of elimination we can 
obtain the solution of a yet more general equation. Taking 
the last term of each of the equations to the other side and 
eliminating p,, P,,--» Pry» We obtain 


Un, U 


ae bi Ro op SE ta 
| u UTI: MES. ih). 
Partense? =p PPD eu rete cite 
|  —— Wasecossendsocoe |. ~ | SuesstonsedooseancAds 
| 
Uva cae ese Op ath Ogee eocetiises 
tig Am Pa arene We 


Peer reer reese eee eeeeseereee 


| 
i (— 1)"p, Unin aisiele(eleieia sielelerevelecec Unss bie (39), 
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or calling the last determinant P, 


Pag =(H IV) PnP a crvseerenecseecees (40), 
the solution of which may be written 
P, = C {(— 1)" pp}*seceeceeeeeseeeees (41). 
Thus the solution of the equation (writing n +1 for n) 
Unig Mn N eno toa Uz 
Te ee es Cine ete 
is ils se BRE EE 
the Uren Weta ps 
is U, = Aa® + BB* + Ke. to n+ 1 terms ......0.-. (43), 


where A, B, &c. and a, #,... are arbitrary constants limited 
by the two equations of condition 

m=aBy... 
and CO =the determinant P for some value of x. 


Tf we take this last-named value to be zero, it is evident — 
that 


AG” Sous Rhea gent hadgla.ae 
1) Aaianae. 2. x | ty By weve 
TAG. OB, OV nce Baas ease aa 
Aa dy. Ogesneahen 
py ap Pee % n(n—1) 
= ABC a, B, ¥, cocees x(— 1) : 
Ao tnccnacneaens 


= ABC... product of squares of differences of a, 8, y..- 
taken with the proper sign. 


Ex. The equation 


5 Meg bagdg — Use = Cr avasscaccccceceseees (44) 
may be supposed to be derived from the equation 
tt, Pe Ue 


which gives also 
Ware as Pz = — Use 
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Whence aac. P we have 


Ungy — Ugllzyy = Uz — U,,U,,, and .*. = constant, 


_ since it is equal to its consecutive value. 


Hence u, = Ag* + BG", where a8 =1, 


End (Aa? + BB") (Aa+ BB)— (A+ BY= 


-, ABa? + ABB — 2A Ba = Cap, 
or C= AB(a—f)*, 


Simultaneous Equations. 


8. Instead of a single equation involving one function we 
may find that we have a system of n equations involving 
m unknown functions of the independent variable. The 
method by which we reduce this to the former case is so 
obvious that we shall not dwell upon it. We must by the 
performance of A or # obtain a system of derived equations 
sufficient to enable us by elimination to deduce a final equa- 


_ tion involving only one of the variables with its differences 


and successive values. The integrations of this will give the 


_ general value of that variable, and the equations employed 


in the process of elimination ‘will enable us to express each 


other dependent variable by means of it. If the coefficients 


| are constant we may simply separate the symbols and effect 
| the eliminations as if those symbols were algebraic, 


x, 1, Uy, — ULV, = Of 
Up CU, = 0) - 
From the first we have 
Uy, —-U (@+1),,,=0 
Hence eliminating v,,, by the second 
Un, — 0x (x +1) u, =9, 


| the solution of which is 


u =|x—1 {Ca*+C'(-a)}, 
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and by the first equation 


U lal oti , psi) 
rp aidan ria ((B9 ahD 
xz ax a? { ( ) } 

Ex. 2 heyy + Wyse =O 
Ups, — lly — Vy =O 


This may be written 
(EZ —1) u, + 2Ev, = 0, 
—2u,+ (E-1) =; 
o ((B-1)+4E} u, =— 28a"; 
or (E+1)?u,=—2a™. 


This gives 
; : Qa" 
and from the first equation 
pe ao. : Ww Qa (a Sy 
2v,,, = — Auz = {20 + O' (2@+1)} (-1) + (a+1)" ? 
eax pi C' j 2, @ (a—1) 
. Gta Cs + O'x} (—1) Fete Sol i A 


9. On the subject of linear equations with variable coefficients the student 
should see a remarkable paper by Christoffel (Crelle, tv. 281), in which he 
dwells on the anomalies produced by the passage through a value which 
causes the coefficient of the first or last term to vanish. On the con- 
dition that an expression in differences should be capable of immediate 


summation, i.e. should be analogous to an exact differential, see Minich, 
(Tortolini, Series 1. vol. 1. 321). * 


EXERCISES. 


Integrate the equations 


1. Uz49—@Uz,, + (wv —1) u, = sin 2, one portion of the com- 
plementary function being a constant. 


2. Unin + Ungna t &C. + Uy = 0. 
Bo, u, =o (ub, us 


A, Uy = & (ty EUS) 
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_ 2 (+2)? (2 +1) (a+ 2) 
wil 41 2 ust) 


8. Integrate the simultaneous equations 


Uz, — Uz, = 2m (a +1) } 
Vn, — Uz =— 2m (a +1))° 


: try + (— 1)* 0, = 0} 
eae eta — 9) : 

10. Vri4 — Uz = (L—m) x 
W2,,— U,= ino 
tie,,—,= (nD) 2 

La Ung + 20,,, — 8, = a" | 
Vag — Uns, — 20, =a)” 


12. When the solution of a non-linear equation of the 
first order is made to depend upon that of a linear equation 
of the second order whose second member is 0 by assuming 


ax 


(Art. 3), shew that the two constants which appear in the 
value of v, effectively produce only one in that of w,. 


13. The equation 
Uy, — (a +47") U,,, FU, =9 
may be resolved into two equations of differences of the first 
order. 
14. Given that a particular solution of the equation 


x(x—l) 


Uzi — (a7 +1) u,,, +077 u,=9 is u, = ca? 5 
deduce the general solution, and also shew that the above 
equation may be solved without the previous knowledge of a 


particular integral. 
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15. The equation 
UU, Weyg = & (UU, F Maye) 
may be integrated by assuming uv, =4/@ tan v,. 
16. Shew also that the general integral of the above equa- 


tion is included in that of the equation u,,,—u,=0, and hence 
deduce the former. 


17. Shew how to integrate the equation 
Uy, Mesg + MesgWe t+ UaMe,, = Ms 
18. Solve the equations 
U,,, = (n—m’) vo, + &,, 
v,,, = (2m +1) v7, + ¥,, } 


= 


and shew that if m be the integral part of Vr, ~* converges , 


as a increases to the decimal part of Vn. 


19. If a, be a fourth proportional to a, 4, ¢, b, a fourth 
proportional to 4, c, a, and e, to ¢, a, 6, and a,, b,, e, depend 
in the same manner on 4,, 6,, ¢,, find the linear equation of 
differences on which a, depends and solve it. 


20. Solve the equation 
x (a+1) A*u,+ k (0 — 2x) Au, + ku, =0. 


21. Solve the equation | x 


+5? 
Mae We, 
Uress eens) Woy 


considering specially the case when C is zero. 


Vy “ns 


=6, 


22. If v,, v,, v,, &e. be a series of quantities the succes- 
sive terms of which are connected by the general relation 


Gong = UN Maas 
and if v,, v, be any given quantities, find the value of v,. [S.P] 


23. If mn integers are taken at random and multiplied 
together in the denary scale, find the chance that the figure 
in the unit’s place will be 2. 
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| is included in that of 


24, Shew that a solution of the equation 


Usin Uri 00s Uz = @ (Unin + Ven tee Ut ) 


and is consequently 


ty, = Oa? + Cat +. + C,,,00, 


_ where a is one of the imaginary (n +1) roots of unity, the 
' +1 constants being subject to an equation of condition. 


25. Solve the equation 
ete Pee eer Cry be reas 


n—1 8 


and shew that it is equivalent to 
4n — 6 


P= tee, 
[Catalan, Liowville, 111. 508.] 
26. Shew that 
U, 
Vey = pl T Uy 


can be satisfied by w,, = Uoz,, OF Uz, and that thus its solu- 


| tion is 
ps 7... (2e—1) mera’ 2 cere ion 
2H 0-5 "65-0 © ae =e 
pea a: or 224-6... (2x =2) 
Pt 9 46, x2) 12500 23). 


| and deduce therefrom the solution of 


Uz, = Uz a (a a 2) Uz ss 


[Sylvester, Phil. Mag.] 
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CHAPTER XIII 


LINEAR EQUATIONS WITH VARIABLE COEFFICIENTS. 
SYMBOLICAL AND GENERAL METHODS. 


1. THE symbolical methods for the solution of differential 
equations whether in finite terms or in series (Diff. Equations, 
Chap. XVIL) are equally applicable to the solution of differ- 
ence-equations. Both classes of equations admit of the same 
symbolical form, the elementary symbols combining according 
to the same ultimate laws. And thus the only remaining 
difference is one of interpretation, and of processes founded 
upon interpretation. It is that kind of difference which | 


= 
exists between the symbols (+) and =. 


It has been shewn that if in a linear differential equation 
we assume w= e®, the equation may be reduced to the form 


U being a function of 6. Moreover, the symbols - and ¢? 
obey the laws, 


d mO,, — ~m@ d 
f(%) ey = € are 
d 
f (5) et =F (m) em 
And hence it has been shewn to be possible, Ist, to express 


the solution of (1) in series, 2ndly, to effect by general 


theorems the most important transformations upon which 
finite integration depends. 
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d 2 
Now 76 and ¢® are the equivalents of x 2 and @, and it is 


_ proposed to develope in this chapter the corresponding theory 


of difference-equations founded upon the analogous employ- 


_ ment of the symbols x ne and x, supposing Ax arbitrary, and 


_ therefore 


Ad (x) = $ (w+ Az) — ¢$ (2), 
Ef (2) = $ (e+ Aa). 
Prop. 1. If the symbols w and p be defined by the equations 


A 
Hk area PEED Dis CR Ar aac acta (3), 


they will obey the laws 


ease fata) 
F (ar) p" =f (m) p™ 


the subject of operation in the second theorem being unity. 


Ist. Let Av=r, and first let us consider the interpretation 


of p™ Uz. 
Now ptt, = CEU, = Lig, 5 
oo PU, = pLU,, = 2 (LAT) User 
whence generally 
p'u, =a (a+r)... {e+ (m—1) 1} Usanes 
an equation to sive we may also give the form 
p"u,=a (utr)... {e+ (m—1) rj Bu,....- (5). 
If u, = 1, then, since Ueymr= 1, we have 
p"l=a(at+r)...{at+ (m—1) r}, 
to which we shall give the form 
p=a(at+r)... {e+(m—1)r}, 


the subject 1 being understood. 
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2ndly. Consider now the series of expressions 


22m nm, 
TP" Uz, TP Ugy see T P Ugs 


Now 
A 
Tp" Uy Sax Az x (x 1)». . {x i (m — 1) r} u Unsme 
_ etn)... (e+ mr) Unatmary — Boo {Ce (10 = 1) T} ts 


r 


) — xu, mr 
=2 fae (rh eee 


T 
=2...{e+(m—1)7} pen elma Se U, 
r — Mr) U, 
at bz, se r) by (6), 


U antl, 
=) Ome (o" "+ mu,) 


=p" |x = U, + mu ) 
=? ( Aa ” % 
=p" (r+m) Uz. 
Hence 
Tp"U, = Tp” (1 + M) Uy 
=p" (+m)? uy, 
and generally 


or" py =p" (+m) Up 


Therefore supposing f(7) a function expressible in ascend- 
ing powers of 7, we have 


Flay pre = pe for Pm) Ue. Be e.ctsncaveeces (6), 


which is the first of the theorems in question, 
Again, supposing u=1, we have 
f(x) p™ 1 = p"f (r+ m) 1 
=e Lee +s) wats bel. 
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“ 2 
But 71 = tl =0, w1l=0, &c. Therefore 


Wimp L—p 7 (n),12 
Or, omitting but leaving understood the subject unity, 


E/T) Wore CI) Priva ch tees eee CZ): 


Prop. 2. Adopting the previous definitions of m and p, 
every linear difference-equation admits of symbolical expres- 
sion in the form 


F(t) te +f, (tt) pg +f, (r) pity. + fut) pug = X...(8). 
The above proposition is true irrespectively of the parti- 


cular value of Az, but the only cases which it is of any im- 
| portance to consider are those in which Ax=1 and —1. 


First suppose the given difference-equation to be 
Ne A Uy coh Age Ap (Ol) saan cco ss (9). 


o“x4n 


Here it is most convenient to assume Aw=1 in the expres- 


| sions of 7 and p. Now multiplying each side of (9) by 


x(e+1)...(@+n—1), 


_ and observing that by (5) 


HU yy = PUxs x (x Ta 1) Ux,2 a p Uz» &e., 


| we shall have a result of the form 


pp (2) U, + ?; (x) Pz oes 17 Pn (a) p's a p; (x) oe (10). 


| But since Az = 1, 


w=, p=ak 
=x7A+ 2. 
Hence 
x=—-T +P, 
and therefore 
, (x) = $, (— 7 +p); ?; (x) = $, (-a+p), &e. 
These must be expressed in ascending powers of p, regard 

being paid to the law expressed by the first equation of (4). 
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The general theorem for this purpose, though its applica- 
tion can seldom be needed, is 


F,(n—p) =F, (a) —F, (n) p+ Fy (n) 7 


2 


-Fin) os 


where F’ (ar), F,(), &e., are formed by the law 
Fi, (77) =P (mr) — Lia 1). 
(Diff. Equations, p. 439.) 


The equation (10) then assumes after reduction the form (8). 


Secondly, suppose the given difference-equation presented 
in the form 


X eg + Klip ove + Mg lirn = Xevevessereevees (12). 


Here it is most convenient to assume Ax =—1 in the ex- 
pression of 7 and p. 


Now multiplying (12) by #(a-1)...(e—n+1), and ob- 
serving that by (5) 


TU, ,=pu,, w(e—l)u,,=p uz, &e., 
- the equation becomes 
hy (a) te + by (x) pity «+» + n(@) p"u, = X, 
but in this case as is easily seen we have 
x=T7 +P, 


whence, developing the coefficients, if necessary, by the theo- 
rem 


2 
Fy (w+ p) = F(a) + F(a) p + y(n) 75+ &e. ...(13), 
where as before 


Fn (17) = Fna(™) — Fma(r — 1), 


we have again on reduction an equation of the form (8). 
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2. It is not always necessary in applying the above 
methods of reduction to multiply the given equation by a 


_ factor of the form 


x (x+1)...(a+n—1), or e(a—1)... (@—n+41), 


_ to prepare it for the introduction of p. It may be that the 
_ constitution of the original coefficients X,, X,...X, is such as 


to render this multiplication unnecessary; or the requisite 
factors may be introduced in another way. Thus resuming 
the general equation 


Aue At oe ke = Ol... decane ee (14), 
assume 
sims DGS ©, ae 
We find 


Xv, + X{LV__4 «+. + Ane (2-1)... (2—n+1)v,_,= 0...(15). 
Hence assuming 


A 
T= > P =a, 
| where Az =— 1, we have 
| At, Apu, -~. t An Uy = 0... .snsncese (16), 


and it only remains to substitute 7+ p for x and develope the 
coefficients by (13). 


3. A preliminary transformation which is often useful 
consists in assuming u,="v, This converts the equation 


Ks XGA cee F Angin FX OUvecensnnonsnees (17) 
into 
pe X,0_ + ju" X 0g 3 2» XpVen = O.---2-002000 (18), 


| putting us in possession of a disposable constant p. 


4. When the given difference-equation is expressed di- 


| rectly in the form 


XAta + KAN. + XH 0 vscvssereeee (19), 


it may be convenient to apply the following theorem. 


242 LINEAR EQUATIONS [CH. XIIL 
Theorem. If we p= ax, ae 
corent. Az’ ? 
a (ar—1)... (r—n+1)u=2x (e+ Az)... 


fee + (2-1) Aa} (x) * op oer a (On 


To prove this we observe that since 
F (mr) p'u=p"F (w +n) w, 
therefore F(a+n)u=p "LF (7) p"u, 
whence F (7 —n)u = p"F (1) pu. 


Now reversing the order of the factors 7, 7 —1,...r—n+1 
in the first member of (20), and applying the above theorem 
to each factor separately, we have 


(7 —n+1) (r7@—n+4+2)... TU 


= p" app" *ar, —nt2 wee TU 
= p"(p '77)"u. 
A A A 
1, <1 ptt ee ee 
But p'r=(eL) UR Eran, E ro 


A n 
° a —] 
SiGe sul ee eee (z a 


Ket (RAS 
=e'E~ (x3): 


ZL 

But p'u=ax(x+r)... {e+ (n—1)r} Hu, whence 
(w—n +1) (w#—14+ 2)... TU=a(a+r)... {e+ (n—1)r} (a) 
which, since r = Az, agrees with (20). 

When Az = 1, the above gives 
mw (w—1)...(7—n+1) =a (e4+1)...(e@+n—1) A”... (21). 

Hence, resuming (19), multiplying both sides by 

x(e+1)...(¢+n—-1), 
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and transforming, we have a result of the form 


| , (x) w (7-1)... (r7—n+1)u 


+ $,(@) 77-1)... (7-n + 2)u+ &. = 0. 


It only remains then to substitute 2 =— 7+ p, develope the 


_ coefficients, and effect the proper reductions. 


Solution of Linear Difference-Equations in series. 


5. Supposing the second member 0, let the given equation 
be reduced to the form 


f, (1) wtf, (a7) pu +f; (77) pu... +f, (7) p’u=0...... (22), 


and assume u=a,p™ Then substituting, we have 


Sf, () anp™ +f, (m) amp... +f, (7) dnp") = 0, 


| whence, by the second eas of (4), 


Sf, (m) amp” +f, (m +1) anp™™..- + fy (im + 2) Imp” } = 0, 


in which the aggregate coefficient of p” equated to 0 gives 


Ff, (m) Om +f; (2) Oma +++ fis (20) Omn = Oe erereres (28). 


This, then, is the relation connecting the successive eee 


(fof a, The ‘lowest value of m, corresponding to which a, 1 
arbitrary, will be determined by the equation 


Si (m) =9, 


and there will thus be as many values of u expressed in series 
| as the equation has roots. 


If in the expression of + and p we assume Ax = 1, then 


since 
p™ =a (tl)... (C+ MAL)sreseeerrrerens (24), 
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the series Sa,,p” will be expressed in ascending factorials of 
the above form. But if in expressing 7 and p we assume 
Aw = —1, then since 


p"=2 (w—1)... (2 -m-+1) see cecivaseeees (25), 


the series will be expressed in factorials of the latter form. 


Ex. 1. Given 
(a —a) Uy — (2a—a—1) ee a —-¢) («—1) Uz. = 95 


required the value of u, in descending factorials. 


Multiplying by , and assuming 7 = a , p=xk, where 
Ax =—1, we have 
x («—a) u,— (2e—a—1) pu,+ (1—g’) pu, = 9, 


whence, substituting +p for , developing by (13), and 
reducing, 
OT (1 — A) Ug— Gp Ug =O rcecrcesrececsere (a). 


Hence Ur = Lig Py 


the initial values of a,, corresponding to m=0 and m=a 
being arbitrary, and the succeeding ones determined by the 
law 

m (M — A) On — Y°Om_s = 9. 


Thus we have for the complete solution 


2 (2) 4 (4) 
= (ieee qv 
Us of + hoa tae aca t eh 


2, (at2) 4 (at4) 


eg! | A ELV OE eS 
ad ioe (S nate eee) (Sage ahs ants! (0). 
It may be observed that the above difference-equation 
might be so prepared that the complete solution should admit 
of expression in finite series. For assuming u,=y*v,, and 
then transforming as before, we find 
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Hea (1 — a) U, + (u’ — p) (2 —a—1) po, 
+ {(4—1)?— q} p'v, =0.....006. (c), 


_which becomes binomial if « =1 + q, thus giving 
1 (7 —@) n+ A=" (24 —a —1) pv, = 0. 


| Hence we have for either value of p, 
| Un =W LAP” = wLa_,e (w—1)...(e@—m+1)...... (d), 


| the initial value of m being 0 or a, and all succeeding values 
} . 
determined by the law 


| w-1 


ONS ONES AS re ACI ear OE Ca rh Ser (e). 


It follows from this that the series in which the initial value 
of m is 0 terminates when a is a positive odd number, and the 
series in which the initial value of m is a terminates when a 
is a negative odd number. Inasmuch however as there are 
_ two values of y, either series, by giving to » both values in 

succession, puts us in possession. of the complete integral. 


Thus in the particular case in which a is a positive odd 
number we find 


2 g (1-a)z 
erode rg rane 


(=a) B=a)a” _ 
(1+ 9)! 1.2(d—a) 2—a) &e} 


’ z qd (l—a)x 
+O 0a + tay aaa) 


g__(1—a) (8-2) 2” 
tesh.(l) 


oe 


* (Leal bo 2ilnay Caco 


The above results may be compared with those of p. 454 of 
Differential Equations. 
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Finite solution of Difference-Equations. 


6. The simplest case which presents itsclf is when the 
symbolical equation (8) is monomial, i.e. of the form 


We have thus 
h={ f(a) X coansorersereseneacess (27). 


Resolving then {f, (r)}” as if it were a rational algebraic 
fraction, the complete value of w will be presented in a series 
of terms of the form 


A (mw —a)*X, 
But by (4) we have 
(ar — a) X = p* (a1) * pt Xoo. eeeee noone (28). 


Tt will suffice to examine in detail the case in which Aw=1 
in the expression of 7 and p. 


To interpret the second member of (28) we have then 
p°b (x) =2 (@ +1)... (@+a—1) $(e+a), 


iar) Cita 
pe (w+1)(@+2)...(@+a)’ 


md (x) = (@A)*¢ (2) 
Se d (x) ; 


1 a oh . 
the complex operation = ee denoting division of the subject 


by a and subsequent integration, being repeated 7 times. 


Should X however be rational and integral it suffices to 
express it in factorials of the forms 


wv, “a(@+1), x(@+1)(e+2), &. 
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_ to replace these by p, p’, p®, &c. and then interpret (27) at 
_ once by the theorem 


Lf, (mr) }* p™ = {fo (m)}* p™ 
= {f, (m)}" w(@ +1)... (a+m—1)...(29). 


As to the complementary function it is apparent from (28) 
that we have 


(7 —a)*0=p*r'0. 
Hence in particular if 7=1, we find 
(m7 —a)*0=p'n0 
Se 
ce Cp* 
02 ail) so 4e ba—1) 3... (30). 
This method enables us to solve any equation of the form 
xv (a+1)...(a@+n—1) A'u+ Ax (2 +1)... 
we (C+ N—2) Au... + Aw= X......(31). 
For symbolically expressed any such equation leads to the 
monomial form 
{or (7 — 1)... (m—n+1)+A,z (7-1)... 
vee (T— N42) 000 + Ag} WH Xeweerseeeees (32). 
Ex. 2. Giver 
x (c-+1) Au —2QeAu + 2u=a(% +1) (w+ 2). 


The symbolical form of this equation 1S 


a (w—1) u—2ru + 2u= a(x +1) (w@+2) s sopes (a), 
or (1? — 37 + 2) w=p’. 
Hence u = (mr — 8r+ 2)" p* 


=(g=3x342) 9" 
+ Op’ + Cp, 
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since the factors of 7?—37r+2 are —2 and w—1. Thus 
we have 


ofl ee + On (w+1)+ Cp.....(Q)- 


Binomial Equations. 


7, Let us next suppose the given equation binomial and 
therefore susceptible of reduction to the form 


th + h (or) pt = Tans scdnnswapaean cans (33), 


in which U is a known, uw the unknown and sought function 
of x. The possibility of finite solution will depend upon the 
form of the function @ (7), and its theory will consist of two 
parts, the first relating to the conditions under which the 
equation is directly resolvable into equations of the first 
order, the second to the laws of the transformations by which 
equations not obeying those conditions may when possible be 
reduced to equations obeying those conditions. 


As to the first point it may be observed that if the equa- 
tion be 


it’ will, on reduction to the ordinary form, be integrable as 
an equation of the first order. 


Again, if in (33) we have 


$ (7) = (7) ¥ (7-1)... p(r7—n+1), 


: : 1 ; ‘ 
in which (7) = pare the equation will be resolvable into 


a system of equations of the first order. This depends upon 
the general theorem that the equation 


u + a,p (77) pu + a,$ (m7) $ (mm — 1) pru... 
+a,$ (7) 6 (7 —1)...6(7—n4+1) pu=T0 
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may be resolved into a system of equations, of the form 


u— 9 (mr) pu= U, 


_ q being a root of the equation 


g tag’ +aq""..+a,=9. 
(Differential Hquations, p. 405.) 

Upon the same principle of formal analogy the propositions 
upon which the transformation of differential equations de- 
pends (Jb. pp. 408-9) might be adopted here with the mere 
substitution of 7 and p for H and ¢*. But we prefer to in- 


vestigate what may perhaps be considered as the most general 
forms of the theorems upon which these propositions rest. 


From the binomial equation (33), expressed in the form 
{1 + $ (7) p*}u=U, 
u={l+¢(n)p'}°U, 

and this is a particular case of the more general form, 


TpeeEER Gita yp" i Meet saves cae: (33). 


Thus the unknown function w is to be determined from the 
known function U by the performance of a particular operation 
of which the general type is 


F'{ (7) p’}. 


Now suppose the given equations transformed by some 
process into a new but integrable binomial form, 


v(m) p'v= 7, 
V being here the given and » the sought function of z. We 
have 
v={Lt%(m) oT, 


which is a particular case of F{y (7) e"}V, supposing F(t) to 
denote a function developable by Maclaurin’s theorem. It is 


we have 
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apparent therefore that the theory of this transformation must 
depend upon the theory of the connexion of the forms, 


F(p(m) ep"), Fiv (x) p’}. 
Let then the following inquiry be proposed. Given the 


forms of $(m) and (7), is it possible to determine an 
operation y (a) such that we shall have generally 


F {$b () p'} x (m7) X= x (7) Fi (7) p"} &.....-(36), 
irrespectively of the form of X? 


Supposing F(t) =t, we have to satisfy 
(ar) p"x (17) X= (77) H (77) p"X...eeeeee (37). 
Hence by the first equation of (4), 
(7) x (wm — 2) p"X = wp (mr) x (7) p"X, 
wy satisfy which, independently of the form of XY, we must 
ave 
v (7) x (7) = $ (7) x(4—2); 


in pp 
x (7) = x rn). 


Therefore solving the above difference-equation, 


x (7) = CTI, {em : 


Substituting in (37), there results, 


(nm) ott, FO x=, Et cn) phx, 


or, replacing II, ot X by X,, 
and therefore X by |H, eat 


$m) p= 1, (EN n,{erot lx, 
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@ a by P, and drop the 


(7) 


If for brevity we represent 11, | 


_ suffix from X, since the function is arbitrary, we have 


$ (rn) p'X= Py (n) p"PAX. 
Hence therefore 
(4 (rt) p"}PX = Pye (an) p"P*Pyp(m) p"P7X 
= P {(r) p"}PP“X, 
and continuing the process, 
{p (m7) p"}"X=P lp (x) pyPP°X. 


Supposing therefore #(t) to denote any function develop- 
able by Maclaurin’s theorem, we have 


Fg (mn) p"} X= PF tyr) p"} POX. 
We thus arrive at the following theorem. 
Tarorem. The symbols m and p combining in subjection 
to the law 
Sf (7) p"X = p"f (mw +m) X, 


the members of the following equation are symbolically equi- 
valent, Viz. 
$ at n s i) 
= TT i TI, 7+ + --- (38). 
P(g (mp =H Eh PO) PS Ge 
A. From this theorem it follows, in particular, that we 
can always convert the equation 


u+ (7) p*u=U 


into any other binomial form, 


o, Tr Si) 


by assuming w=II, a 2 
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For we have 
w= {lt (n)eyU i 
¢ (7) n)-1 ¥ (7) 
=f Egy twee Mel ay © 
whence since 


v= {1+ y(n) p)V, 


it follows that we must have 


via { a 
V= Te —— U, u =i, nate Ue 
tj (7) ¥ (77) 
In applying the above theorem, it is of course necessary 
that the functions ¢ (zm) and y(m) be so related that the 


continued product denoted by II, el should be finite. 
The conditions relating to the introduction of arbitrary con- 
stants have been stated with sufficient fulness elsewhere 
(Differential Equations, Chap. xv1t. Art. 4). 


B. The reader will easily demonstrate also the following 
theorem, viz.: 


EG (7) p"} X= p" Fld (w + m) p"}| p™X, 
and deduce hence the consequence that the equation 
u+ ¢ (7) p"u=U 
may be converted into 


v+ $(a +m) p'v =p" U, 
by assuming wu = p"v. 


8. These theorems are in the following sections applied to 
the solution, or rather to the discovery of the conditions of 
finite solution, of certain classes of equations of considerable 
generality. In the first example the second member of the 
given equation is supposed to be any function of z In the 
two others it is supposed to be 0. But the conditions of 
finite solution, if by this be meant the reduction of the dis- 
covery of the unknown quantity to the performance of a finite 
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number of operations of the kind denoted by =, will be the 
same in the one case as in the other. It is however to be 
observed, that when the second member is 0, a finite integral 
may be frequently obtained by the ‘process for solutions in 
series developed in Art. 5, while if the second member be X, 
it is almost always necessary to have recourse to the trans- 
formations of Art. 7. 


Discussion of the equation 
(aa +b) u,+ (caw +e) Uyyt (F049) Ug = Xe (a). 


Consider first the equation 
(ax +b) u, + (cw +e) Ue +f (@—1) tea = Xs eee (0). 
Let u, = p7v,, then, substituting, we have 


p? (aa +b) v, + po (c+ @) M+ fe leh 


Multiply by # and assume r= fe , p=xE, in which 

Az =—1, then 
2 (ac? + bx) v,+ p (ca +e) prs + fpr, = ape" X, 
whence, substituting +p for # and developing the coeffi- 
cients, we find 
u2 (an? + br) 14+ # [ap +e) m+ (b— a) hte prs 
(apt + cmt f) pe = UH PX oererererees (c), 

e this 


and we shall now seek to determine # so as to reduc 
equation to a binomial form. 


1st. Let u be determined by the condition 
ay +out+f=9, 


then making 
Sap +c= A, (b—a)pte=B, 
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we have 

b B met 

amr (= +2) %,+A (= +7) pts = aH Xx, 
or 
7+ e 
A -1 
CP —- pe, = * \" (= “+ -) FT Michio. 
A 7 (= + ) B 


or, supposing V to be any particular value of the second 
member obtained by Art. 6, for it is not necessary at this 
stage to introduce an arbitrary constant, 


ies ze 
vi ae 
v, +2 Fe pte = Veseseesssessee (d). 
i T (= ap ) 
This equation can be integrated when either of the func- 
tions, 
ss 
AeA Mae 
is an integer. In the former case we should assume 
A 
W,+ an 7 Ps = Wejsedident sna owes (e), 


In the latter case we should assume as the transformed 
equation 
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and should find 


B 


easy m+e 
v, =Il, —; |v» Weal -B Vince’ (h). 


The value of W, obtained from (f) or (h) is to be sub- 
stituted in (e) or (g), w, then found by integration, and », 
determined by (f) or (A). One arbitrary constant will be 
introduced in the integration for w,, and the other will be 
due either to the previous process for determining W,, or to 
the subsequent one for determining »,. 


Thus in the particular case in which y is a positive inte- 


ger, we should have 


B B a 
We={(+3) (n+ G-3) -@ 4D} 0, 
a particular value of which, derived from the interpretation 


1 
of (+5) 0 and involving an arbitrary constant, will be 


found to be is Substituting in (e) and reducing the 
equation to the ordinary unsymbolical form, we have 


C. 
p (ax + b) w, + (A— Ka) a al 


and w, being hence found, we have 


v= (+5) (7 +3 -1) _.. (+1) 0, 


for the complete integral. 
Qndly. Let p be determined so as if possible to cause the 


second term of (c) to vanish. This requires that we have 
Qap+c=9, 


(b-a)pt+e=9, 


and therefore imposes the condition 
Qae + (b—a)c=9. 
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2 dane one : —¢ 
Supposing this satisfied, we obtain, on making w= ore 


x pt xX; 


or, representing any particular value of the second member 
by J, 


je aay 


C 


OR PVs = 1% 


where 


an equation which is integrable if : be an odd number whe- 


ther positive or negative. We must in such case assume 
h ésitlye 
W, oT (7 — 7 aie ge 
and determine first W, and lastly v, by h. 


To found upon these results the conditions of solution of 
the general equation (a), viz, 


(ax +b) u, + (ce +e) Up 4+ (fe+g) Ups = A; 
assume 
fe+g=f(x'-1), 


Uy = ty. 
, I+ 9 
ax +b—-a=2) ty 
CSD 
' 1 
+(e pe-en 2S) 1. 7@ I) =X, 


comparing which with (b) we see that it is only necessary in 
the expression of the conditions already deduced to change 


Binto p~ SCD, ¢ into o—LU+9) 


o 


Then 
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Solution of the above equation when X=0 by definite 
integrals*, 
9. If representing u, by w we express (a) in the form 
ae d 
(ax+b)u+t(caotele Mut (fa+g) e dry =0, 
or 
ml we gees a a 
a(atce @+fe ut (Ot+ee dz 4 ge az) w= 0, 


its solution in definite integrals may be obtained by Laplace’s 
method for differential equations of the form 


d d 
ss(d)erv(Z)o=8 
each particular integral of which is of the form 


wd) 
tpt 


eS a 
the limits of the final integration being any roots of the 
equation 
A) 
e Iso” =0, 


See Differential Equations, Chap. XVIII. 


The above solution is obtained by assuming «= Sef @ dt, 
and then by substitution in the given equation and reduction 
obtaining a differential equation for determining the form of 
f(t), and an algebraic equation for determining the limits. 
Laplace actually makes the assumption 

u=JfeF (t) dt, 

which differs from the above only in that logt takes the 

Jace of ¢ and of course leads to equivalent results (Théorie 
Analytique des Probabilités, pp. 121, 135). And he employs 
this method with a view not so much to the solution of 
difficult equations as to the expression of solutions in forms 
convenient for calculation when functions of large numbers 
are involved. 


* See also a paper by Thome (Zeitschrift, XIV. 349). 
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Thus taking his first example, viz. ; 
Un, —(#@ +1) u, =0, 


and assuming u, ={t"2'(é) dt, we have 


fe () dt — (a +1) f@F (t) dt=0....... 


But 
(a +1) fe*F (t) dt = fF (t) (a@ +1) #dé 


= F(t)" — fe" (s) de. 


So that (7) becomes on substitution 
fOr {FO + F'O} d—-F (t) #" =0, 

and furnishes the two equations 
fO\)+rKro)= 


? 


the first of which gives 
F(t) = Ce, 

and thus reducing the second to the form 
Come 0. 


[CH. XIII. 


gives for the limits t=0 and ¢= 00, on the assumption that 


«+1 is positive. Thus we have finally 


Un, = al €, 0 Ot 
0 


the well-known expression for '(a+1). A peculiar method 
of integration is then applied to convert the above definite 


integral into a rapidly convergent series, 


Discussion of the equation 


(aa* + bee +0) w,+ (ex +f) u,,+9u,.=0 


10ers a 20 Eee 
Sie greet: 


(aa + bar + 0) vw (cx tf) 20... +92 (@—1) v,,=0. 
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; A 
Whence, assuming r=x2——, v=2H, where Az=-—1, we 
Ax 


have 
we? (ax? + ba +c)v, +m (eatf) pv, +gp'v. = 9. 


Therefore substituting 7+ for x, and developing by (13), 
pw? (an? + bo +0) +m {2am+e) m+ (6-4) w+} pr 
A (Wa + ME +9) PU, = OVevrecrveeveees (0). 
First, let » be determined so as to satisfy the equation 


ap’ +eutg=9; 
then 
yw (an? + br +c) v, + {(Qap+e) + b—a) w+f} pr. = 0. 


Whence, by Art. 5, 
v, = Saye (wa —1)...(e—m +1), 


the successive values of a,, being determined by the equation 
12 (amt + brn-+.0) a+ ((2apt-+ es) m+ (6a) p+ fit} On, = 0 


 Captem+b-a) mtS , 
- a p(am* + bm + ¢) 


Ams 


Represent this equation in the form 
an = —f (m) Ams) 

and let the roots of the equation 
am? + bm+c=9 


| be q and f, then 


0, = C {x —f(a+1) ) geet 4 f(a +1) f (242) o&*? — be} 
+ Oa —f (BEI ae +f (B+ fB+2) a? — &e,}...(¢), 


where generally 
gi?) = «(x—1)...(e-—p+). 
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One of these series will terminate whenever the value of m 
given by the equation 
(2au +e) m+(b—a)pt+ f=0 
exceeds by an integer either root of the equation 
am’ + bm+c=0., 
The solution may then be completed as in the last example. 


Secondly,,let ~ be determined if possible so as to cause the 
second term of (4) to vanish. This gives 


2ap+e=0, 
(b-a)u+f=0, 
whence, eliminating y, we have the condition 
2af'+ (a —b)e=0. 
This being satisfied, and » being assumed equal to 


e 
am (b) becomes 


aes 
(an? + br +0) 9, ED) 0, 0. 
Mle — 409) 


Or putting - 


? 


h? 


Te tee 
a a 


Vz PU, = 0, 


and is integrable in finite terms if the roots of the equation 
b 
m+—m+o=0 
a a 
differ by an odd number, 
Discussion of the equation 


(ax + ba + ¢) A’u, + (ea +f) Au, + gu, = 0. 


11. By resolution of its coefficients this equation is reduci- 
ble to the form 


a(x—a) («—f) A*u, + ¢ (%—) Au, + gu,=0.... (a). 
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Now let e-—a=a' +1 and u,=v,, then we have 
a (a +1) (2 +a—B+1) A’, 
+e(a' +a—y+1) Avs+gry =9, 


_ or, dropping the accent, 


a(x+1)(a+a—B+1) A, 
+e(ata—ytl) Av, +9v,=0...@). 


If from the solution of this equation v, be obtained, the 
value of wu, will thence be deduced by merely changing x 
intox—a—l. 


Now multiply (0) by’x, and assume 


A 
T= a p=al, 


where Azv=1. Then, since by (20), 
x (a +1) A’v,= 7 (rw —1)2,, 
we have 
a(a+ta—B+1)7(7—1)», 
+e(ata—-y+1)7v,+ 9v, =0. 


But «=—7 +p, therefore substituting, and developing the 
coefficients we have on reduction 


aw {a (mr —a+f8—1) (w—1) +e(m—aty—-1)+9} Vy 
— {a (w—1) (w—2) +e (7-1) +9} pu, =0...(c). 


And this is a binomial equation whose solutions in series 
are of the form 


y, = La, (w +1)... (w+ m-—1), 
the lowest value of m being a root of the equation 
m {a(m—a+ B-1) (m—1) +e (m—at+y-1) +g} =0...(d), 


corresponding to which value a,, is an arbitrary constant, 
while all succeeding values of a,, are determined by the law 


a(m—1) (m—2)+e(m—1) +9 a 
Om mn {a (m—at+B—1) (m—1) +e(m—aty-1)+9} mat 
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Hence the series terminates when a root of the equation 
a (m—1)(m—2) +e (m—1) +9 =0.......00.4. (e) 
is equal to, or exceeds by an integer, a root of the equation (d). 


As a particular root of the latter equation is 0, a particular 
finite solution may therefore always be obtained when (e) is 
satisfied either by a vanishing or by a positive integral value 
of m. 


12. The general theorem expressed by (38) admits of the 
following generalization, viz. 


(77) (77) 

Lf ? "=, (G75) F ? a 11, ( tk 
ino mo} = (SS) Fine) oy (2) 
The ground of this extension is that the symbol 7, which 
is here newly introduced under F, combines with the same 


Hole anth ition of the forms 11,(#'™), 11, (¥@) 
SYRApOh m1, the core posuere yee akan (re) G wm) 


And this enables us to transform some classes of equations 
which are not binomial. Thus the solution of the equation 


fu (m) «+f, (0) $ (m) put f, (a) b (m) $ (mw —1) pu=U 
will be made to depend upon that of the equation 


f.(m)v +f (ar) (a7) pot f, (7) (m) v(r —1) pv = (LO) 


\$ (7) 
u=T, (5) V. 
¥ (77) 

13. While those transformations and reductions which 
depend upon the fundamental laws connecting 7 and p, and are 
expressed by (4), are common in their application to differen- 
tial equations and to difference-equations, a marked difference 
exists between the two classes of equations as respects the 
conditions of finite solution. In differential equations where 


external to J, as if a were algebraic. 


by the assumption 


TROIS, DIE e®, there appear to be three primary integrable 
forms for binomial equations, viz. 


ar+b , 


ann aed oer U, 


amv +6 


primary in the sense implied by the fact that every binomial 
equation, whatsoever its order, which admits of finite solution, 
is reducible to some one of the above forms by the trans- 
formations of Art. 7, founded upon the formal laws connecting 
a and p. In difference-equations but one primary integrable 
form for binomial equations is at present known, Viz. 


ut pu=U, 


am3r+b 
and this is but a particular case of the first of the above 
forms for differential equations. General considerations lke 
these may serve to indicate the path of future inquiry. 


14, Many attempts have been made to accomplish the general solution 
of linear difference-equations with variable coefficients, but the results are 
in all cases so complicated as to be practically useless. Tt will be sufficient if 
we mention Spitzer (Grunert, XxxIl. and xxxtit.) on the class specially consi- 
dered in this chapter, viz. when the coefficients are rational integral functions 
of the independent variable, Libri (Crelle, xt. 234), Binet (Mémoires de 


VAcadémie des Sciences, X1X.). There is also a brief solution by Zehfuss 
(Zeitschrift, ut. 177). 


EXERCISES. 


1. Of what theorem in the Differential Calculus does (20), 
Art. 4, constitute a generalization ? 


2, Solve the equation 
x (w+ 1) A*u + chu —nu=090. 


3. Solve by the methods of Art. 7 the difference-equation 
of Ex. 1, Art. 5, supposing a to be a positive odd number. 


4, Solve by the same methods the same equation, sup- 
posing @ to be a negative odd number. 
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CHAPTER XIV. 
MIXED AND PARTIAL DIFFERENCE-EQUATIONS. 


1. IF u,, be any function of « and y, then . 


A ua ethos — Vay | 

Aw * Az 1) 

A nate ah adeterterreces (1). 
— Ue, yyAy ~ Uz y 


These are, properly speaking, the coefficients of partial dif- 
ferences of the first order of u,,. But on the assumption 
that Aw and Ay are each equal to unity, an assumption which 


we can always legitimate, Chap. 1. Art. 2, the above are the 
partial differences of the first order of w, ,. 


On the same assumption the general form of a partial dif- 
ference of u,, is 


mara or (a) (a) ane Coe (2). 


When the form of w,,, is given, this expression is to be inter- 
preted by performing the successive operations indicated, each 
elementary operation being of the kind indicated in (1) 


Thus we shall find 
A? 


AwAy aay esha Ue beysdy F Uz, yyodye 


. 


It is evident that the operations i and e in combination 
x 
are commutative, 
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| Again, the symbolical expression of it ‘in terms of ee 

bei Az dix 
eing 

ei aero 

Az Ax weeccsseososssosseesese (3), 


in which Az is an absolute constant, it follows that 


aa nbz as (nd a ue Mae — &e. 
a pas SE 
(<3) (Ax)" 


and therefore 


A n 
(x) Uz, y = {entra — NU, (nade, ¥ 


| ais si) xe a (Aa)* v.sse(A)e 


1.2 Uni(n2)Az,y 


ANG A ; 
So, also, to express (xs) (x) u,,, it would be necessary 


: A : : : 
to substitute for [eee 2 their symbolical expressions, to 


effect their symbolical expansions by the binomial theorem, 
and then to perform the final operations on the subject func- 
tion Uz, 

Though in what follows each increment of an independent 
variable will be supposed equal to unity, it will still be 
de. eae : 
necessary to retain the notation 7—» as for the sake of dis- 

Aa’ Ay 
- tinction, or to substitute some notation equivalent by defi- 


nition, e.g. A,, Ay 
These things premised, we may define a partial difference- 
equation as an equation expressing an algebraic relation 


between any partial differences of a function W,,y,z.. the func- 
tion itself, and the independent warnples Ciera? in- 
stead of the partial differences of the dependent function, its 
successive values corresponding to successive states of incre- 


ment of the independent variables may be involved. 
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A A 
Thus Bi oats Caieyits Sc 2 
and LU ps1 y Yt, Y+1 ‘<= (a +y) Uny = 0, 


are, on the hypothesis of Aw and Ay being each equal to 
unity, different but equivalent forms of the same partial 
difference-equation. 


Mixed difference-equations are those in which the subject 
function is presented as modified both by operations of the 
Aes ‘ da A % 
form Ant Ay’ and by operations of the form dn’ dy singly 


or in succession. Thus 


ian +: ie, =0 
© Ua dy ny = 


is a mixed difference-equation. Upon the obvious subordi- 
nate distinction of ordinary mixed difference-equations and 
partial mixed difference-equations it is unnecessary to enter. 


Partial Difference-equations. 


2. When there are two independent variables 2 and Y; 
while the coefficients are constant and the second member 1s 
0, the proposed equation may be presented, according to con- 
venience, In any of the forms 


F(A,, A.) u=0, F (£,, E, u=0, 
F(A,, E,) u=0, Ff (E,, A,)u=0. 


Now the symbol of operation relating to a, viz. Azvor ie. 
combines with that relating to y, viz. A, or £,, as a constant 
with a constant. Hence a symbolical solution will be ob- 
tained by replacing one of the symbols by a constant quan- 
tity a, integrating ‘the ordinary difference-equation which 
results, replacing a by the symbol in whose place it stands, 
and the arbitrary constant by an arbitrary function of the 
independent variable to which that symbol has reference, 
This arbitrary function must follow the expression which 
contains the symbol corresponding to a. 
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The condition last mentioned is founded upon the inter- 


pretation of (H—a)*X, upon which the solution of ordi- 
| nary difference-equations with constant coefficients is ulti- 
_ mately dependent. For (Chap. x1. Art. 11) 


(E—a)*X = a" *Sa*X, 


_ whence 


(H-a)*0= at S70) 
= a4 (6,460 +6," )) 


the constants following the factor involving a. 
The difficulty of the solution is thus reduced to the diffi- 
culty of interpreting the symbolical result. 
Ex. 1. Thus the solution of the equation w,,,— au, =0, of 
which the symbolical form is 
Eu, — au, = 9, 


being 
ue Ca, 

the solution of the equation 4) y— 4s,941 = 0, of which the 
symbolic form is 


Eu, y— EMay =% 


t,,y = (E,)*$ (y)- 

To interpret this we observe that sin 
se cna 

= p(y + @). 

=0. 


will be 


ce E,= e” we have 


Ex. 2. Given ty 447 “een — “ey 


This equation, on putting w for u,,,, may be presented in 


the form 
Ei Agih — = Os eesesereeesenrerreesees ye 
Now replacing LE, by 4, the solution of the equation 
aAu—u=9 


is w= (1+a")’C, 
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therefore the solution of (1) is 


“a(l By bla, oe pa Wal 


where ¢(y) is an arbitrary function of y. Now, developing 
the binomial, and applying the theorem 


Ey" $y) =o(y—n), 


we find 


x(x—1 


u =o (y) +06 (y-1) +2 FY 4 (y—2) + Be... (3), 
which is finite when z is an integer. 
Or, expressing (2) in the form 
w= (LZ, +1)° EL” $(y), 


developing the binomial in ascending powers of Z,, and in- 
terpreting, we have 


u=$(y—2) + ap (y—x +1) 


x (x — 


ERD) ob (y mar )-+ 8, ssscieccnss (4). 


Or, treating the given equation as an ordinary difference- 
equation in which y is the independent variable, we find as 


the solution 
ty aN (2a eee (5). 


Any of these three forms may be used according to the 
requirements of the problem. 


Thus if it were required that when 2 = 0, wu should assume 
the form «”, it would be best to employ (3) or to revert to 
(2) which gives $(y) = e"”, whence 


u=(1+ £77) 
=(1+ ea)? ie 
= (eee ee a Mees ne ty oe (6). 


3. There is another method of integrating this class of 
equations with constant coefficients which deserves attention, 
We shall illustrate it by the last example, 
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Assume wu, ,= > Ca*l’, then substituting in the given equa- 
‘tion we find as the sole condition 


ab—b—1=0. 


‘Hence 
auit 
= 


and substituting, 
| ei > C (1 + b),Ouaee 


As the summation denoted by = has reference to all pos- 
' gible values of 5, and ( may vary in a perfectly arbitrary 
' manner for different values of b, we shall best express the 
| character of the solution by making C an arbitrary function 


of b and changing the summation into an integration ex- 
_ tended from — 0 to #. Thus we have 


t= | ” yr (1 +b)" (2) dd. 


As $() may be discontinuous, we may practically make 
the limits of integration what we please by supposing ¢ (0) 
' ¢o vanish when these limits are exceeded. 


If we develope the binomial in ascending powers of 6, we 
haye 


tay =[_ 2780 do+af Ur" o® db 


r EPey i : YG) db + Be ore (7). 


[16 © d=¥ 0) 


ap (8) being arbitrary if ¢ (0) is; hence 
x (#—1) 
u,, =v(y-a) tapl(y-et +73 


| 
| 


bh (y—at2) + &e, 


which agrees with (4). 


270 MIXED AND PARTIAL [CH. XIV. 


Although it is usually much the more convenient course 
to employ the symbolical method of Art. 2, yet cases may 
arise in which the expression of the solution by means of a 
definite integral will be attended with advantage; and the 
connexion of the methods is at least interesting. 

Ex. 3. Given A’,u,,, = A*.u 


axl, y yx, y-1* 
Replacing u, , by u, we have 
(Af HZ* —AZE,")u=0, 


or (APH, — AE) u=0. 

But A,=£,-—1, A,=E,—-1; 
therefore (L7H, + E,— EE, — FE.) u=0, 
or (LL, —1) (L,- E£,)u=0. 


This is resolvable into the two equations 
(L,E,—1)u=0, (E,-—E,)u=0. 

The first gives 

Eu = E,y*u = 0, 
of which the solution is 

u= (E,")*$(y) 

= $ (y—2). 

The second gives, by Ex. 1, 

U=W(at+y). 
Hence the complete integral is 

u=$(y—a)t+p(y+a). 


4. Upon the result ‘of this example an argument has 
been founded for the discontinuity of the arbitrary func- 
Hons which occur in the solution of the partial differential 
equation 

du du 


dat ~ dy? ~®» 
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and thence, by obvious transformation, in that of the equation 


Gu du 


dey des 


0. 


It is perhaps needless for me, after what has been said in 


Chap. x., to add that I regard the argument as unsound. 
Analytically such questions depend upon the following, viz. 
whether in the proper sense of the term limit, we can regard 
sin « and cos x as tending to the limit 0, when @ tends to 
become infinite. 


5. When together with A, and A, one only of the inde- 
pendent variables, e.g. @, 18 involved, or when the equation 
contains both the independent variables, but only one of the 
operative symbols A,, A,, the same principle of solution is 
applicable. A symbolic solution of the equation 


F(a, A,, A,) u=9 


will be found by substituting A, for a and converting the 
arbitrary constant into an arbitrary function of y in the solu- 
tion of the ordinary equation 


F(a, A, a) u=9. 
And a solution of the equation 
F (a, y, A,) =9 


will be obtained by integrating as if y were a constant, and 
replacing the arbitrary constant, as before, by an arbitrary 
function of y. But if a, y, A, and A, are involved together, 
this principle is no longer applicable. For although y and 
A, are constant relatively to z and A,, they are not so with 
respect to each other. In such cases we must endeavour by 
a change of variabies, or by some tentative hypothesis as to 
the form of the solution, to reduce the problem to easier 


conditions. 


The extension of the method to the case in which the 
second member is not equal to 0 involves no difficulty. 


Ex. 4. Given U,,—2Ug-1,5= 0. 
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Writing u for u,, the equation may be expressed in the 
form 


Now replacing £,” by a, the solution of 
u—axH,*u=0 or u,—acu,_, =0 
is LB (cE hE HRY 
Wherefore, changing a into Z,", the solution of (1) is 


u= (Ey) @ (@—1)...1.$(y) 
=a (e—1)...1.(£,*) 6(y) 
=a (x—1)...1.6 (y—2). 
6. Laplace has shewn how to solve any linear equation in 
the successive terms of which the progression of differences is 


the same with respect to one independent variable as with 
respect to the other. 


The given equation being 
A, U,,,+ B, uv +C,u + &. = V, 


HY Hy «,y x1, y-1 X,Y ~x—2, y-2 x,y? 


A,» B,,, &c., being functions of x and y, let y=a-k; 


then substituting and representing u,,, by v,, the equation 
assumes the form 


Xv, + Xv,_, + X,u,, + &e. =X, 


X,, X,... X being functions of # This being integrated, & is 
replaced by x«—y, and the arbitrary constants by arbitrary 
functions of # —y, 


The ground of this method is that the progression of dif- 
ferences in the given equation is such as to leave c—y un- 
affected, for when x and y change by equal differences 2 — y 
is unchanged. Hence if # — y is represented by k and we 
take w and k for the new variables, the differences now having 
reference to x only, we can integrate as if k were constant, 


Applying this method to the last example, we have 
v, — xv, =0, 
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v,=cx(e—1)...1, 


U,,y=2(w~—1)...1.¢ (a—y), 
which agrees with the previous result. 


_ The method may be generalized. Should any linear func- 
tion of « and y,e.g.e+y, be invariable, we may by assum- 
ing it as one of the independent variables, so to speak reduce 
the equation to an ordinary difference-equation; but arbitrary 
functions of the element in question must take the place of 
arbitrary constants. 


Ex. 5. Given u,,— Pen. — Cl — P) Ussy41 = 9- 
Here «+y is invariable. Now the integral of 
Uz — Plas — (1 — p) ee 


is ree (- ey, 
Pp 


Hence, that of the given equation is 


uo ++ (S") ¥e+9)- 


7. Partial difference-equations are of frequent occurrence 
in the theory of games of chance. The following is an ex- 
ample of the kind of problems in which they present them- 


selves. 


Ex. 6. A and B engage in a game, each step of which 
consists in one of them winning a counter from the other. 
At the commencement, A has « counters and B has y counters, 
and in each successive step the probability of A’s winning a 
counter from B is p, and therefore of B’s winning a counter 
from A,1—p. The game is to terminate when either of the 
two has n counters. What is the probability of A’s win- 


ning it? 
Let u,,, be the probability that A will win it, any positive 
values being assigned to # and y. 
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Now 4A’s winning the game may be resolved into two 
alternatives, viz. Ist, His winning the first step, and after- 
wards winning the game. 2ndly, His losing the first step, 
and afterwards winning the game. 


The probability of the first alternative is pw,,, ,_» for after 
A’s winning the first step, the probability of which is p, 
he will have «+1 counters, B, y—1 counters, therefore the 
probability that A will then win is u Hence the pro- 


babu: ‘y of the combination is pu sc 


=4+1,y-1" 
The probability of the second alternative is in like manner 
(1 =) Unt, y41" 


Hence, the probability of any event being the sum of the 
probabilities of the alternatives of which it is composed, we 
have as the equation of the problem 


Ung = Deere pak Ve De eee ee (1), 
the solution of which is, by the last example, 
1. eee x 
H.4=$ (049) + (SP) p@ty), 


It remains to determine the arbitrary functions. 


The number of counters #+y is invariable through the 
game. Represent it by m, then 


tay = $ (m) + (SP) (my) 


Now 4’s success is certain if he should ever be in possession 
of n counters. Hence, if 2=n, U,,=1. Therefore 


1=$ (m) + (“SP ) y(n, 


Again, A loses the game if ever he have only m—n 
counters, since then B will have n counters, Hence 


0= $ (m) + (SP)"y om), 
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The last two equations give, on putting P= Leip ; 
iv 


§ (m) = pa pews ¥(m) =p 


whence 
) 5 Pprr—-i1 
zy pry a 1 
_ {p"?-(1—p)""} p"* Sy, 
= 7-0 arya Ate 4) 


which is the probability that A will win the game. 
Symmetry therefore shews that the probability that B will 
win the game is 
et ard aia ea 
= PEN noe 3), 
GS pe o 


and the sum of these values will be found to be unity. 


The problem of the ‘duration of play’ in which it is pro- 
posed to find the probability that the game conditioned as 
above will terminate at a particular step, suppose the r, 
depends on the same partial difference-equation, but it in- 
volves great difficulty. A very complete solution, rich in 
its analytical consequences, will be found in a memoir by 
the late Mr Leslie Ellis (Cambridge Mathematical Journal, 


Vol. rv. p. 182). 


Method of Generating Functions. 


8. Laplace usually solves problems of the above class 


by the method of generating functions, the most complete 


statement of which is contained in the following theorem. 
Let u be the generating function of wm, n,... 80 that 
b= Sn, 0... CY” 009 


then making «=¢’, y= &%, &c. we have 


d d p0 + 90.» 
Sp (4p da’’ Je U 


w= 3 (So (1m, 0 +++) Um—p, n—a--} 
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Here, while > denotes summation with respect to the 
terms of the development of u, S denotes summation with 
respect to the operations which would constitute the first 
member a member of a linear differential equation, and the 
bracketed portion of the second member a member of a dif- 


ference-equation. 


Hence it follows that if we have a linear difference-equa- 
tion of the form 


BD Gi, 2 ons | tng neg =e eee (2), 


the equation (1) would give for the general determination of 
the generating function wu the linear differential equation 


Cie 
x (2: So re 3) 


But if there be given certain initial values of tm, , which 
the difference-equation does not determine, then, correspond- 
ing to such initial values, terms will arise in the second 
member of (1) so that the differential equation will assume 
the form 


de a, Bs 
ae a Qe una) — 
Sé (Fi a Je w= F (im, tse) ssseseeee(4). 

If the difference-equation have constant coefficients the 
differential equation merges into an algebraic one, and the 
generating function will be a rational fraction. This is the 
case in most, if not all, of Laplace’s examples, 


It must be borne in mind that the discovery of the gene- 
rating function is but a step toward the solution of the dif- 
ference-equation, and that the next step, viz. the discovery 
of the general term of its development by some independent 
process, is usually far more difficult than the direct solution 
of the original difference-equation would be. As I think that 
in the present state of analysis the interest which belongs to 
this application of generating functions is chiefly historical, 
I refrain from adding examples. 
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Mixed Difference-equations. 


9. When a mixed difference-equation admits of resolution 
into a simple difference-equation and a differential equation, 
the process of solution is obvious. 


Ex. 7. Thus the equation 


du du 
Aq hubs + abu=0 


being presented in the form 


(Z-2)(A-D u=0, 


the complete value of w will evidently be the sum of the 
values given by the resolved equations 


2 sores Au —bu= 0. 
dx 


Hence 
u=ce* +c, (1+ 5)’, 
where ¢, is an absolute, ¢, a periodical constant. 


Ex. 8. Again, the equation 
d d a 
Ay =a Ayt (444) 
being resolvable into the two equations, 
dz . (dz 
Ay=2, aCe Does 3 (Z) , 


we have, on integration, 


where c is an absolute, and Ca periodical constant. 
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Mixed difference-equations are reducible to differential 
equations of an exponential form by substituting for 2, or 
a ad 


A, their differential expressions «#, «* —1. 


Ex. 9. Thus the equation Au — i = 0 becomes 
- d 
and its solution will therefore be 
eb = 6 es", 
the values of m being the different roots of the equation 
e"—1—m=0. 

10. Laplace’s method for the solution of a class of partial 

differential equations (Diff. Equations, p. 440) has been ex- 


tended by Poisson to the solution of mixed difference-equa- 
tions of the form 


Ait. du, 
resen oa 


+ Mu, + Nu, = Vices. (1), 


where L, M, N, V are functions of z. 


: Writing w for w,, and expressing the above equation in the 
orm 


d d 
qa lt + La w+ MEu+ Nu=V, 


it is easily shewn that it is reducible to the form 
d 
(Jt M) (B+ L)u+(N-LM-L)u=V, 


where L’= dL Hence if we have 


da 
N+ LM= Timed pike ei & (2), 
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the equation becomes 


(+m) (E+L)u=VJ, 


which is resolvable by the last section into a mixed difference- 
equation and a differential equation. 


But if the above condition be not satisfied, then, assuming 


(Heel iat 220 eves nate ese) sce eens the (3), 

we have 
(f+ M) 0+ (N-LM- Li) u= Y, 
whence 
d 
= ae +) v+V 
= ae 4) 
U ge N= ll aL ae occ ececcscceseeecs ( ? 


which is expressible in the form 
ee 2 
da 
Substituting this value in (3) we have 


Des yppecctiee bore Pena 
Z da 


Bee ly T Os ve L Os, 


A 


z+1 


which, on division by A,,,, is of the form 


d dv 
pee Late Ho Ne Vy 

The original form of the equation is thus reproduced with 
altered coefficients, and the equation is resolvable as before 
into a mixed difference-equation and a differential equation, 
if the condition 


is satisfied. If not, the operation is to be repeated. 
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An inversion of the order in which the symbols i and 


F are employed in the above process leads to another reduc- 
tion similar in its general character. 


Presenting the equation in the form 
(E+D) (+z +M,)u+(N-LM,) u=V 
where I_,= EM, its direct resolution into a mixed differ- 


ence-equation and a differential equation is seen to involve 
the condition 


N= DM. = 0 ae imac erties cancers (6) 
If this equation be not satisfied, assume 
d 
(a Se M.,)u =, 


and proceeding as before a new equation similar in form to 
the original one will be obtained to which a similar test, or, 
that test failing, a similar reduction may again be applied. 


: du du, 
Ex. 10. Given eee eo ae (x+n) u,,,—axru, =0. 


This is the most general of Poisson’s examples. Taking 
first the lower sign we have 


L=—-a, M=x—-—n, N=-azx. 


Hence the condition (2) is not satisfied. But (3) and (4) 
give 


(H-a)u=z, 
dv 
Ia t (@—™)% 
“= ; 
an 
whence 
dv 
= +(e«—-n)v 
(E-a) | ae ise 
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or, on reducing, 


oe Pan (n — 1)} v,,, — aru, = 0. 


Comparing this with the given equation, we see that n 
reductions similar to the above will result-in an equation of 
the form 


dw,., dw, 
em da Dae ee 
which, being presented in the form 
d 
(z+ nr) (H—a) w,=9, 


is resolvable into two equations of the unmixed character. 


Poisson’s second reduction applies when the upper sign is 
taken in the equation given; and thus the equation is seen 
to be integrable whenever » is an integer positive or nega- 
tive. 

Its actual solution deduced by another method will be 
given in the following section. 


11. Mixed difference-equations in whose coefficients a 
is involved only in the first degree admit of a symbolical 
solution founded upon the theorem 


je +¢' (qa) * ae (a) ea (c) OG cpr (1). 


(Differential Equations, p. 44.5.) 
The following is the simplest proof.of the above theorem. 


Since ‘ pods 
+(z) m= (Ft ds) ad 


U 


d 
if in the second member ae operate on # only, and Fp Ob & 


we have, on developing and effecting the differentiations which 


have reference to a, 
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Let ¥(5 ae v, then 

(i) ive) °- 44 

or if (z ) be replaced by e® ) , 


$8) ae" va {arg (ho. 


Inverting the operations on both sides, which involves the 


inverting Be the order as well as of the Grace of successive ~ 


operations, we have 


{2 + ¢' (zt = t(D) ge $B) y 


the theorem in question. 


Let us resume Ex, 10, which we shall express in the 
form 


Au, oe 
SP oi 7G (a+) u,,, — GU, = 0 ...c000.. (a), 


n being either positive or negative. Now putting w for u, 
we og a a 
1d (c* — a) +n} u +x (e*—a)u=0. 
d 


Let (*—a)u=z, 


then we have 


d ao a4 
55 + ne (6% — ay} 2+ 0 = 
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Or, 


3( ) + nlog ao il 2 i Bg ( a 


a datag =4(2)) 22 
= (4? — are’ ie xe @ (ec —a)y"0...... (6). 
It is desirable to transform a part of this expression. 
By (1), we have 


(# f be \ a aay oe eb Me)” 
2 


and by another known theorem, 


a + 2) = —- 32" (Z) 4x7 
Ge 40 —16) Be (er 5 


The right-hand members of these equations being sym- 
bolically equivalent, we may therefore give to (b) the form 


ah eee dees 
z=(e“—a)"e (5) 2 (e* —a) "0 .eeeeeeee (c). 
Now ua(#—a)z, therefore substituting, and replacing 
e by £, 
BE ede 
y= (E—a)"e 2 (x) gal Beaaye0 ene (A). 


Two cases here present themselves. 
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First, let n be a positive integer; then since 
(E—a)*0=e"C4+ cu ea), 


(H—a)"*=(A+1—a)™, 
we have 
oe x 
u=(At1l—a)""e 2 {C+ fe? a” (,4+06,0...+¢, x") dx} 

as the solution required. 

This solution involves superfluous constants. For inte- 
grating by parts, we have 

© a a a 
Se? a°a"dx =e? a*x"™™ + log a fe? a*a” ‘dx + (r—1) fe? a’ dz, 


and in particular when r= 1, 


at a a 
Jeta’adx = €2a* + loga fera*dz. 


These theorems enable us, r being a positive integer, to — 
reduce the above general integral to a linear function of 


x 
the elementary integrals fe? a*dz, and of certain algebraic 
fod 


terms of the form ¢?a’x", where m is an integer less 
than r. 


Now if we thus reduce the integrals involved in (d), it 
will be found that the algebraic terms vanish. 


For 
Sas 
(A+1—a)"* 6 2 (2 a*x") =(A+1—a)"" a2" 
= ztn-l An-lom 
—=i(05 
since m is less than r, and the greatest value of r is n— 1. 


It results therefore that (d) assumes the simpler form, 


oop) a 
u=(A+1—a)"*e? (0,4 O, fe? a®dz) ; 
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and here CO, introduced by ordinary integration is an absolute 
constant, while O, introduced by the performance of the 
operation = is a periodical constant. 

A superfluity among the arbitrary constants, but a super- 
fluity which does not affect their arbitrariness, is always to 
be presumed when the inverse operations by which they are 
introduced are at a subsequent stage of the process of solu- 
tion followed by the corresponding direct operations. The 
particular observations of Chap. xvi. Art. 4. (Differential 
Equations) on this subject admit of a wider application. 


Secondly, let n be 0 or a negative integer. 


It is here desirable to change the sign of nm so as to express 
the given equation in the form 


dit, 4 (@ —n)u, — au = 0, 


dx dx 
while its symbolical solution (A) becomes 


u=(H-a)”* ae (%) a (H-a)"9. 


ky 
And in both n is 0 or a positive integer. 


d =i 
Now since (H— a)" 0=9, and (=) ( = C, we have 


a2 


Uu= (E- ae Ces 
= O(B-a)**e8 +(E-9)" 9 
mt, Ca? pat a? aa oe oe Se 0 


—? , 
Oe ee et +a (6+ Oe «tent )s 
i is arbi the 
le the absolute constant C, is arbitrary, 
Be es . Ca are connected by 7 rela- 


1 periodical constants ¢, % »- Sonn 
Eee ane must be determined by substitution of the above 


unreduced value of u in the given equation. 
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The general expression of these relations is somewhat com- 
plex; but in any particular case they may be determined 
without difficulty. 


Thus if a=1, n=1, it will be found that 


u=O,Sta%et + C, (1 — 2). 
If a=1, n=2, we shall have 
ah CO, Sta*e-® ~- C, (1 —a+ a) 5 
and so on. 


The two general solutions may be verified, though not 
easily, by substitution in the original equation. 


12. The same principles of solution are applicable to 
mixed partial difference-equations as to partial difference- 


equations. If A, and £ are the symbols of pure operation 


involved, and if, replacing one of these by a constant m, the 
equation becomes either a pure differential equation or a 
pure difference-equation with respect to the other, then it is 
only necessary to replace in the solution of that equation m 
by the symbol for which it stands, to effect the corresponding 
Paes in the arbitrary constant, and then to interpret the 
result. 


Ex. 11. Aju-a cuw 


aie: 0. 
wad ; ; 
Replacing By by m, and integrating, we have 
w=c(1+am)*. 
Hence the symbolic solution of the given equation is 


u=(1+a5) by) 
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17 d\? 
Site | = >) 
we* (5) vo, 
ay (y) being an arbitrary function of y. 


Ex. 12. Given w,,,,—7, 4 


d 
ay ap = Vey 


d 
@ asa constant, the symbolic solution is 


dy 
vase (2) 2(Z) Mout (G) PO 


S having reference to z. No constants need to be introduced 


—t 


Treating 


in performing the integrations implied by len 


Ex. 13. Given 4,,.— Bee +2 (a —1) an? 
Let w,=1.2... («—2) %» then 
a 
ran Ot Gy =O 
2 
or {n>—s2.4.+2(%)}%no 
d d 
or (z.- 7) (z.-23,)%=9 


whence by resolution and integration 


a= (2)e@+2q) +o 


Boe eos y) +2 (s ZV}: 


du au, _ ; : 
Ex. 14. Use — oe, + aan = V, where J is a function 


of x and y. 
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Here we have 


0 *dy 
a d\3 
ea (er ee 
a pC eer) d\7 
eh ae iad PIES 
= 7, (F Te ay eas 


~a(?a) =a) 7-H) 2G) 


The complementary part of the value of u introduced by 


the performance of will evidently be 
Broa d \* 
(5) $0) +(5) ¥o. 
But in particular cases the difficulties attending the reduc- 


tion of the general solution may be avoided, 


Thus, representing V by V,, we have, as a particular solu- 


tion 
d d 2\\=1 
U, = {2 Se Eo (x) } 2 


~ -3 a ~, a 
= (B74 38S + 7B, apt &.) V, 
y dy : 
a dV... adiV.& 
= teat S ee + ore Se. 
which terminates if V, is rational and integral with respect 
to y. The complement must then be added, 
Thus the complete solution of the given equation when 
V= F(a) +y, 
is u=F(@—2)474342" (Fy ew) + (F) +o) 
dy dy 3 
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EXERCISES. 


Solve the equations : 


d 
1. Ales — Gy Uy, y = 0. 


2 


2, Wy = a b 
5 42, y gies aptetT 


3. Gayo en HET 
4. Unes3, yen Up, y = av 

5. Uns. y— F Uys = 0. 

6. U3, — DU 40, ar BU, re ala aie Z. 
7. Ua, yl AU s3,y bu,, yal ae abu, = ¢", 
8. We43,y BA Uz, y+ ar OU, eo LY 


9. 1 ae Ut Nu bg = 


dx d& 
10. Determine w,,, from the equation 
a 
c dé U9, t = Mut, 09 


where A affects # only ; and, assuming as initial conditions 


Uz, 9 = ae + b, mad 


shew that 
d x t a 
ant = AN (pi + we), 


where A, 2 and p» are constants (Cambridge Problems). 


290 EXERCISES. [CH. XIV. 
ll. Given 
Yes, ya F (a-2— 2y — 2) Us, ya + (x +y) uo 
with the conditions 
u,,,=0, u,=0, and u,,,,=0, 
find 2, ,. 
[Cayley, Tortolini, Series 11. Vol. 1. p. 219.1 
12, Ug, y = Ue yr t+ Unga + GC 06. + Up ys 


[De Morgan, Camb. Math. Jour. Vol. 1v. p. 87.] 
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CHAPTER XV. 


OF THE CALCULUS OF FUNCTIONS. 


1. Tue calculus of functions in its purest form is dis- 
tinguished by this, viz. that it recognizes no other operations 
than those termed functional. In the state to which it has 
been brought more especially by the labours of Mr Babbage, 
it ig much too extensive a branch of analysis to permit of 
our attempting here to give more than a general view of 
its objects and its methods. But it is proper that it should 
be noticed, Ist, because the Calculus of Finite Differences 
is but a particular form of the Calculus of Functions; 2ndly, 
because the methods of the more general Calculus are in 
part an application, in part an extension of those of the 
particular one. 

In the notation of the Calculus of Functions, {ar (x)} is 
usually expressed in the form dx, brackets being omitted 
except when their use is indispensable. The expressions 
pox, pppex are, by the adoption of indices, abbreviated into 
pau, Px, &c. As a consequence of this notation we have 

°“” — @ independently of the form of ¢. The inverse form 
¢* is, it must be remembered, defined by the equation 


Hence @* may have different forms corresponding to the 
same form of ¢. Thus if 
pr=x + ax, 
we have, putting dx =, 
= a+ (a? + 4) 


and $7 has two forms. 
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The problems of the Calculus of Functions are of two 
kinds, viz. : 

Ist. Those in which it is required to determine a func- 
tional form equivalent to some known combination of known 
forms; e.g. from the form of ya to determine that of ws. 
This is exemplified in B, page 167. 


2ndly. Those which involve the solution of functional 
equations, i.e. the determination of an unknown function 
from the conditions to which it is subject, not as in the pre- 


vious case from the known mode of its composition. 


We may properly distinguish these problems as direct and 
inverse. Problems will of course present themselves in which 
the two characters meet. 


Direct Problems. 


2. Given the form of yx, required that of W's. 


There are cases in which this problem can be solved by 
successive substitution. 


Ex. 1. Thus, if w«o=x*, we have 
ye (x)= 2%, 
asat, 


Again, if on determining Wz, yx as far as convenient it 
should appear that some one of these assumes the particular 
form 2, all succeeding forms will be determined. 


Ex. 2. Thus if px=1-— 2, we have 
ye=1—(l-2) =m, 


Hence w"x = 1 — # or w according ag n is cdd or even, 


and generally 


Ez 8. If poss, we find } ty Slee cp 
Fan i-( ) = Se 
[-x 
w—1 
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1 x—1 ; aes 
Hence W"n=2, >> 8 | according as on dividing 


nby 3 the remainder is 0, 1 or 2. 


Functions of the above class are called periodic, and are 


' distinguished in order according to the number of distinct 


forms to which "a gives rise for integer values of n. The 


- function in Ex. 2 is of the second, that in Ex. 3 of the third, 


order. 
Theoretically the solution of the general problem may be 


| made to depend upon that of a difference-equation of the 
| first order by the converse of the process on page 167. For 
_ assume 


aba = ty YO = bags verrrreeeeeeeneees (2). 
Then, since Wz =Wy"z, we have 
Engg = W (tn) cecveeereeeensersnrrreneees (3). 


The arbitrary constant in the solution of this equation may 
be determined by the condition ¢, = yz, or by the still prior 
condition 

ol oe al (4). 


It will be more in analogy with the notation of the other 
chapters of this work if we present the problem in the form: 
Given Wt, required y*, thus making # the independent vari- 
able of the difference-equation. 


Ex. 4. Given pt=a + bt, required yp*t. 


Assuming pt = u, We have 


Ung = at bu,; 
~ the solution of which is 
> a 
uz = cb* + Tome 
Now u,=V't=t, therefore 
FAC 
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Hence determining ¢ we find on substitution 


b* — f 
u, =aa—sz t+ bt is <tlods adnan: aia (5), 
the expression for *¢ required. 
i a ; " 
Ex. 5. Given Wt = aay? required +p“t. 


Assuming *t = u, we have 


a 
Unsy i b =. u ? 
z 
or Un, + bU,,, =a. 


Assuming as in Ch. xi. Art. 1, 


Ute 
u,+b=— ? 


we get Unig — bv,,, — av, = 0, 
the solution of which is 
VU, = C2" + 6,8", 
a and 8 being the roots of the equation 
m*—bm—a=0. 


a+] act 
4% +68 


Hence ph nea sy path e 
zx C4" ++ c,8* 


b; 


or, putting C for a and a+ for 6, and reducing, 
1 


fda Cee at CSe 
U, = OB Se ge i ttieteeseeeesenee(G). 
Now u, = Wt =t, therefore 
de Got ce 
t a8 ea 
B+ Ca 
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t+P. 
fa. 


whence C=— 


and, substituting in (6), 
ne o® — B+ (a — B*")t 
U,=— a8 Bt ane Bais ah eel (7), 
the expression for yt required. 


Since in the above example i = raae we have, by direct 


substitution, 
Sper Othe eee 
Ses yt 44 4 
b+t’ 
and continuing the process and expressing the result in the 
usual notation of continued fractions, 


ee OO a 
CPUS Y rl) ae een ic 


the number of simple fractions being 2. Of the value of this 
continued fraction the right-hand member of (7) is therefore 
the finite expression. And the method employed shews how 
the calculus of finite differences may be applied to the finite 
evaluation of various other functions involving definite repe- 
titions of given functional operations. 


bt ; c 
ob? required wt. 


Assuming as before y“t=wu,, We obtain as the difference- 


equation 


*% : as 
Ex. 6*, Given Wi= 7 


CU Ua 14 + CU; — bu, — WHO cacccecccscreerees (8), 


and applying to this the same method as before, we find 


a and B being the roots of 
em? — (b-+¢) em + be — ae = 0 Ri ELL (10) 


* See also Hoppe, Zeitschrift, V- 136. 
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and in order to satisfy the condition u, = ¢, 


e(t—a)+e 
SETS) es. Poco r ee ssseeesesone (11). 


When a and f are imaginary, the exponential forms must 
be replaced by trigonometrical ones. We may, however, so 
integrate the equation (8) as to arrive directly at the trigono- 
metrical solution. 


For let that equation be placed in the form 


(u. F °) (oi - 4 SF AIT 0. 
é é 


é 


: b- 
Then assuming w,,=#, + ue we have 


2e 
b+e b+c\ be—ae 
(+S) (en) +25 mo, 
or baba + bh (Cosy — be) HYP =O...ceccccec eee (12), 
F : b+e be—ae (b+c)? 
in which be Do, , v* err m ( he? ) ecceccces (13). 
Hence a Lultapms 
fa jr 
or, assuming ¢, = vs,, 
Sit = Ss = ees 
Les Se a 
the integral of which is 
8, = tan (C—2 tan" *) : 
be 
But ¢,=vs, and u,= t, + w’, where 
p b ee 
ears re SCR EOC acre eee (14). 
Hence U,=v tan (C-2 tan”) Do Poncece sacar gn ls) 
b& ) 


the general integral. 
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Now the condition u,=t gives 
t=vtanO+p. 


Hence determining C we have, finally, 


at = v tan ( tan™ Ue cedar en) pte ee (16), 
v be 


for the general expression of p't. 
This expression is evidently reducible to the form 
A+Bi 
C+ Et’ 
the coefficients A, B, C, # being functions of «x. 


Reverting to the exponential form of w*t given in (9), it 
appears from (10) that it is real if the function 


(ental fa een 


é é 


is positive. But this is the same as — 40°, The trigono- 
metrical solution therefore applies when the expression repre- 
sented by v* is positive, the exponential one when it is 


negative. 
In the case of v=9 the difference-equation (12) becomes 
bites c Bb Can a t,) a 0, 
eras 


or toh 
eet eee 


the integral of which is 


ae 0. 
pb 


Determining the constant as before we ultimately get 
ptt leas 
pin — pe — at 


Iso be deduced from the trigonometrical 


a result which may a 
o indeterminate functions. 


solution by the method proper t 
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Periodical Functions. 


3. It is thus seen, and it is indeed evident a priori, that 
in the above cases the form of y*t is similar to that of we, 
but with altered constants. The only functions which are 
known to possess this property are 


a+ bt 
C+ et 


and at’. 


On this account they are of great importance in connexion 
with the general problem of the determination of the possible 
forms of periodical functions, particular examples of which 
will now be given. 


Ex. 7. Under what conditions is a+ bt a periodical func- 
tion of the z"" order ? 


By Ex. 4 we have 


vi=al ot + bt, 


and this, for the particular value of w in question, must 
reduce to ¢. Hence 


1 : 
iia pias b= 1, 


equations which require that 5 should be any «'" root of unity 


except 1 when a is not equal to 0, and any x root of unity 
when a is equal to 0. 


_ Hence if we confine ourselves to real forms the only pe- 
riodic forms of a+b are ¢ and a—t, the former being of 
every order, the latter of every even order. 

Ex. 8. Required the. conditions under which 
periodical function of the a order, 


atbt. 
c+ et get 


In the following investigation we exclude the supposition of 
é€=0, which merely leads to the case last considered, 
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Making then in (16) t=, we have 


t=p+vtan (tan : a —xtan” _) beanie: (18), 


or fst tan (tans“5* — «tan *) : 
v v Be 
an equation which, with the exception of a particular case to 
be noted presently, is satisfied by the assumption 


Sues 
a tan — = tr, 
¢ being an integer. Hence we have 


Le ey i Ae ea map nsencnnicn: (19); 
be Ee 


or, substituting for v and » their values from (18), 


whence we find 
b? — 2be cos a eC 
4a cos” ai 
x 


The case of exception above referred to is that in which 
y = 0, and in which therefore, as is seen from (19), ¢ is a mul- 
tiple of x. For the assumption v= 0 makes the expression for 
¢ given in (18) sndeterminate, the last term assuming the form 
Oxo. If the true limiting value of that term be found in 
the usual way, we shall find for ¢ the same expression as was 
obtained in (17) by direct integration. But that expression 
would lead merely to «= 0 as the condition of periodicity, a 
condition which however is satisfied by all functions what- 


ever, in virtue of the equation ¢'¢=# 


The solution (9) expressed in exponential forms does not 
lead to any condition of periodicity when a, 0, ¢, e are real 


quantities. 


300 OF THE CALCULUS OF FUNCTIONS. [CH. Xv. 


; ., at+bt 
We conclude that the conditions under which EPS when 
not of the form A+ Bt, is a periodical Junction of the x™ order, 
are expressed by (20), t being any integer which is not a 
multiple of a*. 


4. From any given periodical function an infinite number 
of others may be deduced by means of the following theorem. 


THeEoreM. If ft be a periodical function, then $f"t is also 
@ periodical function of the same order. 


For let fp t= Wt, 
then Wt = fb bfb 
= of pt. 
And continuing the process of substitution 
Wt= bf"b"t. 
Now, if ft be periodic of the n™ order, j't=t, and 
fot= gt 
Hence V"t = oo t=t. 


Therefore Wt is periodic of the n™ order. 


Thus, it being given that 1 —¢ is a periodic function of ¢ of 
the second order, other such functions are required. 


Represent 1 —¢ by ft. 
Then if ¢¢=#, 
bff t= (1-4/8). 


DRT od ta) be 


These are periodic functions of the second order; and the 
number might be indefinitely multiplied. 


The system of functions included in the general form 
df 't have been called the derivatives of the function ge 


If $t= vt, 


* I am not aware that the limitation upon the integral values of i hag 
been noticed before, (1st Ed.) 
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Functional Equations. 


5. The most general definition of a functional equation 
is that it expresses a relation arising from the forms of 
functions; a relation therefore which is independent of the 
particular values of the subject variable. The object of the 
solution of a functional equation is the discovery of an un- 
known form from its relation thus expressed with forms which 
are known. 

The nature of functional equations is best seen from an 
example of the mode of their genesis. 

Let f(a, ¢) be a given function of # and ec, which con- 
sidered as a function of x, may be represented by $x, then 


ou =f(e, c), 
and changing # into any gwen function pa, 
Pye =f (pa; ¢). 
Eliminating ¢ between these two equations we have a result 
of the form 


F (a, ha, Pye) =O vevevererrrrreessrees Cy: 


This is a functional equation, the object of the salution of 
which would be the discovery of the form @, those of /’ and 
being given. 

It is evident that neither the above process nor its result 
would be affected if ¢ instead of beimg a constant were a func- 
tion of # which did not change its form when # was changed 
into ve. Thus +f we assume as a primitive equation 


and change # into — #, we have 
1 


Eliminating ¢ we have, on reduction, 


{ (a) PR —{p a= 4a 
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a functional equation of which (a) constitutes the complete 
primitive. In that primitive we may however interpret c 
as an arbitrary even function of 2, the only condition to 
which it is subject being that it shall not change on chang- 
ing « into —z Thus we should have as particular solu- 
tions 


1 
Pa © COs ee 


1 
a a 
$ (x) = 2+ —, 


these being obtained by assuming c = cos and «? respectively. 

Difference-equations are a particular species of functional 
equations, the elementary functional change being that of z 
into%+1. And the most general method of solving func- 
tional equations of all species, consists in reducing them to 
difference-equations. Laplace has given such a method, 
which we shall exemplify upon the equation 


F (a, pa, PNR) 55 Oe dacstsasde tent £2); 


the forms of y and y being known and that of ¢@ sought. But 
though we shall consider the above equation under its general 
form, we may remark that it is reducible to the simpler form 
(1). For, the form of being known, that of y" may be 
presumed to be known also. Hence if we put pyx=z and 
xyz = Wz, we have 


FE (hz, dz, ov,z) = 0, 


and this, since y* and fi are known, is reducible to the 
general form (1). 


Now resuming (2) let 


r= u,, XL =U, 
Gyo=v, byway, f Unie (3). 
Hence », and u, being connected by the relation 
VG PU ester, Mitek, NNER: (4), 


the form of ¢ will be determined if We can express v, as a - 
function of w,. i 
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Now the first two equations of the system give on elimi- 


nating @ a difference-equation of the form 


Wes SH fly vrveernvceeseens Mavettecss (5), 


the solution of which will determine u,, therefore ya, there- 
fore, by inversion, & as a function of ¢ This result together 
with the last two equations of the system (3), will convert the 
given equation (2) into a difference-equation of the first 
order between ¢ and v,, the solution of which will determine 
y, as a function of t, therefore as a function, of w, since the 
form of u, has already been determined. But this deter- 
mination of v, as a function of u, is equivalent, as has been 
seen, to the determination of the form of ¢. 


Ex. 9. Let the given equation be (ma) — ad (x) =0. 


Then assuming 
L= Uz) Max = U, } 
+1 ( 
Spn90900000000000 a), 


b (a) =%  p (ma) = Yes 
we have from the first two 


tes 0, 


the solution of which is 
Uz = CM! verevererens Lee RN AR (b). 


Again, by the last two equations of (a) the given equation 


becomes 
Vi — WU, = 0, 


whence 


Eliminating t between (6) and (c), we have 


; log ue—log ¢ 
V= Oa logm 


log C 
Hence replacing u, by 2 % by ¢x, and C'a” es by C,, we 
have 
log x 


char = CLA 108 os sevvveesrenerereereees ...(d). 
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And here C, must be interpreted as any function of a which 
does not change on changing a into ma. 


If we attend strictly to the analytical origin of C, in the 
above solution we should obtain for it the expression 


a, + a, COS 2782) + @, Cos | 4a pee 
‘ log m z log m 


) +8. 


; log x : log a 
+ 6, sin (2 eh) + 6, sin (40 ise) + &e. 
AG, a, b,, &e. being absolute constants. But it suffices to 
adopt the simpler definition given above, and such a course 
we shall follow in the remaining examples. 


, i 
Ex. 10. Given ¢ (5) — adh (a) = 0. 
Assuming 
eta 
t= U,, ee = Ue) 
l+za 
$ (x) =v, d (=) =e Ul 
we have 
1+4u, 
Gill U,’ 
or Ulli, — Uy, $U,F1=0. 


The solution of which is 
u, = tan (c+7 ‘). 
Again we have | 
U4, — av,= 0, 
whence ‘ 
v,= C'a’. 
Hence replacing u, by a, », by ¢(z), and eliminating ¢ 


? 


4 tan-1 C7] 
T 


p(t) = Ca", 


ART. 6.] OF THE CALCULUS OF FUNCTIONS. 305 


_ C, being any function of z which does not change on chang- 
+x 


i 


ing & into 


6. Linear functional equations of the form 
dyn tagpy a+ apy a ... + Aah (2) = xt ereee (6), 
where (a) is a known function of z, may be reduced to 
the preceding form. 


For let be a symbol which operating on any function 
¢ (x) hias the effect of converting it into df (a). Then the 
above equation becomes 


ag (at) + ayn" op (a) «+ anh (2) =X, 
or 
(a + ayn” * ... + ,)  (@) =X vrseseeeeees (7). 
It is obvious that 7 possesses the distributive property 
expressed by the equation 
ao (utv) = TUT TH, 
and that it is commutative with constants so that 


TAU = ATU. 


Hence we are permitted to reduce (7) im the following 
manner, Viz. 
(2) = (a".+ am" w+ a5 & 
{N, (w—m,) *+ N,(r—m,)*..-} Nee oe 


M,, Mg++ being the roots of 
m+ am"... + O,=9 ete cetstieeuy (9), 


and N,, N,-- having the same values as in the analogous 
resolution of rational fractions. 


Now if (n-m)" X= (a), we have 
(a —m) (x) = X, 
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o5 by (x) — md (x) = X, 
to which Laplace’s method may be applied. 


Ex. 11. Given  ¢ (m*x) + ap (ma) + bd (a) =x". 


Representing by « and f the roots of a*+ax+b=0, the 
solution is 
an Jor @ Jog B 
“) = O. log a OC" log m 
$ (2) mn" + am” ++ b 4 a -- zw y 


Cand C" being functions of x unaffected by the change of « 
into ma. 


Here we may notice that just as in linear differentia] 
equations and in linear difference-equations, and for the 
same reason, viz. the distributive character of the symbol zr, 
the complete value of d(x) consists of two portions, viz. of 
any particular value of $(«) together with what would be its 
complete value where X=0. This is seen in the above 
example. 


7. There are some cases in which particular solutions of 
functional equations, more especially if the known functions 
involved in the equations are periodical, may be obtained 
with great ease. The principle of their solution is as 
follows. 


Supposing the given equation to be 


Be, $2, Oz) == O21 (10), 


and let a be a periodical function of the second order. 
Then changing 2 into We, and observing that Wxr=2, we 


have 
F (yx, dpa, dx) =0..... teeeceeeeeeee(LI1), 


Eliminating ¢wWe the resulting equation will determine pu 
as a function of a and wa, and therefore since ya is supposed 
known, as a function of «. 


If We is a periodical function of the third order, it would 
be necessary to effect the substitution twice in succession, and 


then to eliminate pe, and dye; and so on according to 
the order of periodicity of a, 
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Ex.12 Given — (¢a)*$ 7 T= = a's. 


1l—x 


1l+z2 


then x into Lg , and we have 


1l+e 
1—2\? ,l-2Z 
(675) pee l+a’ 


The function is periodic of the second order. Change 


Hence, eliminating ¢ : = we find 
ait (Lt) 
bu = ara [ ) 


as a particular solution. (Babbage, Examples of Functional 
Equations, p. 7.) 

This method fails if the process of substitution does not 
yield a number of independent equations sufficient to enable 


us to effect the elimination. Thus, supposing yx a period- 
seal function of the second order, it fails for equations of the 


form 

F (pa, oyx) = 0, 
if symmetrical with respect to gx and dx. In such cases 
we must either, with Mr Babbage, treat the given equation 
as a particular case of some more general equation which is 
unsymmetrical, or we must endeavour to solve it by some 
more general method like that of Laplace. 


Ex. 132sGiveny 
(ga)'+ {6 (3-2)} <2 


This is a particular case of the more general equation 


(gayt + m 16 (5- o)}=1+nye, 


ants which must be made equal to 1 and 0 


m and n being const 
being an arbitrary function of &. 


respectively, and xx 
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. . vin 
Changing « into 5 —@, we have 


\¢ te )p+mig (aw) P=l+ny (5-2): 


Eliminating ¢ G ~ w) from the above equations we find 


(1 —m’) {¢ (2)}*=1—m tn Lye — my (3-2). 


Therefore 


1 n T 
eye = = a haat 
(SO =c tiem my (5 If. 
Now if m become 1 and n become 0, independently, the 


fraction = becomes indeterminate, and may be replaced 


an ea 
Liv 
by an arbitrary constant c. Thus we have 

1 
{6 @))P=5 +ex (@) -ex (5-2); 


whence, merging c in the arbitrary function, 


¢ (a) = {5 +x (2) —x é e 2) aludnst: (12). 


The above is in effect Mr Babbage’s solution, excepting 
that, making m and n dependent, he finds a particular value 
for the fraction which in the above solution becomes an arbi- 
trary constant. 


Let us now solve the equation by Laplace’s method. Let 
{$ (a)}* =x, and we have ea ethod. Le 


vet e ~ 2) aay 
Hence assuming 


7 
L=U, ZB-eL=U 


2 
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we have 


7 
Mere rot 


Vous te CP = IL. 


The solutions of which are 


U=C, i= 1)" + i 
1 
v,.=C, (— 1)? + 3 0 
Hence 
poate 
t 9 shi 0 
i ms Gs 
Therefore 
Tt 
w= 5+ 0(u, ar 
or 
1 T 
+@)=5+0(#-4)- 
Therefore 


$()= G4 o(e- 9} 


sn which CO must be interpreted as a function of which does 


not change when a is changed into 57 g. It is in fact an 
arbitrary symmetrical function of x and z — a. 


The previous solution (12) is included in this. 


For, equating the two values of $(a) with a view to 
determine C, we find 
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x (e)-x (5-2) 


which is seen to be symmetrical with respect to a and ; — %. 


8. There are certain equations, and those of no incon- 
siderable importance, which involve at once two independent 
variables in such functional connexion that by differentiation 
and elimination of one or more of the functional terms, the 


solution will be made ultimately to depend upon that of a _ 
differential equation. 


Ex. 14. Representing by P¢ (x) the unknown magnitude 
of the resultant of two forces, each equal to P, acting in one 
plane and inclined to each other at an angle 2z, it is shewn 
by Poisson (Mécanique, Tom. 1. p. 47) that on certain assumed 
principles, viz. the principle that the order in which forces 
are combined into resultants is indifferent—the principle of 
(so-called) sufficient reason, &c., the following functional 


equation will exist independently of the particular values of 
x and y, viz. 


$ (uty) +$(e@—y) =$ (z) oy). 
Now, differentiating twice with respect to a, we have 
$' (e+y) + $" (@—y) =$" (x) p(y). 


And differentiating the same equation twice with respect 
to y, 


$' (w+y) +" (w@—y) => (x) $"(y). 


if $" (o) _ $"(y) 
a $(w) $y) 
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Thus the value of g a is quite independent of that of a. 


We may therefore write 


m being an arbitrary constant. The solution of this equa- 
tion 1s 


(a) = Ae” + BeE™, or f(x) =A cos max + Bsin ma. 


Substituting in the given equation to determine A and 3, 
we find 


gh (x) =e" +E™, or 2 cos mz. 


Now assuming, on the afore-named principle of sufficient 
reason, that three equal forces, each of which is inclined to 
the two others at angles of 120°, produce equilibrium, it fol- 

7 


lows that ¢ (5) =1, This will be found to require that the 


second form of ¢ (x) be taken, and that m be made equal to 1. 
Thus ¢(x)=2cosx. And hence the known law of compo- 
sition of forces follows. 


Ex. 15. A ball is dropped upon a plane with the intention 
that it shall fall upon a given point, through which two per- 
endicular axes a and y are drawn. Let ¢ (a) dw be the 
probability that the ball will fall at a distance between # and 
x + dx from the axis y, and ¢ (y) dy the probability that it 
will fall at a distance between y and y+dy from the axis @. 
Assuming that the tendencies to deviate from the respective 
axes are independent, what must be the form of the function 
¢ (a) in order that the probability of falling upon any par- 
ticular point of the plane may be independent of the position 
of the rectangular axes? (Herschel’s Essays.) 


The functional equation is easily found to be 


$(2) oy=o Wet} oO. 
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Differentiating with respect to x and with respect to y, we 
have 
_ tf [V(a" +9} (0) 


rp _9f (ae + ¥)} > (0) 
dp (x) > (y) = V(a? +4") 


Therefore 


Hence we may write 


a differential equation which gives 
bi (a) = Cer”. 
The condition that ¢ (a) must diminish as the absolute 


value of w increases shews that m must be negative. Thus 
we have 


(a). = Cee 


EXERCISES. 
L. If $ ()=;~*,, determine $" (a) 
Bu ltd (a) —9o4 1 determn ine cht (ar 
Sen ate and ~p* (t) =a shewiny neat 


of the necessary equation YW" (t) = Wy (¢), that 
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4. Shew hence that w”(#) may be expressed in the form 


a+bg 
b,-—b+¢+et’ 


the equation for determining 6, being 
b,D.4, + Cb, 4, — 6b, — ae = 9, 


and that results equivalent to those of Ex. 5, Art. 2, may 
hence be deduced. 


Solve the equations 

5. fw) +fly) =f@ery): 

6. f(x) +af(—2) =2". 

7. f(@)-afCa)ae 

8. fdl—a+f(lt+2)=1-2%. 
9. f(x) =af" (x) +f{f (2)}. 


10. Find the value, to x terms, of the continued fraction 
aE 1+ &c. 
11. What particular solution of the equation 
1 
Fe) +f(5)=4 
- is deducible by the method of Art. 7 from the equation 


f(a) + mf (2) =a + ng (2)? 


12. Required the equation of that class of curves in which 
the product of any two ordinates, equidistant from a certain 
ordinate whose abscissa a is given, is equal to the square of 
that abscissa. 
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13. If wa be a periodical function of x of the n™ degree, 
shew that there will exist a particular value of / (7) a expres- 
sible in the form 


a, + are t+ ame... +O, 7" x, 


and shew how to determine the constants a@,, Q,, @, «+. Ons 


14. Shew hence that a particular integral of the equation 


(722) -a8 (@)=2 


will be 


od ae ll+z2 1 a 
BO) (ee ee 


15. The complete solution of the above equation will be 
obtained by adding to the particular value of # the comple- 


4tan-!r 
mentary function Ca = 


16. Solve the simultaneous functional equations 


$ety)=$@) + PET, 


_ ¥@¥) 
ae ETOCS 
(Smith's Prize Examination, 1860.) 


17. Solve the equation 


ak (na) =f (2) +f (a +7) +f(w +7) +e 4f(e +24), 


[Kinkelin, Grunert, xx1I. 189.] 
18. Solve the equation 
$ (x) +o) = fefy) + yf @}- 
[Abel, Crelle, 11. 386.] 
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Magnus (Crelle, v. 365) and Lottner (Crelle, XLVI.) have 
continued the investigations into this and kindred functional 
equations. 


19. Find the conditions that ¢ (#, y) +./—1%¥ (a, y) may 


be of the form F(x+y—1). 
[Dienger, Grunert, x. 422.] 


20. Shew that 
ee 
PTA eae 
satisfies the equation 
dz 


(oie 
a YY rm 2,A2n, 


d. 
u being any function of 2. 


If a regular polygon, which is inscribed in a fixed circle, 
be moveable, and if a denote the variable arc between one 
of its angles and a fixed point in the circumference, and z, 
the ratio, multiplied by a certain constant, of the distances 
from the centre of the feet of perpendiculars drawn from the 
n™ and (n—1)™ angles, counting from A, on the diameter 
through the fixed point, prove that z, is a function which 
satisfies the equation. 


21. If $(z)=¢ (a) $(y), where 2 is a function of # and ¥ 
determined by the equation f(z)=/(«) f(y), find the form 


of ¢ (a). 
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CHAPTER XVI. 
GEOMETRICAL APPLICATIONS. 


1. THe determination of a curve from some property con- 
necting points separated by finite intervals usually involves 
the solution of a difference-equation, pure or mixed, or more 
generally of a functional equation. 


The particular species of this equation will depend upon 
the law of succession of the points under consideration, and 
upon the nature of the elements involved in the expression 
of the given connecting property. 


Thus if the abscisse of the given points increase by a 
constant difference, and if the connecting property consist 
merely in some relation between the successive ordinates, the 
determination of the curve will depend on the integration of 
a pure difference-equation. But if, the abscissz still increas- 
ing by a constant difference, the connecting property consist 
in a relation involving such elements as the tangent, the 
normal, the radius of curvature, &c., the determining equa- 
tion will be one of mixed differences. 


If, instead of the abscissa, some other element of the 
curve is supposed to increase by a constant difference, it is 
necessary to assume that element as the independent variable. 
But when no obvious element of the curve increases by a 
constant difference, it becomes necessary to assume as in- 
dependent variable the index of that operation by which we 
pass from point to point of the curve, i.e. some number 
which is supposed to measure the frequency of the operation, 
and which increases by unity as we pass from any point to 
the succeeding point. Then we must endeavour to form two 
difference-equations, pure or mixed, one from the law of 
succession of the points, the other from their connecting pro- 
perty ; and from the integrals eliminate the new variable. 
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There are problems in the expression of which we are led 
to what may be termed functional differential equations, Le. 
equations in which the operation of differentiation and an 
unknown functional operation seem inseparably involved. In 
some such cases a procedure similar to that employed in the 
solution of Clairaut’s differential equation enables us to effect 
the solution. 


2. The subject can scarcely be said to be an important 
one, and a single example in illustration of each of the dif- 
ferent kinds of problems, as classified above, may suffice. 


Fx. 1. To find a curve such that, if a system of n right 
lines, originating in a fixed point and terminating in the 
curve, revolve about that point making always equal angles 
with each other, their sum shall be invariable. (Herschel’s 
Examples, p. 115.) 


The angles made by these lines with some fixed line may 
be represented by 


%(n—1 
8, Ane i ey ed et ah 
7 1 1 


Hence, if r=¢(0) be the polar equation of the curve, the 
given point being pole, we have 


Qa 2 (n —1) *} 7 
$10) 460422). Or Li 
a being some given quantity. 
Let 0= EN and let } (=) =u,, then we have 
n 


Uy tb Ungy 000 F Unga = na, 


the complete integral of which is 


Cn tae 


Q1rz Anz 
U,= a+ C,, cos =~ + 0, 008 > s+ + Cus 008 F 
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Hence we find 
r=a-+ C,cos@+ C, cos 20... + C,_, cos (n —1) 8, 


the analytical form of any coefficient C; being 
C,= A+B, cos nO + B, cos 2n0 + &e., 
+ E, sin né + E, sin 2n0 + &e., 
A, B,, E,, &c., being absolute constants. 
The particular solution r=a+cos@ gives, on passing to 
rectangular co-ordinates, 
(a — br + y= a* (a +y’), 
and the curve is seen to possess the property that “if a system 
of any number of radii terminating in the curve and making 


equal angles with each other be made to revolve round the 
origin of co-ordinates their sum will be invariable.” 


Ex. 2. Required the curve in which, the abscisse in- 
creasing by a constant value unity, the subnormals increase 
in a constant ratio 1: a. 

Representing by y, the ordinate corresponding to the ab- 
scissa x, we shall have the mixed difference-equation 


dy, dy,_, 
Yor > Castes OLN Agi (1). 


Let ys =u,, then 


whence 


Hence integrating we find 
Yom (Ca 2c) REN (3), 


C, being a periodical constant which does not vary when x 
changes to «+1, and ¢ an absolute constant, 
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Ex. 3. Required a curve such that a ray of light pro- 
ceeding from a given point in its plane shall after two reflec- 
tions by the curve return to the given point. 


The above problem has been discussed by Biot, whose 
solution as given by Lacroix (Diff. and Int. Calc. Tom. II. 
p. 588) is substantially as follows: 


Assume the given radiant point as origin; let a, y be the 
co-ordinates of the first point of incidence on the curve, and 
pu d ay 
x’, y' those of the second. Also let = =P, a= D 
It is easily shewn that twice the angle which the normal 
at any point of the curve makes with the axis of « is equal 
to the sum of the angles which the incident and the cor- 


responding reflected ray at that point make with the same 
axis. 


Now the tangent of the angle which the incident ray at 
the point , y makes with the axis of x is Z. The tangent 
of the angle which the normal makes with the axis of w is 


- , and the tangent of twice that angle is 


_2 

Ee ee peo) 

oe oe 
Pp 


Hence the tangent of the angle which the ray reflected from 
z, y makes with the axis of x 1s 


2p ool é 
je pull ane Sep GAVE) OTS (1). 
eee ey) a (1—p*) + 2py 
oP oe 
l-p« 


Again, by the conditions of the problem a ray incident from 
the origin upon the point x,y’ would be reflected in the same 
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straight line, only in an opposite direction. But the two 
expressions for the tangent of inclination of the reflected ray 
being equal, 


Qa'p' — y' (1— p") 3 2xrp — y (1 — p*) a(n ee (2) 
a (L—p")+2y'p 21 —p")-+ 2yp 


while for the equation of that ray, we have 


Van tee eae (3). 


(it Go api lp) 
a (1— p*) + 2yp 
Now, regarding # and y as functions of an independent 


variable z which changes to z +1 in passing from the first 
point of incidence to the second, the above equations become 


A tee —y A= p’) _ 
x(1—p*)+2yp 

Ay =e ay =P’) 

a (1— p*) + 2yp 


The first of these equations gives 
2xp —y (1— p’) 

5 a (7 ccewouse secnderrets 4), 

a (1 — p’) + 2yp ”) 


whence by substitution 
Ay = CAz, 


Therefore 
y= Cr+ 0". 


Here Cand C’ are primarily periodic functions of 2 which 
do not change when z becomes z+1. Biot observes that, if 
C' be such a function, ¢ (0), in which the form of ¢ is arbi- 
trary, will also be such, and that we may therefore assume 
C'= $(C), whence 


y=Cx+(C), 


and, restoring to O its value in terms of x, y, and p given in 
(4), we shall have 
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20p —y(L—p*) , 4 (2ep—y 1—p)\* 
Sn sS [ae Nae ee “+ ry eeccce 
o> a(l—p*) + 2yp ae re 


This is the differential equation of the curve. 


. (5). 


Although Lacroix does not point out any restriction on the 
form of the function ¢, it is clear that it cannot be quite 
arbitrary. For if C= (2), we should have 


C= bv (2), 
and then, giving to @ some functional form to which yp is 
inverse, there would result 


Ch= 4; 


so that C’ would change when z was changed into 2 + 1. From 
the general form of periodic constants, Chap. IV., it is evident 
that a rational function of such a constant possesses the same 
character. Thus the differential equation (5) is applicable 
when ¢ indicates a rational function, and generally when it 
denotes a functional operation which while periodical itself 
does not affect the periodical character of its subject. 


Tf we make the arbitrary function 0, we have on reduction 
(y? — 2?) p + ay (L—p) = 9 
the integral of which is 
a + yf = r, 
denoting a circle. 


* Tt is only while writing this Chapter that a general interpretation of this 
equation has occurred to me. Its complete primitive denotes a family of 
curves defined by the following property, viz. that the caustic into which 
each of these curves would reflect rays issuing from the origin would be 
jdentical with the envelope of the system of straight lines defined by the 
equation y=crt+ > (c), ¢ being a variable parameter. This interpretation, 
which is quite irrespective of the form of the function ¢, confirms the ob- 
servation in the text as to the necessity of restricting the form of that 
function in the problem there discussed. I regret that I have not leisure 
to pursue the inquiry. 

I have also ascertained that the differential equation always admits of the 
following particular solution, viz. 

(y-A)?+ (2-B)?=0, 
A and B being given by the equation 


¢(J/—-1)=4- BJ-1. (ist edition.) 
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If we make the arbitrary function a constant and equal to 
2a, we find on reduction 


(v'— (y—a)’ + a} p — @ (y—a) (1— p*) =0, 
the complete primitive of which (Dif, Equations, p. 185) is 


22 
(y—a)*+ ca? = s 


—=.C, 


the equation of an ellipse about the focus. 


3. The following once famous problem engaged in suc- 
cession the attention of Euler, Biot, and Poisson. But the 
subjoined solution, which alone is characterized by unity and 
completeness, is due to the late Mr Ellis, Cambridge Journal, 
Vol. 111. p. 131. It will be seen that the problem leads to 


a functional differential equation. 


Ex. 4. Determine the class of curves in which the square 
of any normal exceeds the square of the ordinate erected at 
its foot by a constant quantity a. 


If y?= v(x) be the equation of the curve, the subnormal 


will be 2 , and the normal squared (a) + peer The 


2 
equation of the problem will therefore be 


b(@) + er zn {x in ed slp cy 


Differentiating, we have 


ab’ (x) +r (2) + fo4 FO} 14 HO) Wo, 


which is resolvable into the two equations, 
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The first of these gives on integration 
alr (a) +07 = 2.00 + Bescsscesrsrrerevesceees (4). 


Substituting the value of (x), hence deduced, in (1), we 
find as an equation of condition 


c=; 
and, supposing this satisfied, (4) gives 
y +a =ax+ BP, 


the equation of a circle whose centre is on the axis of a. 
It is evident that this is a solution of the problem, supposing 


a= 0. 
To solve the second equation (3), assume 


ath (x) =x (2); 
and there results 


x? (ar) — By (#2) + =O vorrerreereeees (5). 
To integrate this let x= u,, x(x) =u,,, and we have 
Ung — LU, + U, = 9, 
whence 
u,= C+ C't, 


Cand C' being functions which do not change on changing 
t into t+1. If we represent them by P(@) and P,(é), we 


have 
u,=P (t)+tP,@, 
Ue = P(t) + (¢+ 1) P,(4), 


whence, since u,=@ and %,,,= x (a) =a+$4' (2); 


we have 


x= P(t) +tP,(@), 
£Y (2) =P, (2) 
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Hence 
f (@) de =P, (i) {P'(t) + P,(t) + 4P; (Ode 
(a) =[ Pg {P’() + P, () + 4B, Oh ade, 


Replacing therefore y(a) by y’, the solution is expressed 
by the two equations, 


a= P(t) + tP,(2) 
PH=SPOIP Ot +4P/ Oj de 


from which, when the forms of P(#) and P (é) are assigned, 
t must be eliminated. 


If we make P(#) =a, P(t) =8, thus making them constant, 
we have 
x=a-+ Pi, 


y =f[Rdt = Pt +e. 
Therefore eliminating ¢ and substituting e for c— a, 
y= Ba+e. 
Substituting this in (1), we find 
aE a 

Thus, in order that the solution should be real, a must be 

negative. Let a=—h’, then B= + 2h, and 
Of Bik Dhige tO ace ona Bos sateac tees (7), 

the solution required. This indicates two parabolas. 


If a= 0, the solution represents two straight lines parallel 
to the axis of a. 


| 
| 
| 
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EXERCISES. 


| 
| 


| 1. Find the general equation of curves in which the 
| diameter through the origin is constant in value. 


| 9. Find the general equation of the curve in which the 
product of two segments of a straight line drawn through 
a fixed point in its plane to meet the curve shall be in- 


variable. 


3. If in Ex. 4 of the above Chapter the radiant point be 
supposed infinitely distant, shew that the equation of the 
reflecting curve will be of the form 


2px 2; 
s-tapt? (op) 


¢# being restricted as in the Example referred to. 
4, If a curve be such that a straight line cutting it 


perpendicularly at one point shall also cut it perpendicularly 
at another, prove that the differential equation of the curve 


will be 


neo) 


¢ being restricted as in Ex, 4 of this Chapter. 
5. Shew that the integral of the above differential equa- 
tion, when the form of ¢ is unrestricted, may be interpreted by 


the system of involutes to the curve which is the envelope of 
the system of straight lines defined by the equation 


y = ma + $(m), 


wm being a variable parameter. 
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ANSWERS TO THE EXAMPLES. 


CHAPTER II. 


6. Obtained from the identity A" (0—1) (0-2) ...... 
(0 —n) 07=0. 


9. c(l4ete4ze). 
14, (a— 62°) cos w— (7x? — a’) sin a. 


168 (2) 10 


CHAPTER III. 


1, 23263359 which is correct to the last figure. 
2. x — 92° +1724 6. 


3 —3v,+10v,+5v, — 2u, — 2v, +5v,+10v, — 32, 
fe 10 ie 1 Ones 


13. It will be so if $ (x) = 0 have one root, and ¢'(a) =0 
have no root between 1 and hk. 


CHAPTER IV. 
ie) Ban D(Gn + VOn + 3)(2n + 5) an +7) 4 pa 


(G) os ee ee 
90 6 n+ Qn+3)(Qn+5)’ 


3 (2n —1)(2n + 1) (2n +8) (2n+5)(8n+48) 129 
©). cas eae Oye memeeemaeme oleae 
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(4) LE 4n +11 
127 4 (Qn + 1)Qn+ 3)’ 
(5) Apply the method of Ex. 8. 


(6) Write 2cos @= nts and use (10) page 73. 


3. n(2n+1)(8n? + 4n — 7). 


sin=> 9 (22-1) cos'5 ( 22) sin> 9 ™ (9241) 
A —————— (2) NO en A’ $(@) 
2 sin — 5 (2 sin 3) (2 sin By 
cos (20+ 2) sin 5 (20+3) 
= —____- A’ (x) + ——- A’ (a) + &e 
(2 sin z) (2 sin 5) 


6. (1) cot : —cot 2°? 0. 


2sin nO 
cern.) O sin 20. 
tan (n—1)«+C, ee ane ae gi on 


“I 


8. Assume for the form of the integral 
(A+ Ba+...+Ma**)s° 


Ug, Uys -Uz.m-9 


and then seek to determine the constants. 


CHAPTER V. 


eek 
30 (n+ A 


where C'=1:0787 approximately and is the sum ad inf. 
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my by legs 
wz 


The sum adinf. differs from that of the first nine terms by 
‘0000304167. 


iv) 

5 
— 
Nw) 
Se 
+ 

a 
cs 
a) 


4. See page 71. 
5. (1) Apply Prop. Iv. page 99. If —a? be written for 


x? in the first series it can be divided into two series similar 
to the Example there given. 


@ s\sesneen tiene 
2 (x (w@+1) («© +2) 2x (x+1) (w@+2)(e +8) 
A de + &e} 
4 xe (a+ 1) (a+ 2)(«@+3)(@+4) ; 
(2+ 1)™-—a™ 


(2—a+1) 29° 
13. See Ex. 7. Also page 115. 


CHAPTER VIL 
bY u tantaand —. 
a 2a 


3. (1) Divergent. (2) Convergent. 
(3) ‘The successive tests corresponding to (C) are 
obtained by writing — Au,,, for eee therein. The set 
. . Vrty . . 
corresponding to (B) are obtained by writing 


= Du, 108 ose) ‘ 


p (2) 


_(4) Convergent if # be positive, divergent if it be 
negative. 


(5) Divergent. (6) Divergent. 
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(7) Divergent unless « be greater than unity. 


(8) Divergent unless a be greater than unity. 


4. (1) Divergent unless x be less than unity. 


(2) Convergent unless « or its modulus be numeri- 


cally greater than unity. 
6. Divergent unless x <e”". 
7. a must not be jess than unity numerically. 


L7e ee) ux. LLo. 


CHAPTER IX. 
ey, eA p 
Hehe () w= 57 (2 +a): (2) The same. 
1 Ay nb 
(3) ie ite i} Au, + cAu, — Uz = 9. 


(4) ( at V+ a ( a u) 0, (5) The same. 


a—1l a-l 


me (,) = x(a—1) q (~-1)?, 
a pe OO! pce 


cos (a — 1) n—acos nx 


3. u,= Ca" + 1-2acosnt+a’ 
(Ofte eens 
4. i gr aed a 


5. u,= {C+ cosec a tan (a — 1)a} cos a cos 2a...cos (a —1)a. 


G. Assume u,=v, +m where m is a root of 
m +am+b=0, 


and there results a linear equation in a 


a 


8, u,= 0" +a?" 
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2 sin 2 sin (« = 3) 0 
9. U= 7 + Csin x6. 


sin 5 
10. u,=a™* {a? + Ch. 


it. u,= cos 2°86. 


1 
att Elly vip te os nd 
12. u,=a {o+e Sear: 
13. 4, = sian at 
n—1 


14. u=m1Qq", 


15. By writing u, + : =v, the equation may be reduced — 
to v4, =v2+C. When C=-—2 this gives v, = 2 cos 27 8, 
16. cu,=ex +1. 


17. “et =ax or —2ax, Hence two associated solutions 
(see Ch. x.) are u, = Ca* Tx 
and u,= C(— 2a)"Tx. 


CHAPTER X. 
Ny n= +o ed) COS 7x Cos = (=-5). 
er e ey, x Qt 


8. The two others are given by 


3 
Zz 
Og | ge 
-=(o- 2), 


where z is a root of yu? + #+1=0. 
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a3 (Ay—Z 42+ 1) (4y+="4) = 0, 


2y 


ay=(¥—e—-1) 1+} - 3-4-4 


Or 


if 
| page 218. It is any value of 2°”) ae oh 


8. 


& & 


CHAPTER XI. 


a 


m 


Uz = C(- 1)?+ CN iesl) (ine a) 2 
U, = ea ey 


25 


19 
ee Oa) Cyr +g|e- 62 +pe-s| 


oan, 


Pee az = 0 
U, = (m+n) { Geos (= tan *) 


+ C’sin (# tan™ n\ ee A 


n 


ra («-5) (ae —1)(2—2) 
u, = 0- ———$+ <5: 


2sin 5 


esl 
U, = (— 3)” {e+ 792 ol + O,4+ Cat Cx 
a 4? — 9800 + 28} 
+ 960 ; 
(III) 


The particular integral is obtained by (II) and 
x + 2 cos £ 


“ a et + C-2° + O, + Cpt Ogi + Ca? 
+O,0° +g. 
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+ n’ cos mz + cos (w — 2) m 


eee n + 2n* cos 2m+1 


tion, which is 


+complementary func- 
Te FAP ORTON L, 
| Coos eee C sin 7m, 

or Cn? + C’ (—n)*, according as the upper or lower sign is 


taken. 


10. n*u,= {C,+ C,x} cos" + {C,+ Cia} sin 


or C, + Ce + {C,+ C2} (—1)*%. 


11. (a+ dk) FF} — Dk where k= *00M, 


12, sap (ty - 


— 


CHAPTER XII. 


= is s Sin & ; 
Mees {ors T+ Cr 


2. u,=A sin (X+a)+Bsin (2X +8) +Csin (3X+y)+é&e. 


—1 : , 
to — 5 terms (supposing that n is odd) where X= ple, 
n 


3. walet1 {ySX see P+ ot. 


4. u,=|x {3 ae ot. 


5. = 7— v a (% —1) (a@—2) 
eta 310+ Ons Ory | 
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a 


lo 
3 log =(—n)* f _108 a 


7. For («@+2) read (4+2)*. The equation is then re- 
duced into avery simple form by substituting 7 v4 fOr Uy. 
(+1)? * f 


8. u,=C,+ C,(-1)?+ mex 
Uz = Ci Op (—1)"— an ae ; 


9.0 Up= C, ti C, (lee, a Che 1)”. 
21—m—n i Tae _ Te < 
MS “Wess 3 wn At {Boos + Osin Bh 1 
and v,+&c., w,+ &e. are obtained by writing w+2 and x+4 


in the quantity on the right-hand side. 


ct2_ Cr 2-1 
1, wa (A+ Ba) 24 (C4 Da) (2) ge 
is given at once by the first equa- 


and v,,, (and therefore Vz) 
tion. 


13. It may be written (Z— a*) (H-a’*) u, = 9. 


aw (a-1) a (a—1) 


14. u,=a 2 {e+ (care? 


15. u,=Va tan \¢, cos an + C,sin aad : 
17. Compare with (15) after dividing by U,ry:Uz+2° 


19. Ifloga,=U, we have 


+ Bs, — 4Un = 9; 


Un4s 


and the solution is 
ery 


bc) 8 
A,= a aS 
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20. See page 228. Perform A on the equation and a 
linear equation in A’u, results. 


21. u,= Pa’ +QR* + Ry where aby =1 


and C=PQR (a— 8)? (8-4) (y—4a)*. 
If C=0, the solution becomes 
U, = Po® + OB*. 
99. If v=: 2 cose yg Se ond am SEL 
sin @ 
LAN Ne 
“ (5) = (5) f 
CHAPTER XIV. 
"7 d\® 
1 ee: b (y) 
2. Ary (zy op, (y) + B* ($ ) $,(y), where a and 8 are 


roots of m?—am+b=0. 


3. U,y=x(yta—1)+o(y+2). 


a 
4, Uy = Sean +¢$ (y— nz). 


Be ty = 5 {0 Ope t (— 4)" Cah 


. fila+y) +f, (ety) +2" sty) +e. 


for) 


7. Us 0h @) +040) + Gop 


8. 
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The complementary function is given by 


=a (x+y) +B, @t+y)+¥f,@t+y) 


where a, 8, vy are the roots of 


m —3a’m +a? = 0. 


The other part is a particular integral of 


in which «+y is written for C after solution. It is of the 
form Aay + Bu + B'y + C, but the values of the coefficients 


(E* — 30? E + a°)u, = Ca — a 


are complicate. 


9. 


Nx 


La fi € ae Aaa 
u, = C2*+ Ce + (xa where C is a periodic 


and C’ an absolute constant. 


7. 


8. 


CHAPTER XV. 

ee (J=1+2)"—(J -1-2)" — 
$" ( ee hicianean(/ Sia (m= 2"). 
gah et detains @—JFHT (m= 2) 
f (a) = Cz. 
7@O= Ss 
feat. 

Qa — x? 

fle)=f(@) -f2-2) +g 

gz _ 2 (— 1)” 


ee): 
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a f 
I. f (e)=3+$(@)-$(2). 
12. y=ce?™™, $ (x) denoting an odd function of a. 


13. Develope f (7) in ascending powers of 7, and apply 
the conditions of periodicity. 


sin mx 
re BON) ~ sin (ma +c)’ 
Reese sin ¢ 


"sin (ma + ¢)* 


22. (2) ={f (a)}”. 


CHAPTER XVI. 


6 O— 
1%, r=a+f(s-)-4(4") where f (x) satisfies the 


equation A f(x) = 0. 


2. Write log r for r in the answer to the previous ques- 
tion. 


| 


NUMERICAL INTEGRATION OF 
DIFFERENTIAL EQUATIONS 


| by A. A. Bennett, W. E. Milne, Harry Bateman 


| This well-known, greatly sought-after volume is an unabridged re- 
_ publication of an original monograph prepared for the National 
Research Council. It describes new methods of integration of dif- 


| ferential equations developed by three leading mathematicians, and 


| contains much material not readily available in detail elsewhere. 


| Of special interest to mathematicians, physicists and mathematical 
| physicists are the discussions on methods for partial differential equa- 
tions, transition from difference equations to differential equations, 
and solution of differential equations to non-integral values of a 


parameter. 


PARTIAL CONTENTS: “The Interpolational Polynomial,” A. A. 
Bennett. Tabular index, arguments, values, differences. Displacements, 


| divided differences, repeated arguments, derivation of the interpola- 
tional polynomial, integral. “Successive Approximations,” A. A. 
- Bennett. Numerical methods of successive substitutions. Approximate 


methods in solution of differential equations. “Step-by-Step Methods 
of Integration,” W. E. Milne. Differential equations of the Ist order: 
Taylor's series, methods using ordinates, Runge-Kutta method. Systems 
of differential equations of the first order. Higher order differential 
equations. Second order equations in which first derivatives are absent. 
“Methods for Partial Differential Equations,’ Harry Bateman. Transi- 
tion from solution of difference equations to solution of differential 


equations. Ritz’s method. Least squares method. Extension of solu- 


tion to nonintegral values of a parameter. 
288 footnotes, mostly bibliographic; 285-item classified bibliography. 


Index. 108pp. 5% x 8. 
$305 Paperbound $1.35 


AN INVESTIGATION OF THE LAWS 
OF THOUGHT 


by George Boole 


George Boole was one of the greatest mathematicians of the 19th 
century, and one of the most influential thinkers of all time. Not 
only did he make important contributions to differential equations 
and calculus of finite differences, he also was the discoverer of 
invariants, and the founder of modern symbolic logic. According 
to Bertrand Russell, “Pure mathematics was discovered by George 
Boole in his work published in 1854.” 


THE INVESTIGATION OF THE LAWS OF THOUGHT is the first exten- 
sive statement of the modern view that mathematics is a pure 
deductive science that can be applied to various situations. Boole 
first showed how classical logic could be treated with algebraic 


terminology and operations, and then proceeded to a general sym- 


bolic method of logical inference; he also attempted to devise a 
calculus of probabilities which could be applied to situations 
hitherto considered beyond investigation. 


The enormous range of this work can be seen from chapter head- 
ings: Nature and Design of This Work; Signs and Their Laws; Deriva- 
tion of Laws; Division of Propositions; Principles of Symbolical 
Reasoning; Interpretation; Elimination; Reduction; Methods of Abbre- 
viation; Conditions of a Perfect Method;. Secondary Propositions; 
Methods in Secondary Propositions; Clarke and Spinoza; Analysis; 
Aristotelian Logic; Theory of Probabilities; General Method in Prob- 
abilities; Elementary Illustrations; Statistical Conditions; Problems 
on Causes; Probability of Judgments; Constitution of the Intellect. 
This last chapter, Constitution of the Intellect, is a very significant 
analysis of the psychology of discovery and scientific method. 


“A classic of pure mathematics and symbolic logic . . . the pub- 
lisher is to be thanked for making it available,” SCIENTIFIC AMERI- 
CAN. 


Unabridged reproduction of 1854 edition, with corrections made in 
the text. xviii + 424pp. 5% x 8. S28 Paperbound $2.00 


Bridge, Golden Gate Bridge, etc. described in terms of history, 


Catalogue of Dover 
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BOOKS THAT EXPLAIN SCIENCE 


THE NATURE OF LIGHT AND COLOUR IN THE OPEN AIR, M. Minnaert. Why is falling snow 
sometimes black? What causes mirages, the fata morgana, multiple suns and moons in the 
sky; how are shadows formed? Prof. Minnaert of U. of Utrecht answers these and similar 
questions in optics, light, colour, for non-specialists. Particularly valuable to nature, 
science students, painters, photographers. ‘‘Can best be described in one word—fascinating!”’ 
Physics Today. Translated by H. M. Kremer-Priest, K. Jay. 202 illustrations, including 42 
photos. xvi + 362pp. 5¥% x 8. T196 Paperbound $1.95 


THE RESTLESS UNIVERSE, Max Born. New enlarged version of this remarkably readable 
account by a Nobel laureate. Moving from sub-atomic particles to universe, the author 
explains in very simple terms the latest theories of wave mechanics. Partial contents: air 
and its relatives, electrons and ions, waves and particles, electronic structure of the 


atom, nuclear physics. Nearly 1000 illustrations, including 7 animated sequences. 325pp. 
6 xo: T7412 Paperbound $2.00 


MATTER AND LIGHT, THE NEW PHYSICS, L. de Broglie. Non-technical papers by a Nobel 
laureate explain electromagnetic theory, relativity, matter, light, radiation, wave mechanics, 
quantum physics, philosophy of science. Einstein, Planck, Bohr, others explained so easily 
that no mathematical training is needed for all but 2 of the 21 chapters. ‘Easy simplicity 
and lucidity . . . should make this source-book of modern physcis available to a wide 
public,’ Saturday Review. Unabridged. 300pp. 5% x 8. 735 Paperbound $1.60 


THE COMMON SENSE OF THE EXACT SCIENCES, W. K. Clifford. Introduction by James New- 
man, edited by Karl Pearson. For 70 years this has been a guide to classical scientific, 
mathematical thought. Explains with unusual clarity basic concepts such as extension of 
meaning of symbols, characteristics of surface boundaries, properties of plane figures, 
vectors, Cartesian method of determining position, etc. Long preface by Bertrand Russell. 


Bibliography of Clifford. Corrected. 130 diagrams redrawn. 249pp. 5% Xx 8. 
T61 Paperbound $1.60 


THE EVOLUTION OF SCIENTIFIC THOUGHT FROM NEWTON TO EINSTEIN, A. d’Abro. Einstein’s 
special, general theories of relativity, with historical implications, analyzed in non-technical 
terms. Excellent accounts of contributions of Newton, Riemann, Weyl, Planck, Eddington, 
Maxwell, Lorentz, etc., are treated in terms of space, time, equations of electromagnetics, 
finiteness of universe, methodology of science. ‘‘Has become a standard work,’’ Nature. 21 
diagrams. 482pp. 5% Xx 8. T2 Paperbound $2.00 


BRIDGES AND THEIR BUILDERS, D. Steinman, S. R. Watson. Engineers, historians, everyone 
ever fascinated by great spans will find this an endless source of information and interest. 
Dr, Steinman, recent recipient of Louis Levy Medal, is one of the great bridge architects, 
engineers of all time. His analysis of great bridges of history is both authoritative and 
easily followed, Greek, Roman, medieval, oriental bridges; modern works such as Brooklyn 

constructional principles, 


tistry, function. Most comprehensive, accurate semi-popular history of bridges in print in 
English. New, greatly revised, enlarged edition. 23 photographs, 26 line drawings. xvii + 
40lpp. 5% x 8. 1431 Paperbound $1.95 


CATALOGUE OF 


CONCERNING THE NATURE OF THINGS, Sir William Bragg. Christmas lectures at Royal 
Society by Nobel laureate, dealing with atoms, gases, liquids, and various types of crystals. 
No scientific background is needed to understand this remarkably clear introduction to basic 
Processes and aspects of modern science. ‘More interesting than any bestseller,’ London 
Morning Post. 32pp. of photos. 57 figures. xii + 232pp. 536 x 8. T31 Paperbound $1.35 


THE RISE OF THE NEW PHYSICS, A. d’Abro. Half million word exposition, formerly titled 
“The Decline of Mechanism,” for readers not versed in higher mathematics. Only thorough 
explanation in everyday language of core of modern mathematical physical theory, treating 
both classical, modern views. Scientifically impeccable coverage of thought from Newtonian 
system through theories of Dirac, Heisenberg, Fermi’s statistics. Combines history, exposi- 
tion; broad but unified, detailed view, with constant comparison of classical, modern 
views. “‘A must for anyone doing serious study in the physical sciences,”’ J. of the Franklin 


Inst. “Extraordinary faculty . . . to explain ideas and theories... in language of everyday 
life,”’ Isis. Part | of set: philosophy of science, from practice of Newton, Maxwell, Poincaré, 
Einstein, etc. Modes of thought, experiment, causality, etc. Part Il: 100 pp. on grammar, 


vocabulary of mathematics, discussions of functions, groups, series, Fourier series, etc. 
Remainder treats concrete, detailed coverage of both classical, quantum physics: analytic 
mechanics, Hamilton’s principle, electromagnetic waves, thermodynamics, Brownian move- 
ment, special relativity, Bohr’s atom, de Broglie’s wave mechanics, Heisenberg’s uncertainty, 
scores of other important topics. Covers discoveries, theories of d’Alembert, Born, Cantor, 
Debye, Euler, Foucault, Galois, Gauss, Hadamard, Kelvin, Kepler Laplace, Maxwell, Pauli, 
Rayleigh Volterra, Weyl, more than 180 others. 97 illustrations. ix + 982pp. 53% x 8. 

T3 Vol. 1 Paperbound $2.00 

T4 Vol. Il Paperbound $2.00 


SPINNING TOPS AND GYROSCOPIC MOTION, John Perry. Well-known classic of science still 
unsurpassed for lucid, accurate, delightful exposition. How quasi-rigidity is induced in 
flexible, fluid bodies by rapid motions; why gyrostat falls, top rises; nature, effect of 
internal fluidity on rotating bodies; etc. Appendixes describe practical use of gyroscopes 
in ships, compasses, monorail transportation. 62 figures. 128pp. 5% x 8. 

1416 Paperbound $1.00 


FOUNDATIONS OF PHYSICS, R. B. Lindsay, H. Margenau. Excellent bridge between semi- 
popular and technical writings. Discussion of methods of physical description, construction 
of theory; valuable to physicist with elementary calculus. Gives meaning to data, tools of 
modern physics. Contents: symbolism, mathematical equations; space and time; foundations 
of mechanics; probability; physics, continua; electron theory; relativity; quantum mechanics; 
causality; etc. ‘‘Thorough and yet not overdetailed. Unreservedly recommended,’”’ Nature. 
Unabridged corrected edition. 35 illustrations. xi + 537pp. 5% x 8. $377 Paperbound $2.45 


FADS AND FALLACIES IN THE NAME OF SCIENCE, Martin Gardner. Formerly entitled ‘In the 
Name of Science,’ the standard account of various cults, quack systems, delusions which 
have Mmasqueraded as science: hollow earth fanatics, orgone sex energy, dianetics, Atlantis, 
Forteanism, flying saucers, medical fallacies like zone therapy, etc. New chapter on Bridey 
Murphy, Psionics, other recent manifestations. A fair reasoned appraisal of eccentric theory 
which provides excellent innoculation. ‘Should be read by everyone, scientist or non- 
scientist alike,’ R. T. Birge, Prof. Emeritus of Physics, Univ. of Calif; Former Pres., 
Amer. Physical Soc. x + 365pp. 536 x 8. 1394 Paperbound $1.50 


ON MATHEMATICS AND MATHEMATICIANS, R. E. Moritz. A 10 year labor of love by discerning, 
discriminating Prof. Moritz, this collection conveys the full sense of mathematics and 
personalities of great mathematicians. Anecdotes, aphorisms, reminiscences, philosophies, 
definitions, speculations, biographical insights, etc. by great mathematicians, writers: Des- 
cartes, Mill, Locke, Kant, Coleridge, Whitehead, etc. Glimpses into lives of great mathema- 
ticians, from Archimedes to Euler, Gauss, Weierstrass. To mathematicians, a superb 
browsing-book. To laymen, exciting revelation of fullness of mathematics. Extensive cross 


index. 410pp. 5% x 8. T489 Paperbound $1.95 


GUIDE TO THE LITERATURE OF MATHEMATICS AND PHYSICS, N. G. Parke III. Over 5000 
entries under approximately 120 major subject headings, of selected most important books 
monographs, periodicals, articles in English, plus important works in German, French, 
Italian, Spanish, Russian. (many recently available works). Covers every branch of physics, 
math, related engineering. Includes author, title, edition, publisher, place, date, number 
of volumes, number of pages. 40 page introduction on basic problems of research study 
Provides useful information on organization, use of libraries, Psychology of learning, etc. 
Will save you hours of time. 2nd revised edition. Indices of authors, subjects. 464pp. 
53% x 8. S447 Paperbound $2.49 


THE STRANGE STORY OF THE QUANTUM, An Account for the General Reader of th 

of Ideas Underlying Our Present Atomic Knowledge, B.. Hoffmann. Presents lucidly este 
with barest amount of mathematics, problems and theories which led to modern quantum 
physics. Begins with late 1800's when discrepancies were noticed; with illuminating anal- 
ogies, examples, goes through concepts of Planck, Einstein, Pauli, Schroedinger, Dirac 
Sommerfield, Feynman, etc. New Postscript through 1958. “Of the books attempting an 
account of the history and contents of modern atomic physics which have come to my 
attention, this is the best,’’ H. Margenau, Yale U., in Amer. J. of Physics. 2nd edition 32 
tables, illustrations. 275pp. 53% x 8, 1518 Paperbound $1 45 
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| DOVER SCIENCE BOOKS 


HISTORY OF SCIENCE 
AND PHILOSOPHY OF SCIENCE 


THE VALUE OF SCIENCE, Henri Poincaré. Many of most mature ideas of ‘“‘last scientifi 
universalist’’ for both beginning, advanced workers. Nature of scientific truth, Zane 
| order is innate in universe or imposed by man, logical thought vs. intuition (relating to 
_ Weierstrass, Lie, Riemann, etc), time and space (relativity, psychological time, simultaneity), 
Herz’s concept of force, values within disciplines of Maxwell, Carnot, Mayer, Newton, 
Lorentz, etc. iii + 147pp. 5% x 8. $469 Paperbound $1.35 


PHILOSOPHY AND THE PHYSICISTS, L. S. Stebbing. Philosophical aspects of modern science 
examined in terms of lively critical attack on ideas of Jeans, Eddington. Tasks of science, 
causality, determinism, probability, relation of world physics to that of everyday experience, 
philosophical significance of Planck-Bohr concept of discontinuous energy levels, inferences 
to be drawn from Uncertainty Principle, implications of ‘‘becoming’’ involved in 2nd law 
of thermodynamics, other problems posed by discarding of Laplacean determinism. 285pp. 
5% x 8. T480 Paperbound $1.65 


THE PRINCIPLES OF SCIENCE, A TREATISE ON LOGIC AND THE SCIENTIFIC METHOD, W. S. 
Jevons. Milestone in development of symbolic logic remains stimulating contribution to in- 
| vestigation of inferential validity in sciences. Treats inductive, deductive logic, theory of 
number, probability, limits of scientific method; significantly advances Boole’s logic, con- 
tains detailed introduction to nature and methods of probability in physics, astronomy, 
everyday affairs, etc. In introduction, Ernest Nagel of Columbia U. says, “[Jevons] continues 
to be of interest as an attempt to articulate the logic of scientitic inquiry.”’ liii + 786pp. 
53 x 8. $446 Paperbound $2.98 


f HISTORY OF ASTRONOMY FROM THALES TO KEPLER, J. L. E. Dreyer. Only work in English 
to give complete history of cosmological views from prehistoric times to Kepler. Partial 
contents: Near Eastern astronomical systems, Early Greeks, Homocentric spheres of 
Euxodus, Epicycles, Ptolemaic system, Medieval cosmology, Copernicus, Kepler, much more. 
“Especially useful to teachers and students of the history of science . . . unsurpassed in 
| its field,” Isis. Formerly ‘‘A History of Planetary Systems from Thales to Kepler.” Revised 
foreword by W. H. Stahl. xvii + 430pp. 5% x 8. S79 Paperbound $1.98 


A CONCISE HISTORY OF MATHEMATICS, D. Struik. Lucid study of development of ideas, 
techniques, from Ancient Near East, Greece, Islamic science, Middle Ages, Renaissance, 
modern times. Important mathematicians described in detail. Treatment not anecdotal, but 
analytical development of ideas. Non-technical—no math training needed. “Rich in con- 
tent, thoughtful in interpretations,’ U.S. Quarterly Booklist. 60 illustrations including 
| Greek, Egyptian manuscripts, portraits of 31 mathematicians. 2nd edition. xix + 299pp. 
| 5% x 8. $255 Paperbound $1.75 


THE PHILOSOPHICAL WRITINGS OF PEIRCE, edited by Justus Buchler. A carefully balanced 
| expositon of Peirce’s complete system, written by Peirce himself. It covers such matters 
| as scientific method, pure chance vs. law, symbolic logic, theory of signs, pragmatism, 


| experiment, and other topics. “Excellent selection. . . gives more than adequate evidence 
of the range and greatness,” Personalist. Formerly entitled ‘‘The Philosophy of Peirce.” 
| xvi + 368pp. 7217 Paperbound $1.95 


SCIENCE AND METHOD, Henri Poincaré. Procedure of scientific discovery, methodology, ex- 
periment, idea-germination—processes by which discoveries come into being. Most signifi- 
cant and interesting aspects of development, application of ideas. Chapters cover selection 
of facts, chance, mathematical reasoning, mathematics and logic; Whitehead, Russell, 
Cantor, the new mechanics, etc. 288pp. 53% xX 8. $222 Paperbound $1.35 


SCIENCE AND HYPOTHESIS, Henri Poincaré. Creative psychology in science. How such con- 
cepts as number, magnitude, space, force, classical mechanics developed, how modern 
scientist uses them in his thought. Hypothesis in physics, theories of modern physics. 
Introduction by Sir James Larmor. “Few mathematicians have had the breadth of vision 


i one is his superior in the gift of clear exposition,” E. T. Bell. 272pp. 
Be ncn ees ‘ $221 Paperbound $1.35 


AYS IN.EXPERIMENTAL LOGIC, John Dewey. Stimulating series of essays by one of most 
Pavential minds in American philosophy presents some of his most mature thoughts on 
wide range of subjects. Partial contents: Relationship between _ inquiry and experience; 
dependence of knowledge upon thought; character logic; judgments of practice, data, and 
meanings; stimuli of thought, etc. viii + 444pp. 5% x 8. 173 Paperbound $1.95 


1S SCIENCE, Norman Campbell. Excellent introduction explains scientific method, role 
Bee namatics, types of scientific laws. Contents: 2 aspects of science, science and 
nature, laws of chance, discovery of laws, explanation of laws, measurement and numerical 
laws, applications of science. 192pp. 5% x 8 $43 Paperbound $1.25 


CATALOGUE OF 


FROM EUCLID TO EDDINGTON: A STUDY OF THE CONCEPTIONS OF THE EXTERNAL WORLD, Sir 
Edmund Whittaker. Foremost British scientist traces development of theories of natural phi- — 
losophy from western rediscovery of Euclid to Eddington, Einstein, Dirac, etc. 5 major 
divisions: Space, Time and Movement; Concepts of Classical Physics; Concepts of Quantum 
Mechanics; Eddington Universe. Contrasts inadequacy of classical physics to understand 
physical world with present day attempts of relativity, non-Euclidean geometry, space | 
curvature, etc. 212pp. 5% x 8. T491 Paperbound $1.35 © 


THE ANALYSIS OF MATTER, Bertrand Russell. How do our senses accord with the new 
physics? This volume covers such topics as logical analysis of Physics, prerelativity 
physics, causality, scientific inference, physics and perception, special and general rela- | 
tivity, Weyl’s theory, tensors, invariants and their physical interpretation, periodicity and — 
qualitative series. ‘‘The most thorough treatment of the subject that has yet been pub- 
lished,’ The Nation. Introduction by L. E. Denonn. 422pp. 53% x 8. T231 Paperbound $1.95 


LANGUAGE, TRUTH, AND LOGIC, A. Ayer. A clear introduction to the Vienna and Cambridge 
schools of Logical Positivism. Specific tests to evaluate validity of ideas, etc. Contents: 
function of philosophy, elimination of metaphysics, nature of analysis, a priori, truth and 
probability, etc. 10th printing. ‘‘! should like to have written it myself,’ Bertrand Russell. 
160pp. 5% x 8. T10 Paperbound $1.25 


THE PSYCHOLOGY OF INVENTION IN THE MATHEMATICAL FIELD, J. Hadamard. Where do ideas 
come from? What role does the unconscious play? Are ideas best developed by mathematical 
reasoning, word reasoning, visualization? What are the methods used by Einstein, Poincaré, | 
Galton, Riemann? How can these techniques be applied by others? One of the world’s } 
leading mathematicians discusses these and other questions. xiii + 145pp. 53% x 8. 
T107 Paperbound $1.25 | 
| 


GUIDE TO PHILOSOPHY, C. E. M. Joad. By one of the ablest expositors of all time, this is 
not simply a history or a typological survey, but an examination of central problems in 
terms of answers afforded by the greatest thinkers: Plato, Aristotle, Scholastics, Leibniz, 
Kant, Whitehead, Russell, and many others. Especially valuable to persons in the physical 
sciences; over 100 pages devoted to Jeans, Eddington, and others, the philosophy of 
modern physics, scientific materialism, pragmatism, etc. Classified bibliography. 592pp. 
53¥e Xx 8. T50 Paperbound $2.00 


; 

| 
SUBSTANCE AND FUNCTION, and EINSTEIN’S THEORY OF RELATIVITY, Ernst Cassirer. Two | 
books bound as one. Cassirer establishes a philosophy of the exact sciences that takes into | 
consideration new developments in mathematics, shows historical connections. Partial | 
contents: Aristotelian logic, Mill’s analysis, Helmholtz and Kronecker, Russell and cardinal — 
numbers, Euclidean vs. non-Euclidean geometry, Einstein’s relativity. Bibliography. Index. | 
xxi + 464pp. 53% x 8. T50 Paperbound $2.00 . 


FOUNDATIONS OF GEOMETRY, Bertrand Russell. Nobel laureate analyzes basic problems in 
the overlap area between mathematics and philosophy: the nature of geometrical knowledge, 
the nature of geometry, and the applications of geometry to space. Covers history of non- | 
Euclidean geometry, philosophic interpretations of geometry, especially Kant, projective | 
and metrical geometry. Most interesting as the solution offered in 1897 by a great mind | 
to a problem still current. New introduction by Prof. Morris Kline, N.Y. University. “‘Ad- | 
mirably clear, precise, and elegantly reasoned analysis,’ International Math. News. xii + 


201pp. 53% x 8. $233 Paperbound $1.60 


THE NATURE OF PHYSICAL THEORY, P. W. Bridgman. How modern physics looks to a highly § 
unorthodox physicist—a Nobel laureate. Pointing out many absurdities of science, demon- | 
Strating inadequacies of various physical theories, weighs and analyzes contributions of | 
Einstein, Bohr, Heisenberg, many others. A non-technical Consideration of correlation of | 
Science and reality. xi + 138pp. 53% x 8. S33 Paperbound $1.25 | 


EXPERIMENT AND THEORY IN PHYSICS, Max Born. A Nobel laureate examines the nature | 
and value of the counterclaims of experiment and theory in physics. Synthetic versus | 
analytical scientific advances are analyzed in works of Einstein, Bohr, Heisenberg, Planck, 
Eddington, Milne, others, by a fellow scientist. 44pp. 536 x 8. $308 Paperbound 60¢ | 


A SHORT HISTORY OF ANATOMY AND PHYSIOLOGY FROM THE GREEKS TO H 

Singer. Corrected edition of “The Evolution of Anatomy.” Classic traces anata cree | 
iology from prescientific times through Greek, Roman periods, dark ages, Renaissance to | 
beginning of modern concepts. Centers on individuals, movements, that definitely advanced 
anatomical knowledge. Plato, Diocles, Erasistratus, Galen, da Vinci, etc. Special section — 
on Vesalius. 20 plates. 270 extremely interesting illustrations of ancient, Medieval, Renais- | 
sance, Oriental origin. xii + 209pp. 538 x 8, T7389 Paperbound $1.75 | 


SPACE -TIME- MATTER, Hermann Weyl. “The standard treatise on the e 

relativity,’’ (Nature), by world renowned scientist. Deep, clear distiission oF logic cone 
ence of general theory, introducing all needed tools: Maxwell, analytical geometry, non- | 
Euclidean geometry, tensor calculus, etc. Basis is classical space-time, before absorption 
of relativity. Contents: Euclidean space, mathematical form, metrical continuum, general | 
theory, etc. 15 diagrams. xviii + 330pp. 53% x 8. $267 Paperbound $1.75 


A 


DOVER SCIENCE BOOKS 


ATTER AND MOTION, James Clerk Maxwell. Excellent exposition begins with simpl ar- 
ticles, ‘Proceeds gradually to physical systems beyond complete Eralyais, meatal Moree 
wproperties of centre of mass of material system; work, energy, gravitation, etc. Written 
M ith all Maxwell’s original insights and clarity. Notes by E. Larmor. 17 diagrams. 178pp. 
bye x 8. $188 Paperbound $1.25 


PPRINCIPLES OF MECHANICS, Heinrich Hertz. Last work by the great 19th century physicist 
is not only a classic, but of great interest in the logic of science. Creating a new system 
ppt mechanics based upon space, time, and mass, it returns to axiomatic analysis, under- 
standing of the formal or structural aspects of science, taking into account logic, observa- 
ion, a priori elements. Of great historical importance to Poincaré, Carnap, Einstein, Milne. 
20 page introduction by R. S. Cohen, Wesleyan University, analyzes the implications of 
ertz’s thought and the logic of science. 13 page introduction by Helmholtz. xlii + 274pp. 
¥%e x 8. $316 Clothbound $3.50 

$317 Paperbound $1.75 


FFROM MAGIC TO SCIENCE, Charles Singer. A great historian examines aspects of science 
!from Roman Empire through Renaissance. Includes perhaps best discussion of early herbals, 
penetrating physiological interpretation of ‘The Visions of Hildegarde of Bingen.’’ Also 
pexamines Arabian, Galenic influences; Pythagoras’ sphere, Paracelsus; reawakening of 
science under Leonardo da Vinci, Vesalius; Lorica of Gildas the Briton; etc. Frequent 
quotations with translations from contemporary manuscripts. Unabridged, corrected edi- 
tion. 158 unusual illustrations from Classical, Medieval sources. xxvii + 365pp. 5% x 8. 


| 1390 Paperbound $2.00 


IA HISTORY OF THE CALCULUS, AND ITS CONCEPTUAL DEVELOPMENT, Carl B. Boyer. Provides 
illaymen, mathematicians a detailed history of the development of the calculus, from begin- 
ij ings in antiquity to final elaboration as mathematical abstraction. Gives a sense of 
mathematics not as technique, but as habit of mind, in progression of ideas of Zeno, Plato, 
ii ythagoras, Eudoxus, Arabic and Scholastic mathematicians, Newton, Leibniz, Taylor, Des- 
‘ artes, Euler, Lagrange, Cantor, Weierstrass, and_others. This first comprehensive, critical 
Ht istory of the calculus was originally entitled ‘‘The Concepts of the Calculus.’ Foreword 
uby R. Courant. 22 figures. 25 page bibliography. v + 364pp. 5% x 8. 

: $509 Paperbound $2.00 


if 

| DIDEROT PICTORIAL ENCYCLOPEDIA OF TRADES AND INDUSTRY, Manufacturing and the 
“Technical Arts in Plates Selected from ‘‘L’Encyclopédie ou Dictionnaire Raisonné des 
‘Sciences, des Arts, et des Métiers’’ of Denis Diderot. Edited with text by C. Gillispie. First 
modern selection of plates from high-point of 18th century French engraving. Storehouse 
of technological information to historian of arts and science. Over 2,000 illustrations on 
/485 full page plates, most of them original size, show trades, industries of fascinating 
‘era in such great detail that modern reconstructions might be made of them. Plates teem 
‘with men, women, children performing thousands of operations; show sequence, -general 
joperations, closeups, details of machinery. Illustrates such important, interesting trades, 
‘industries as sowing, harvesting, beekeeping, tobacco processing, fishing, arts of war, 
mining, smelting, casting iron, extracting mercury, making gunpowder, cannons, bells, 
\shoeing horses, tanning, papermaking, printing, dying, over 45 more categories. Professor 
|Gillispie of Princeton supplies full commentary on all plates, identifies operations, tools, 
|processes, etc. Material is presented in lively, lucid fashion. Of great interest to all 


studying history of science, technology. Heavy library cloth. 920pp. 9 x 12. 
th ; T421 2 volume set $18.50 


|DE MAGNETE, William Gilbert., Classic work on magnetism, founded new science. Gilbert 
was first to use word “‘electricity,”’ to recognize mass as distinct from weight, to discover 
leffect of heat on magnetic bodies; invented an electroscope, differentiated between static 
‘electricity and magnetism, conceived of earth as magnet. This lively work, by first great 
experimental scientist, is not only a valuable historical landmark, but a delightfully easy 
to follow record of a searching, ingenious mind. Translated by P. F. Mottelay. 25 page 
| biographical memoir. 90 figures. lix + 368pp. 5% x 8. S470 Paperbound $2.00 


HISTORY OF MATHEMATICS, D. E. Smith. Most comprehensive, non-technical history of math 
lin English. Discusses lives and works of over a thousand major, minor figures, with foot- 
notes giving technical information outside book’s scheme, and indicating disputed matters. 
Vol. |: A chronological examination, from primitive concepts through Egypt, Babylonia, 
/Greece, the Orient, Rome, the Middle Ages, The Renaissance, and to 1900. Vol. Il: The 
development of ideas in specific fields and problems, up through elementary calculus. 
“Marks an epoch. . . will med ee re peachipe se ge platen of science Boag 
f 510 illustrations, pp. (3 : 
Boriamer. cl ig ed 1429, 430 Paperbound, the set $5.00 


0 HY OF SPACE AND TIME, H. Reichenbach. An important landmark in develop- 
Bee oy tecpiricist conception of geometry, covering foundations of geometry, time theory, 
‘consequences of Einstein’s relativity, including: relations between theory and observations; 
coordinate definitions; relations between topological and metrical properties of spate) 
psychological problem of visual intuition of non-Euclidean structures; many more epics 
important to modern science and philosophy. Majority of ideas require only ip aE 2 
intermediate math. ‘‘Still the best book in the field, Rudolf Ope eal ia Se MM 
R. Carnap. 49 figures. xviii + 296pp. 5¥%e x 8. $443 Paperbound $2. 
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CATALOGUE OF 


FOUNDATIONS OF SCIENCE: THE PHILOSOPHY OF THEORY AND EXPERIMENT, N. Campbell. 
A critique of the most fundamental concepts of science, particularly physics. Examines why 
certain propositions are accepted without question, demarcates science from philosophy, 
etc. Part | analyzes presuppositions of scientific thought: existence of material world, 
nature of laws, probability, etc; part 2 covers nature of experiment and applications of 
mathematics: conditions for measurement, relations between numerical laws and theories, 
error, etc. An appendix covers problems arising from relativity, force, motion, space, 
time. A classic in its field. ‘“‘A real grasp of what science is,’’ Higher Educational Journal. 
xiii + 565pp. 556 x 8%. $372 Paperbound $2.95 


THE STUDY OF THE HISTORY OF MATHEMATICS and THE STUDY OF THE HISTORY OF SCIENCE, 
G. Sarton. Excellent introductions, orientation, for beginning or mature worker. Describes 
duty of mathematical historian, incessant efforts and genius of previous generations. Ex- 
plains how today’s discipline differs from previous methods. 200 item bibliography with 
critical evaluations, best available biographies of modern mathematicians, best treatises 
on historical methods is especially valuable. 10 illustrations. 2 volumes bound as one. 
113pp. + 75pp. 5% x 8. 7240 Paperbound $1.25 


MATHEMATICAL PUZZLES 


MATHEMATICAL PUZZLES OF SAM LOYD, selected and edited by Martin Gardner. 117 choice 
puzzles by greatest American puzzle creator and innovator, from his famous ‘Cyclopedia 
of Puzzles.’’ All unique style, historical flavor of originals. Based on arithmetic, algebra, 
probability, game theory, route tracing, topology, sliding block, operations research, geo- 
metrical dissection. Includes famous ‘14-15’’ puzzle which was national craze, ‘‘Horse of 
a Different Color’ which sold millions of copies. 120 line drawings, diagrams. Solutions. 
xx + 167pp. 5% x 8. T498 Paperbound $1.00 


SYMBOLIC LOGIC and THE GAME OF LOGIC, Lewis Carroll. ‘Symbolic Logic’ is not concerned 
with modern symbolic logic, but is instead a collection of over 380 problems posed with 


charm and imagination, using the syllogism, and a fascinating diagrammatic method of- 


drawing conclusions. In “The Game of Logic’’ Carroll’s whimsical imagination devises a 
logical game played with 2 diagrams and counters (included) to manipulate hundreds of 
tricky syllogisms. The final section, ‘‘Hit or Miss’’ is a lagniappe of 101 additional puzzles 
in the delightful Carroll manner. Until this reprint edition, both of these books were rarities 
costing up to $15 each. Symbolic Logic: Index. xxxi + 199pp. The Game of Logic: 96pp. 
2 vols. bound as one. 53% x 8. T7492 Paperbound $1.50 


PILLOW PROBLEMS and A TANGLED TALE, Lewis Carroll. One of the rarest of all Carroll’s 
works, ‘‘Pillow Problems” contains 72 original math puzzles, all typically ingenious, Particu- 
larly fascinating are Carroll's answers which remain exactly as he thought them out, 
reflecting his actual mental process. The problems in ‘‘A Tangled Tale’ are in story form, 
Originally appearing as a monthly magazine serial. Carroll not only gives the solutions, but 
uses answers sent in by readers to discuss wrong approaches and misleading paths, and 
grades them for insight. Both of these books were rarities until this edition, ‘‘Pillow 
Problems’’ costing up to $25, and “A Tangled Tale’ $15, Pillow Problems: Preface and 
Introduction by Lewis Carroll. xx + 109pp. A Tangled Tale: 6 illustrations. 152pp. Two vols. 
bound as one. 53% x 8. T7493 Paperbound $1.50 


NEW WORD PUZZLES, G. L. Kaufman. 100 brand new challenging puzzles on words, com- 
binations, never before published. Most are new types invented by author, for beginners 
and experts both. Squares of letters follow chess moves. to build words; symmetrical 
designs made of synonyms; rhymed crostics; double word squares; syllable puzzles where 
you fill in missing syllables instead of missing letter; many other types, all new. Solutions. 
“Excellent,’’ Recreation. 100 puzzles. 196 figures. vi + 122pp. 536 x 8 


7344 Paperbound $1.00 


MATHEMATICAL EXCURSIONS, H. A. Merrill. Fun, recreation, insights into elementary prob- 
lem solving. Math expert guides you on by-paths not generally travelled in elementary math 
courses—divide by inspection, Russian peasant multiplication; memory systems for pi; odd, 
even magic squares; dyadic systems; square roots by geometry; Tchebichev’s machine; 
dozens more. Solutions to more difficult ones. ‘Brain Stirring stuff . . . a classic,” Genie. 
50 illustrations. 145pp. 53% x 8. T350 Paperbound $1.00 


THE BOOK OF MODERN PUZZLES, G. L. Kaufman. Over 150 puzzles, absolutely all new mate- 
rial based on Same appeal as crosswords, deduction puzzles, but with different principles 
techniques. 2-minute teasers, word labyrinths, design, pattern, logic, observation puzzles, 
puzzles testing ability to apply general knowledge to peculiar situations, many others. 
Solutions. 116 illustrations. 192pp. 536 x 8. 7143 Paperbound $1.00 


MATHEMAGIC, MAGIC PUZZLES, AND GAMES WITH NUMBERS, R. V. Heath. Over 60 puzzles 
stunts, on properties of numbers. Easy techniques for multiplying large numbers mentally, 
identifying unknown numbers, finding date of any day in any year. Includes The Lost Digit, 
3 Acrobats, Psychic Bridge, magic squares, triangles, cubes, others not easily found else- 
where, Edited by J. S. Meyer. 76 illustrations. 128pp. 53% x 8. T110 Paperbound $1.00 
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PUZZLE QUIZ AND STUNT FUN, J. Meyer. 238 high-priority puzzles, stunts, tricks— 

puzzles like The Clever Carpenter, Atom Bomb, Please Help Piiieee nay stoniess pera 
like The Bridge of Sighs, Secret Code; observation puzzlers like The American Flag, Playing 
Cards, Telephone Dial; over 200 others with magic squares, tongue twisters, puns, ana- 
grams. Solutions. Revised, enlarged edition of ‘‘Fun-To-Do.’’ Over 100 illustrations. 238 
puzzles, stunts, tricks. 256pp. 5% x 8. 1337 Paperbound $1.00 


101 PUZZLES IN THOUGHT AND LOGIC, C. R. Wylie, Jr. For readers who enjoy challenge 
stimulation of logical puzzles without specialized math or scientific knowledge. Problems 
entirely new, range from relatively easy to brainteasers for hours of subtle entertainment. 
Detective puzzles, find the lying fisherman, how a blind man identifies color by logic, many 
more. Easy-to-understand introduction to logic of puzzle solving and general scientific 
method. 128pp. 5% x 8. 1367 Paperbound $1.00 


CRYPTANALYSIS, H. F. Gaines. Standard elementary, intermediate text for serious students. 
Not just old material, but much not generally known, except to experts. Concealment, 
Transposition, Substitution ciphers; Vigenere, Kasiski, Playfair, multafid, dozens of other 
techniques. Formerly “Elementary Cryptanalysis.’’ Appendix with sequence charts, letter 
frequencies in English, 5 other languages, English word frequencies. Bibliography. 167 
codes. New to this edition: solutions to codes. vi + 230pp. 5% X_ 8%. 

T97 Paperbound $1.95 


CRYPTOGRAPY, L. D. Smith. Excellent elementary introduction to enciphering, deciphering 
secret writing. Explains transposition, substitution ciphers; codes; solutions; geometrical 
patterns, route transcription, columnar transposition, other methods. Mixed cipher systems; 
single, polyalphabetical substitutions; mechanical devices; Vigenere; etc. Enciphering Jap- 
anese; explanation of Baconian biliteral cipher; frequency tables. Over 150 problems. Bib- 
liography. Index. 164pp. 538 x 8. 7247 Paperbound $1.00 


MATHEMATICS, MAGIC AND MYSTERY, M. Gardner. Card tricks, metal mathematics, stage 
mind-reading, other ‘‘magic’’ explained as applications of probability, sets, number theory, 
etc. Creative examination of laws, applications. Scores of new tricks, insights. 115 sections 
on cards, dice, coins; vanishing tricks, many others. No sleight of hand—math guarantees 
success. “Could hardly get more entertainment . . . easy to follow,’ Mathematics Teacher. 
115 illustrations. xii + 174pp. 5% x 8. T7335 Paperbound $1.00 


AMUSEMENTS IN MATHEMATICS, H. E. Dudeney. Foremost British originator of math puzzles, 
always witty, intriguing, paradoxical in. this classic. One of largest collections. More than 
430 puzzles, problems, paradoxes. Mazes, games, problems on number manipulations, 
unicursal, other route problems, puzzles on measuring, weighing, packing, age, kinship, 
chessboards, joiners’, crossing river, plane. figure dissection, many others. Solutions. More 
than 450 illustrations. viii + 258pp. 5% x 8. 1473 Paperbound $1.25 


THE CANTERBURY PUZZLES H. E. Dudeney. Chaucer’s pilgrims set one another Problems in 
story form. Also Adventures of the Puzzle Club, the Strange Escape of the King's Jester, 
the. Monks of Riddlewell, the Squire’s Christmas Puzzle Party, others. All puzzles are 
original, based on dissecting plane figures, arithmetic, algebra, elementary calculus, other 
branches of mathematics, and purely logical ingenuity. “The limit of ingenuity and in- 
tricacy,” The Observer. Over 110 puzzles, full solutions. 150 illustrations. viii + 225 pp. 
53% x 8. T474 Paperbound $1.25 


MATHEMATICAL PUZZLES FOR BEGINNERS AND ENTHUSIASTS, G. Mott-Smith. 188 puzzles to 
test mental agility. Inference, interpretation, algebra, dissection of plane figures, geometry, 
properties of numbers, decimation, permutations, probability, all are in these delightful 
problems. Includes the Odic Force, How to Draw an Ellipse, Spider’s Cousin, more than 180 
others. Detailed solutions. Appendix with square roots, triangular numbers, primes, etc. 
135 illustrations. 2nd revised edition. 248pp. 5% x 8. T198 Paperbound $1.00 


MATHEMATICAL RECREATIONS, M. Kraitchik. Some 250 puzzles, problems, demonstrations of 
recreation mathematics on relatively advanced level. Unusual historical problems from 
Greek, Medieval, Arabic, Hindu sources; modern problems on “mathematics: without num- 
bers,’’ geometry, topology, arithmetic, etc. Pastimes derived from figurative, Mersenne, 
Fermat numbers: fairy chess; latruncles: reversi; etc. Full solutions. Excellent insights 
into special fields of math. ‘Strongly recommended to all who are interested in the 


i i ics h tical Gaz. 181 illustrations. 330pp. 5% x 8. 
lighter side of mathematics,’’ Mathemati SOP oe bounaest ts 


FICTION 


i i -ficti i bout life in a 2- 
FLATLAND, E. A. Abbott. A perennially popular science fiction classic a 
j i world, and the impingement of higher dimensions. 
Bee ed. This land where women are straight lines and the lowest and most dan- 
isosceles triangles with 3° vertices conveys brilliantly a feeling for 


many concepts of modern science. 7th edition New introduction by Banesh Hoffmann. 128pp. 


5¥e x 8. 


CATALOGUE OF 


SEVEN SCIENCE FICTION NOVELS OF H. G. WELLS. Complete texts, unabridged, of seven of 
Wells’ greatest novels: The War of the Worlds, The InvisiblesMan, The Island of Dr. Moreau, 
The Food of the Gods, First Men in the Moon, In the Days of the Comet, The Time Machine. 
Still considered by many experts to be the best science-fiction ever written, they will offer 
amusements and instruction to the scientific minded reader. ‘‘The great master,’’ Sky and 
Telescope. 1051pp. 5% x 8. T264 Clothbound $3.95 


28 SCIENCE FICTION STORIES OF H. G. WELLS. Unabridged! This enormous omnibus contains 
2 full length novels—Men Like Gods, Star Begotten—plus 26 short stories of space, time, 
invention, biology, etc. The Crystal Egg, The Country of the Blind, Empire of the Ants, 
The Man Who Could Work Miracles, Aepyornis Island, A Story of the Days to Come, and 
20 others “A master . . . not surpassed by .. . writers of today,’’ The English Journal. 
915pp. 5% x 8. T265 Clothbound $3.95 


FIVE ADVENTURE NOVELS OF H. RIDER HAGGARD. All the mystery and adventure of darkest 
Africa captured accurately by a man who lived among Zulus for years, who knew African 
ethnology, folkways as did few of his contemporaries. They have been regarded as examples 
of the very best high adventure by such critics as Orwell, Andrew Lang, Kipling. Contents: 
She, King Solomon’s Mines, Allan Quatermain, Allan’s Wife, Maiwa’s Revenge. ‘‘Could spin 
a yarn so full of suspense and color that you couldn’t put the story down,’’ Sat. Review. 
821pp. 5% x 8. T108 Clothbound $3.95 


CHESS AND CHECKERS 


LEARN CHESS FROM THE MASTERS, Fred Reinfeld. Easiest, most instructive way to im- 
prove your game—play 10 games against such masters as Marshall, Znosko-Borovsky, Bron- 
stein, Najdorf, etc., with each move graded by easy system. Includes ratings for alternate 
moves possible. Games selected for interest, clarity, easily isolated principles. Covers 
Ruy Lopez, Dutch Defense, Vienna Game openings; subtie, intricate middle game variations; 
all-important end game. Full annotations. Formerly ‘‘Chess by Yourself.” 91 diagrams. viii 
+ 144pp. 5% x 8. T362 Paperbound $1.00 


REINFELD ON THE END GAME IN CHESS, Fred Reinfeld. Analyzes 62 end games by Alekhine, 
Flohr, Tarrasch, Morphy, Capablanca, Rubinstein, Lasker, Reshevsky, other masters. Only 
1st rate book with extensive coverage of error—tell exactly what is wrong with each move 
you might have made. Centers around transitions from middle play to end play. King and 
Pawn, minor pieces, queen endings; blockage, weak, passed pawns, etc. “Excellent... a 
boon,”’ Chess Life. Formerly ‘‘Practical End Play.’’ 62 figures. vi + 177pp. 53% x 8. 


T7417 Paperbound $1.25 


HYPERMODERN CHESS as developed in the games of its greatest exponent, ARON NIMZO- 
VICH, edited by Fred Reinfeld. An intensely original player, analyst, Nimzovich’s approaches 
Startled, often angered the chess world. This volume, designed for the average player 
shows how his iconoclastic methods won him victories over Alekhine, Lasker, Marshall, 
Rubinstein, Spielmann, others, and infused new life into the game. Use his methods to 
startle opponents, invigorate play. ‘‘Annotations and introductions to each game... are 
excellent,” Times (London). 180 diagrams. viii + 220pp. 53% x 8. T7448 Paperbound $1.35 


THE ADVENTURE OF CHESS, Edward Lasker. Lively reader, by one of America’s finest chess 
masters, including: history of chess, from ancient Indian 4-handed game of Chaturanga 
to great players of today; such delights and oddities as Maelzel’s chess-playing automaton 
that beat Napoleon 3 times; etc. One of most valuable features is author’s personal recollec- 
tions _of men he has played against—Nimzovich, Emanuel Lasker, Capablanca, Alekhine 
etc. Discussion of chess-playing machines (newly revised). 5 page chess primer. 11 illus- 
trations. 53 diagrams. 296pp. 536 x 8. $510 Paperbound $1.45 


THE ART OF CHESS, James Mason. Unabridged reprinting of latest revised editio 

famous general study ever written. Mason, early 20th century master, teaches cee 
intermediate player over 90 openings; middle game, end game, to see more moves ahead. 
to plan purposefully, attack, sacrifice, defend, exchange, govern general strategy. “Classic 
. » . one of the clearest and best developed studies,’’ Publishers Weekly. Also included, a 
complete Supplement by F. Reinfeld, ‘How Do You Play Chess?’’, invaluable to beginners 
for its lively question-and-answer method. 448 diagrams. 1947 Reinfeld-Bernstein text 
Bibliography. xvi + 340pp. 536 x 8. T463 Paperbound $1.85 


DOVER SCIENCE BOOKS 


| WIN AT CHECKERS, M. Hopper. (Formerly “Checkers.”) Former World’s Unrestricted Checker 
Champion discusses Principles of game, expert’s shots, traps, problems for beginner, stand- 
| ard openings, locating best move, end game, opening ‘‘blitzkrieg’’ moves to draw when 
behind, etc. Over 100 detailed questions, answers anticipate problems. Appendix. 75 prob- 
lems with solutions, diagrams. 79 figures. xi + 107pp. 5% x 8. T363 Paperbound $1.00 


HOW TO FORCE CHECKMATE, Fred Reinfeld. If you have trouble finishing off your o 

here is a collection of lightning strokes and combinations from Scheel ne eee 
Starts with 1-move checkmates, works up to 3-move mates. Develops ability to look ahead 
gain new insights into combinations, complex or deceptive positions; ways to estimate weak- 
nesses, strengths of you and your opponent. ‘‘A good deal of amusement and instruction,” 
Times, (London). 300 diagrams. Solutions to all positions. Formerly ‘‘Challenge to Chess 
Players.”’ lllpp. 5% x 8. T417 Paperbound $1.25 


A TREASURY OF CHESS LORE, edited by Fred Reinfeld. Delightful collection of anecdotes, 
short stories, aphorisms by, about masters; poems, accounts of games, tournaments, photo- 
graphs; hundreds of humorous, pithy, satirical, wise, historical episodes, comments, word 
portraits. Fascinating ‘‘must’’ for chess players; revealing and perhaps seductive to those 
who wonder what their friends see in game. 49 photographs (14 full page plates). 12 
diagrams. xi + 306pp. 538 x 8. T458 Paperbound $1.75 


WIN AT CHESS, Fred Reinfeld. 300 practical chess situations, to sharpen your eye, test skill 
against masters. Start with simple examples, progress at own pace to complexities. This 
selected series of crucial moments in chess will stimulate imagination, develop stronger, 
more versatile game. Simple grading system enables you to judge progress. “Extensive use 
of diagrams is a great attraction,” Chess. 300 diagrams. Notes, solutions to every situation. 
Formerly ‘‘Chess Quiz.’’ vi + 12O0pp. 53% x 8. T7433 Paperbound $1.00 


MATHEMATICS: 
ELEMENTARY TO INTERMEDIATE 


HOW TO CALCULATE QUICKLY, H. Sticker. Tried and true method to help mathematics of 
everyday life. Awakens “number sense’’—ability to see relationships between numbers as 
whole quantities. A serious course of over 9000 problems and their solutions through 
techniques not taught in schools: left-to-right multiplications, new fast division, etc. 10 
minutes a day will double or triple calculation speed. Excellent for scientist at home in 


higher math, but dissatisfied with speed and accuracy in lower math. 256pp. 5 x 7%. 
Paperbound $1.00 


FAMOUS PROBLEMS OF ELEMENTARY GEOMETRY, Felix Klein. Expanded version of 1894 
Easter lectures at Gottingen. 3 problems of classical geometry: squaring the circle, trisect- 
ing angle, doubling cube, considered with full modern implications: transcendental num- 
bers, pi, etc. ‘‘A modern classic . . . no knowledge of higher mathematics is required,” 


Scientia. Notes by R. Archibald. 16 figures. xi + 92pp. 5¥% x 8. 7298 Paperbound $1.00 


HIGHER MATHEMATICS FOR STUDENTS OF CHEMISTRY AND PHYSICS, J. W. Mellor. Practical, 
not abstract, building problems out of familiar laboratory material. Covers differential cal- 
culus, coordinate, analytical geometry, functions, integral calculus, infinite series, numerical 
equations, differential equations, Fourier’s theorem probability, theory of errors, calculus 
- of variations, determinants. “lf the reader is not familiar with this book, it will repay 


im to examine it,’’ Chem. and En ineering News. 800 problems. 189 figures. xxi + 641pp. 
39 x 8. ae : $193 Paperbound $2.25 


TRIGONOMETRY REFRESHER FOR TECHNICAL MEN, A. A. Klaf. 913 detailed questions, answers 
cover most important aspects of plane, spherical trigonometry—particularly useful in clearing 
up difficulties in special areas. Part |: plane trig, angles, quadrants, functions, graphical repre- 
sentation, interpolation, equations, logs, solution of triangle, use. of slide rule, etc. Next 
188 pages discuss applications to navigation, surveying, elasticity, architecture, other 
special fields. Part 3: spherical trig, applications to terrestrial, astronomical problems. 
Methods of time-saving, simplification of principal angles, make book most useful. 913 
questions answered. 1738 problems, answers to odd numbers. 494 figures. 24 pages of for- 
mulas, functions. x 4+ 629pp. 5% x 8. 1371 Paperbound $2.00 


S$ REFRESHER FOR TECHNICAL MEN, A. A. Klaf. 756 questions examine most im- 
Soceitaaapects of. integral, differential calculus. Part |: simple differential calculus, con- 
stants, variables, functions, increments, logs, curves, etc. Part 2: fundamental ideas of 
integrations, inspection, substitution, areas, volumes, mean value, double, triple integration, 
etc. Practical aspects stressed. 50 pages illustrate applications to specific problems of civil, 
engineering, electricity, stress, strain, elasticity, similar fields. 756 questions 


nautical 
ed. 36pp. of useful constants, formulas. v + 431pp. 
ag pee 566 problems, mostly answer pp. Oe ae i 


CATALOGUE OF 


MONOGRAPHS ON TOPICS OF MODERN MATHEMATICS, edited by J. W. A. Young. Advanced 
mathematics for persons who have forgotten, or not gone beyond, high school algebra. 
9 monographs on foundation of geometry, modern pure geometry, non-Euclidean geometry, 
fundamental propositions of algebra, algebraic equations, functions, calculus, theory of 
numbers, etc. Each monograph gives proofs of important results, and descriptions of lead- 
ing methods, to provide wide coverage. ‘‘Of high merit,’’ Scientific American. New intro- 
duction by Prof. M. Kline, N.Y. Univ. 100 diagrams. xvi + 416pp. 61% x 914. 

S289 Paperbound $2.00 


MATHEMATICS IN ACTION, 0. G. Sutton. Excellent middle level application of mathematics 
to study of universe, demonstrates how math is applied to ballistics, theory of computing 
machines, waves, wave-like phenomena, theory of fluid flow, meteorological problems, 
Statistics, flight, similar phenomena. No knowledge of advanced math required. Differential 
equations, Fourier series, group concepts, Eigenfunctions, Planck’s constant, airfoil theory, 
and similar topics explained so clearly in everyday language that almost anyone can derive 
benefit from reading this even if much of high-school math is forgotten. 2nd edition. 88 
figures. viii + 236pp. 5% x 8. T450 Clothbound $3.50 


ELEMENTARY MATHEMATICS FROM AN ADVANCED STANDPOINT, Felix Klein. Classic text, 
an outgrowth of Klein’s famous integration and survey course at Gottingen. Using one field 
to interpret, adjust another, it covers basic topics in each area, with extensive analysis. 
Especially valuable in areas of modern mathematics. ‘‘A great mathematician, inspiring 
teacher, . . . deep insight,’’ Bul., Amer. Math Soc. 


Vol. 1. ARITHMETIC, ALGEBRA, ANALYSIS. Introduces concept of function immediately, en- 
livens discussion with graphical, geometric methods. Partial contents: natural numbers, 
special properties, complex numbers. Real equations with real unknowns, complex quan- 
tities. Logarithmic, exponential functions, infinitesimal calculus. Transcendence of e and pi, 
theory of assemblages. Index. 125 figures. ix + 274pp. 5% x 8. $151 Paperbound $1.75 


Vol. Il. GEOMETRY. Comprehensive view, accompanies space perception inherent in geom- 
etry with analytic formulas which facilitate precise formulation. Partial contents: Simplest 
geometric manifold; line segments, Grassman determinant principles, classication of con- 
figurations of space. Geometric transformations: affine, projective, higher point transforma- 
tions, theory of the imaginary. Systematic discussion of geometry and its foundations. 141 
illustrations. ix + 214pp. 5% x 8. S151 Paperbound $1.75 


A TREATISE ON PLANE AND ADVANCED TRIGONOMETRY, E. W. Hobson. Extraordinarily wide 
coverage, going beyond usual college level, one of few works covering advanced trig in 
full detail. By a great expositor with unerring anticipation of potentially difficult points. 
Includes circular functions; expansion of functions of multiple angle; trig tables; relations 
between sides, angles of triangles; complex numbers; etc. Many problems tully solved. 
“The best work on the subject,’’ Nature. Formerly entitled ‘A Treatise on Plane Trigonom- 
etry.’ 689 examples. 66 figures. xvi + 383pp. 5% x 8. $353 Paperbound $1.95 


NON-EUCLIDEAN GEOMETRY, Roberto Bonola. The standard coverage of non-Euclidean geom- 
etry. Examines from both a historical and mathematical point of view geometries which 
have arisen from a study of Euclid’s 5th postulate on parallel lines. Also included are 
complete texts, translated, of Bolyai’s ‘‘Theory of Absolute Space,’’ Lobachevsky’s ‘‘Theory 
of Parallels.’’ 180 diagrams. 431pp. 53% x 8. $27 Paperbound $1.95 


GEOMETRY OF FOUR DIMENSIONS, H. P. Manning. Unique in English as a clear, concise intro- 
duction. Treatment is synthetic, mostly Euclidean, though in hyperplanes and hyperspheres 
at infinity, non-Euclidean geometry is used. Historical introduction. Foundations of 4-dimen- 
sional geometry. Perpendicularity, simple angles. Angles of planes, higher order. Symmetry, 
order, motion; hyperpyramids, hypercones, hyperspheres; figures with parallel elements; 
ne hypervolume in space; regular polyhedroids. Glossary. 78 figures. ix + 348pp. 


5¥% x 8. $182 Paperbound $1.95 


MATHEMATICS: INTERMEDIATE TO ADVANCED 


GEOMETRY (EUCLIDEAN AND NON-EUCLIDEAN) 


THE GEOMETRY OF RENE DESCARTES. With this book, Descartes founded a i 

Original French text, with Descartes’s own diagrams, and excellent Smith gaa ec 
tion. Contains: Problems the Construction of Which Requires only Straight Lines and Circles; 
On the Nature a Curved Lines; On the Construction of Solid or Supersolid Problems. Dia- 
grams. 258pp. 536 x 8. S68 Paperbound $1:50 
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THE WORKS OF ARCHIMEDES, edited by T. L. Heath. All the known works of the great Greek 
mathematician, including the recently discovered Method of Archimedes. Contains: On 
Sphere and Cylinder, Measurement of a Circle, Spirals, Conoids, Spheroids, etc. Definitive 
edition of greatest mathematical intellect of ancient world. 186 page study by Heath dis- 
cusses Archimedes and history of Greek mathematics. 563pp. 5¥8 x 8. S9 Paperbound $2.00 


COLLECTED WORKS OF BERNARD RIEMANN. Important sourcebook, first to contain complet 
text of 1892 ‘‘Werke”’ and the 1902 supplement, unabridged. 31 monographs, 3 comninlers 
lecture courses, 15 miscellaneous papers which have been of enormous importance in 
relativity, topology, theory of complex variables, other areas of mathematics. Edited by 
R. Dedekind, H. Weber, M. Noether, W. Wirtinger. German text; English introduction by 
Hans Lewy. 690pp. 5% x 8. $226 Paperbound $2.85 


THE THIRTEEN BOOKS OF EUCLID’S ELEMENTS, edited by Sir Thomas Heath. Definitive edition 
of one of very greatest classics of Western world. Complete translation of Heiberg text, 
plus spurious Book XIV. 150 page introduction on Greek, Medieval mathematics, Euclid, 
texts, commentators, etc. Elaborate critical apparatus parallels text, analyzing each defini- 
tion, postulate, proposition, covering textual matters, refutations, supports, extrapolations, 
etc. This is the full Euclid. Unabridged reproduction of Cambridge U. 2nd edition. 3 vol- 
umes. 995 figures. 1426pp. 5% x 8. $88, 89, 90, 3 volume set, paperbound $6.00 


AN INTRODUCTION TO GEOMETRY OF N DIMENSIONS, D. M. Y. Sommerville. Presupposes no 
previous knowledge of field. Only book in English devoted exclusively to higher dimensional 
geometry. Discusses fundamental ideas of incidence, parallelism, perpendicularity, angles 
between linear space, enumerative geometry, analytical geometry from projective and metric 
views, polytopes, elementary ideas in analysis situs, content of hyperspacial figures. 60 
diagrams. 196pp. 538 x 8. $494 Paperbound $1.50 


ELEMENTS OF NON-EUCLIDEAN GEOMETRY, D.M. Y. Sommerville. Unique in proceeding step- 
by-step. Requires only good knowledge of high-school geometry and algebra, to grasp ele- 
mentary hyperbolic, elliptic, analytic non-Euclidean Geometries; space curvature and its 
implications; radical axes; homopethic centres and systems of circles; parataxy and parallel- 
ism; Gauss’ proof of defect area theorem; much more, with exceptional clarity. 126 prob- 
lems at chapter ends. 133 figures. xvi + 274pp. 538 x 8. S460 Paperbound $1.50 


THE FOUNDATIONS OF EUCLIDEAN GEOMETRY, H. G. Forder. First connected, rigorous ac- 
count in light of modern analysis, establishing propositions without recourse to empiricism, 
without multiplying hypotheses. Based on tools of 19th and 20th century mathematicians, 
who made it possible to remedy gaps and complexities, recognize problems not earlier 
discerned. Begins with important relationship of number systems in geometrical figures. 
Considers classes, relations, linear order, natural numbers, axioms for magnitudes, groups, 
quasi-fields, fields, non-Archimedian systems, the axiom system (at length), particular axioms 
(two chapters on the Parallel Axioms), constructions, congruence, similarity, etc. Lists: 
axioms employed, constructions, symbols in frequent use. 295pp. 53% x 8. 

$481 Paperbound $2.00 


CALCULUS, FUNCTION THEORY (REAL AND COMPLEX), 
FOURIER THEORY 


FIVE VOLUME “THEORY OF FUNCTIONS” SET BY KONRAD KNOPP. Provides. complete, readily 
followed account of theory of functions. Proofs given concisely, yet without sacrifice of 
completeness or rigor. These volumes used as texts by such universities as M.I.T., Chicago, 
N.Y. City College, many others. “Excellent introduction... remarkably readable, concise, 
clear, rigorous,” J. of the American Statistical Association. 


ELEMENTS OF THE THEORY OF FUNCTIONS, Konrad Knopp. Provides background for further 
volumes in this set, or texts on similar level. Partial contents: Foundations, system of com- 
plex numbers and Gaussian plane of numbers, Riemann sphere of numbers, mapping: by 
jinear functions, normal forms, the logarithm, cyclometric functions, binomial series. Not 
only for the young student, but also for the student who knows all about what is in it, 
Mathematical Journal. 140pp. 5% x 8. $154 Paperbound $1.35 


HEORY OF FUNCTIONS, PART |, Konrad Knopp. With volume Il, provides coverage of basic 
Leet and theorems. Partial contents: numbers and points, functions of a complex 


i i i i Cauchy’s intergral theorem, Cauchy’s integral 

variable, integral of a continuous function, Cau g : , g 

formulae, series with variable terms, expansion and analytic function in a power series, 
‘ and complete definition of analytic ‘' ctions, Laurent expansion, types 


of singularities. vil + 146pp. 5% Xx 8. $156 Paperbound $1.35 

UNCTIONS, PART II, Konrad Knopp. Application. and further development of 
crash nie nepesii topics. Single valued functions, entire, Weierstrass. Meromorphic 
functions: Mittag-Leffler. Periodic functions. Multiple valued functions. Riemann surfaces. 


‘ i i i i i face. X + 150pp. 5% Xx 8. 
Algebraic functions. Analytical configurations, Riemann sur ace Sih A norbourd $1.35 
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PROBLEM BOOK IN THE THEORY OF FUNCTIONS, VOLUME 1, Konrad Knopp. Problems in ele- 
mentary theory, for use with Knopp’s ‘Theory of Functions,”’ or any other text. Arranged 
according to increasing difficulty. Fundamental concepts, sequences of numbers and infinite 
series, complex variable, integral theorems, development in series, conformal mapping. 
Answers. viii + 126pp. 53% x 8. S 158 Paperbound $1.35 


PROBLEM BOOK IN THE THEORY OF FUNCTIONS, VOLUME II, Konrad Knopp. Advanced theory 
of functions, to be used with Knopp’s ‘‘Theory of Functions,’”’ or comparable text. Singular- 
ities, entire and meromorphic functions, periodic, analytic, continuation, multiple-valued 
functions, Riemann surfaces, conformal mapping. Includes section of elementary problems. 
“The difficult task of selecting . . . problems just within the reach of the beginner is 
here masterfully accomplished,’”” AM. MATH. SOC. Answers. 138pp. 5% x 8. 

$159 Paperbound $1.35 


ADVANCED CALCULUS, E. B. Wilson. Still recognized as one of most comprehensive, useful 
texts. Immense amount of well-represented, fundamental material, including chapters on 
vector functions, ordinary differential equations, special functions, calculus of variations, 
etc., which are excellent introductions to these areas. Requires only one year of calculus. 
Over 1300 exercises cover both pure math and applications to engineering and_ physical 
problems. Ideal reference, refresher. 54 page introductory review. ix + 566pp. 53% x 8. 

S504 Paperbound $2.45 


LECTURES ON THE THEORY OF ELLIPTIC FUNCTIONS, H. Hancock. Reissue of only book in 
English with so extensive a coverage, especially of Abel, Jacobi, Legendre, Weierstrass, 
Hermite, Liouville, and Riemann. Unusual fullness of treatment, plus applications as well as 
theory in discussing universe of elliptic integrals, Originating in works of Abel and 
Jacobi. Use is made of Riemann to provide most general theory. 40-page table of formulas. 
76 figures. xxiii + 498pp. 536 x 8. S483 Paperbound $2.55 


THEORY OF FUNCTIONALS AND OF INTEGRAL AND INTEGRO-DIFFERENTIAL EQUATIONS, Vito 
Volterra. Unabridged republication of only English translation, General theory of functions 
depending on continuous set of values of another function. Based on author’s concept of 
transition from finite number of variables to a continually infinite number. Includes much 
material on calculus of variations. Begins with fundamentals, examines generalization of 
analytic functions, functional derivative equations, applications, other directions of theory, 
etc, New introduction by G. C. Evans. Biography, criticism of Volterra’s work by E. Whit- 
taker. xxxx + 226pp. 53% x 8. $502 Paperbound $1.75 


AN INTRODUCTION TO FOURIER METHODS AND THE LAPLACE TRANSFORMATION, Philip 
Franklin. Concentrates on essentials, gives broad view, suitable for most applications. Re- 
quires only knowledge of calculus. Covers complex qualities with methods of computing ele- 
mentary functions for complex values of argument and finding approximations by charts; 
Fourier series; harmonic anaylsis; much more. Methods are related to physical problems 
of heat flow, vibrations, electrical transmission, electromagnetic radiation, etc. 828 prob- 
lems, answers. Formerly entitled ‘Fourier Methods.” x + 289pp. 53% x 8. 


S452 Paperbound $1.75 


THE ANALYTICAL THEORY OF HEAT, Joseph Fourier. This book, which revolutionized mathe- 
matical physics, has been used by generations of mathematicians and physicists interested 
in heat or application of Fourier integral. Covers Cause and reflection of rays of heat, 
radiant heating, heating of closed spaces, use of trigonometric series in theory of heat 
Fourier integral, etc. Translated by Alexander Freeman. 20 figures. xxii + 466pp. 536 x 8. 


S93 Paperbound $2.06 


ELLIPTIC INTEGRALS, H. Hancock. Invaluable in work involving differential equations with 
Cubics, quatrics under root sign, where elementary calculus methods are inadequate. Prac- 
tical solutions to problems in mathematics, engineering, physics; differential equations re- 
quiring integration of Lamé’s, Briot’s, or Bouquet’s equations; determination of arc of 
ellipse, hyperbola, lemiscate; solutions of problems in elastics; motion of a Projectile under 
resistance varying as the cube of the velocity; pendulums; more. Exposition in accordance 
with Legendre-Jacobi theory. Rigorous discussion of Legendre transformations. 20 figures. 
5 place table. 104pp. 534 x 8. ' S484 Paperbound $1.25 


THE TAYLOR SERIES, AN INTRODUCTION TO THE THEORY OF FUNCTIONS OF A COMPLE 
VARIABLE, P. Dienes. Uses Taylor series to approach theory of functions, using matte 
calculus only, except in last 2 chapters. Starts with introduction to real variable and com- 
plex algebra, derives Properties of infinite series, complex differentiation, integration, etc. 
Covers biuniform mapping, oOverconvergence and gap theorems, Taylor series on its ‘circle 
of convergence, etc. _Unabridged Corrected reissue of first edition. 186 examples, many 
fully worked out. 67 figures. xii + S55pp. 538 x 8. $391 Paperbound $2.75 


LINEAR INTEGRAL EQUATIONS, W. V. Lovitt. Systematic survey of i 
application to differential equations, calculus of Varlation. i kiweet of aah eee 
Includes: integral equation of 2nd kind by successive substitutions; Fredholm’s equation 
as ratio of 2 integral series in lambda, applications of the Fredholm theory, Hilbert-Schmidt 
theory of symmetric kernels, application, etc. Neumann, Dirichlet, vibratory problems. 
iX + 253pp. 53% x 8, $175 Clothbound $3.50 
$176 Paperbound $1.60 
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DICTIONARY OF CONFORMAL REPRESENTATIONS, H. Kober. Developed by British Admiralty to 
solve Laplace’s equation in 2 dimensions. Scores of geometrical forms and transformations 
for electrical engineers, Joukowski aerofoil for aerodynamics, Schwartz-Christoffel trans- 
formations for _hydro-dynamics, transcendental functions. Contents classified according to 
analytical functions describing transformations with corresponding regions. Glossary. Topo- 
logical index. 447 diagrams. 648 x 91/4. -S160 Paperbound $2.00 


ELEMENTS OF THE THEORY OF REAL FUNCTIONS, J. E. Littlewood. Based on lectures at 
Trinity College, Cambridge, this book has proved extremely successful in introducing graduate 
students to modern theory of functions. Offers full and concise coverage of classes and 
cardinal numbers, well ordered series, other types of series, and elements of the theory 
of sets of points. 3rd revised edition. vii + 71pp. 5% x 8. $171 Clothbound $2.85 

$172 Paperbound $1.25 


INFINITE SEQUENCES AND SERIES, Konrad Knopp. 1st publication in any language. Excellent 
introduction to 2 topics of modern mathematics, designed to give student background to 
penetrate further alone. Sequences and sets, real and complex numbers, etc. Functions of 
a real and complex variable. Sequences and series. Infinite series. Convergent power series. 
Expansion of elementary functions. Numerical evaluation of series. v + 186pp. 5% x 8. 

$152 Clothbound $3.50 

$153 Paperbound $1.75 


THE THEORY AND FUNCTIONS OF A REAL VARIABLE AND THE THEORY OF FOURIER’S SERIES, 
E. W .Hobson. One of the best introductions to set theory and various aspects of functions 
and Fourier’s series. Requires only a good background in calculus. Exhaustive coverage of: 
metric and descriptive properties of sets of points; transfinite numbers and order types; 
functions of a real variable; the Riemann and Lebesgue integrals; sequences and series 
of numbers; power-series; functions representable by series sequences of continuous func- 
tions; trigonometrical series; representation of functions by Fourier’s series; and much 
more. ‘‘The best possible guide,’’ Nature. Vol. |: 88 detailed examples, 10 figures. Index. 
xv + 736pp. Vol. Il; 117 detailed examples, 13 figures. x + 780pp. 6% x 91%. 

Vol. |: $387 Paperbound $3.00 

Vol. Il: $388 Paperbound $3.00 


ALMOST PERIODIC FUNCTIONS, A. S. Besicovitch. Unique and important summary by a well 
known mathematician covers in detail the two stages of development in Bohr’s theory 
of almost periodic functions: (1) as a generalization of pure periodicity, with results and 
proofs; (2) the work done by Stepanof, Wiener, Weyl, and Bohr in generalizing the theory. 
xi + 180pp. 5% x 8. $18 Paperbound $1.75 


INTRODUCTION TO THE THEORY OF FOURIER’S SERIES AND INTEGRALS, H. S. Carslaw. 3rd 
revised edition, an outgrowth of author’s courses at Cambridge. Historical introduction, 
rational, irrational numbers, infinite sequences and series, functions of a single variable, 
definite integral, Fourier series, and similar topics. Appendices discuss practical harmonic 
analysis, periodogram analysis, Lebesgue’s theory. 84 examples. xiii + 368pp. 538 x 8. 
$48 Paperbound $2.00 


SYMBOLIC LOGIC 


THE ELEMENTS OF MATHEMATICAL LOGIC, Paul Rosenbloom. First publication in any lan- 
guage. For mathematically mature readers with no training in symbolic. logic. Development 
of lectures given at Lund Univ., Sweden, 1948. Partial contents: Logic of classes, funda- 
mental theorems, Boolean algebra, logic of propositions, of propositional functions, expres- 
sive languages, combinatory logics, development of math within an object language, para- 


Goedel, Church, and similar topics. iv + 214pp. 5% x 8. 
doxes, theorems of Post, Go p RELA Sey near aC br 


INTRODUCTION TO SYMBOLIC LOGIC AND ITS APPLICATION, R. Carnap. Clear, comprehensive, 
rigorous, by perhaps greatest living master. Symbolic languages analyzed, one constructed. 
Applications to math (axiom systems for set theory, real, natural numbers), _topology 
(Dedekind, Cantor continuity explanations), physics (general analysis of determination, cau- 
sality, space-time topology), biology (axiom system for basic concepts). ‘‘A masterpiece, 


ii i Ih Grenzgebiete. Over 300 exercises. 5 figures. xvi + 
Po deli oe ie A a kako $453 Paperbound $1.85 


ON TO SYMBOLIC LOGIC, Susanne K. Langer. Probably clearest book for the 
Be anarpescientist Jayman—no special knowledge of math required. Starts with simplest 
; to give remarkable grasp of Boole-Schroeder, Russell-Whitehead systems, 
quickly. Partial Contents: Forms, Generalization, Classes, Deductive System of 
Classes, Algebra of Logic, Assumptions of Principia Mathematica, Logistics, Proofs of 
Theorems, etc. ‘‘Clearest . . . simplest introduction . . . the intelligent nonsnatpemane ay 
should have no difficulty,’ MATHEMATICS GAZETTE. Revised, expanded and peli Vea Ga 
value tables. 368pp. 5% 8. $164 Paperbound $1. 
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TRIGONOMETRICAL SERIES, Antoni Zygmund. On modern advanced level. Contains carefully 
organized analyses of trigonometric, orthogonal, Fourier systems of functions, with clear 
adequate descriptions of summability of Fourier series, proximation theory, conjugate series, 
convergence, divergence of Fourier series. Especially valuable for Russian, Eastern Euro- 
pean coverage. 329pp. 536 x 8. $290 Paperbound $1.50 


THE LAWS OF THOUGHT, George Boole. This book founded symbolic logic some 100 years 
ago. It is the lst significant attempt to apply logic to all aspects of human endeavour. 
Partial contents: derivation of laws, signs and laws, interpretations, eliminations, condi- 
tions of a perfect method, analysis, Aristotelian logic, probability, and similar topics. 
xvii + 424pp. 53% x 8. $28 Paperbound $2.00 


SYMBOLIC LOGIC, C. I. Lewis, C. H. Langford. 2nd revised edition of probably most cited 
book in symbolic logic. Wide coverage of entire field; one of fullest treatments of paradoxes; 
plus much material not available elsewhere. Basic to volume is distinction between logic 
of extensions and intensions. Considerable emphasis on converse substitution, while matrix 
system presents supposition of variety of non-Aristotelian logics. Especially valuable sec- 
tions on strict limitations, existence theorems. Partial contents: Boole-Schroeder algebra; 
truth value systems, the matrix method; implication and deductibility; general theory of 
propositions; etc. “Most valuable,” Times, London. 506pp. 538 x 8. $170 Paperbound $2.00 


GROUP THEORY AND LINEAR ALGEBRA, SETS, ETC. 


LECTURES ON THE ICOSAHEDRON AND THE SOLUTION OF EQUATIONS OF THE FIFTH DEGREE, 
Felix Klein. Solution of quintics in terms of rotations of regular icosahedron around its 
axes of symmetry. A classic, indispensable source for those interested in higher algebra, 
geometry, crystallography. Considerable explanatory material included. 230 footnotes, mostly 
bibliography. ‘Classical monograph . . . detailed, readable book,’’ Math. Gazette. 2nd edi- 
tion. xvi + 289pp. 53% x 8. $314 Paperbound $1.85 


INTRODUCTION TO THE THEORY OF GROUPS OF FINITE ORDER, R. Carmichael. Examines 
fundamental theorems and their applications. Beginning with sets, systems, permutations, 
etc., progresses in easy stages through important types of groups: Abelian, prime power, 
permutation, etc. Except 1 chapter where matrices are desirable, no higher math is needed. 
783 exercises, problems. xvi + 447pp. 53@ x 8. $299 Clothbound $3.95 

$300 Paperbound $2.00 


THEORY OF GROUPS OF FINITE ORDER, W. Burnside. First published some 40 years ago, 
still one of clearest introductions. Partial contents: permutations, groups independent of 
representation, composition series of a group, isomorphism of a group with itself, Abelian 
groups, prime power groups, permutation groups, invariants of groups of linear substitu- 
tion, graphical representation, etc. ‘Clear and detailed discussion . . . Numerous problems 
which are instructive,’”’ Design News. xxiv + 512pp. 538 x 8. S38 Paperbound $2.45 


COMPUTATIONAL METHODS OF LINEAR ALGEBRA, V. N. Faddeeva, translated by C. D. Benster. 
Ist English translation of unique, valuable work, only one in English presenting systematic 
exposition of most important methods of linear algebra—classical, contemporary. Details 
of deriving numerical solutions of problems in mathematical physics. Theory and practice. 
Includes survey of necessary background, most important methods of solution, for exact, 
iterative groups. One of most valuable features is 23 tables, triple checked for accuracy, 
unavailable elsewhere. Translator’s note. x + 252pp. 5368 x 8. S424 Paperbound $1.95 


THE CONTINUUM AND OTHER TYPES OF SERIAL ORDER, E. V. Huntington. This famous book 
gives a systematic elementary account of the modern theory of the continuum as a type 
of serial order. Based on the Cantor-Dedekind ordinal theory, which requires no technical 
knowledge of higher mathematics, it offers an easily followed analysis of ordered Classes, 
discrete and dense series, continuous Series, Cantor’s trdnsfinite numbers. ‘Admirable 
introduction to the rigorous theory of the continuum... reading easy,’’ Science Progress. 
2nd edition. viii + 82pp. 536 x 8, $129 Clothbound $2.75 


S130 Paperbound $1.00 


THEORY OF SETS, E. Kamke. Clearest, amplest introduction in English, well suited for inde- 
pendent study. Subdivisions of main theory, such as theory of sets of points, are discussed, 
but emphasis is on general theory. Partial contents: rudiments of set theory, arbitrary sets 
their cardinal numbers, ordered sets, their order types, well-ordered sets, their cardinal 
numbers. vii + 144pp. 536 x 8. $141 Paperbound $1.35 


CONTRIBUTIONS TO THE FOUNDING OF THE THEORY OF TRANSFINITE NUMBERS, Georg Ca 

These Papers founded a new branch of mathematics. The famous articles ‘of 1805-9 ae 
translated, with an 82-page introduction by P. E. B. Jourdain dealing with Cantor, the 
background of his discoveries, their results, future possibiilties. ix + 211pp. 536 x &. 


S45 Paperbound $1.25 
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NUMERICAL AND GRAPHICAL METHODS, TABLES 


JACOBIAN ELLIPTIC FUNCTION TABLES, L. M. Milne-Thomson. Easy-to-follow, practical, not 
only useful numerical tables, but complete elementary sketch of application of elliptic 
functions. Covers description of principle properties; complete elliptic integrals; Fourier 
series, expansions; periods, zeros, poles, residues, formulas for special values of argument; 
cubic, quartic polynomials; pendulum problem; etc. Tables, graphs form body of book: 
Graph, 5 figure table of elliptic function sn (u m); cn (u m); dn (u m). 8 figure table of 
complete elliptic integrals K, K’, E, E’, nome q. 7 figure table of Jacobian zeta-function 
Z(u). 3 figures. xi + 123pp. 538 x 8. $194 Paperbound $1.35 


TABLES OF FUNCTIONS WITH FORMULAE AND CURVES, E. Jahnke, F. Emde. Most comprehensive 
j-volume English text collection of tables, formulae, curves of transcendent functions. 4th 
corrected edition, new 76-page section giving tables, formulae for elementary functions not 
in other English editions. Partial contents: sine, cosine, logarithmic integral; error integral; 
elliptic integrals; theta functions; Legendre, Bessel, Riemann, Mathieu, hypergeometric 
functions; etc. ‘‘Out-of-the-way functions for which we know no other source.’’ Scientific 
Computing Service, Ltd. 212 figures. 400pp. 55 x 8%. $133 Paperbound $2.00 


MATHEMATICAL TABLES, H. B. Dwight. Covers in one volume almost every function of im- 
portance in applied mathematics, engineering, physical sciences. Three extremely fine 
tables of the three trig functions, inverses, to 1000th of radian; natural, common logs; 
squares, cubes; hyperbolic functions, inverses; (a2 + b2) exp. 1a; complete elliptical in- 
tegrals of 1st, 2nd kind; sine, cosine integrals; exponential integrals; Ei(x) and_Ei(—x); 
binomial coefficients; factorials to 250; surface zonal harmonics, first derivatives; Bernoulli, 
Euler numbers, their logs to base of 10; Gamma function; normal probability integral; over 
60pp. Bessel functions; Riemann zeta function. Each table with formulae generally used, 
Sources of more extensive tables, interpolation data, etc. Over half have columns of 
differences, to facilitate interpolation. viii + 231pp. 5% x 8. $445 Paperbound $1.75 


PRACTICAL ANALYSIS, GRAPHICAL AND NUMERICAL METHODS, F. A. Willers. Immensely prac- 
tical hand-book for engineers. How to interpolate, use various methods of numerical differ- 
entiation and integration, determine roots of a single algebraic equation, system of linear 
equations, use empirical formulas, integrate differential equations, etc. Hundreds of short- 
cuts for arriving at numerical solutions. Special section on American calculating machines, 
by T. W. Simpson. Translation by R. T. Beyer. 132 illustrations. 422pp. 5% x 8. 

$273 Paperbound $2.00 


NUMERICAL SOLUTIONS OF DIFFERENTIAL EQUATIONS, H. Levy, E. A. Baggott. Comprehensive 
collection of methods for solving ordinary differential equations of first and higher order. 
2 requirements: practical, easy to grasp; more rapid than school methods. Partial contents: 
graphical integration of differential equations, graphical methods for detailed solution. 
Numerical solution. Simultaneous equations and equations of 2nd and higher orders. 
“Should be in the hands of all in research and applied mathematics, teaching,’’ Nature. 
21 figures. viii + 238pp. 5% x 8. $168 Paperbound $1.75 


NUMERICAL INTEGRATION OF DIFFERENTIAL EQUATIONS, Bennet, Milne, Bateman. Unabridged 
republication of original prepared for National Research Council. New methods of integration 
by 3 leading mathematicians:, “The Interpolational Polynomial,’’ ‘‘Successive Approximation,”’ 
A. A. Bennett, ‘Step-by-step Methods of Integration,’ W. W. Milne. “Methods for Partial 
Differential Equations,’’ H. Bateman. Methods for partial differential equations, solution 
of differential equations to non-integral values of a parameter will interest mathematicians, 


hysicists. 288 footnotes, mostl bibliographical. 235 item classified bibliography. 108pp. 
536 x8. : $305 Paperbound $1.35 


Write for free catalogs! 
Indicate your field of interest. Dover publishes books on physics, earth 
sciences, mathematics, engineering, chemistry, astronomy, anthropol- 
ogy, biology, psychology, philosophy, religion, history, literature, math- 
ematical recreations, languages, crafts, art, graphic arts, ete. 


Write to Dept. catr 


Dover Publications, Inc. 
Science A 180 Varick St., N. Y. 14, N. Y. 
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